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Ik presenting to the public a new treatise on Arithmetic, it is 
proper to call attention to the features which distiuguish it froai 
others, and to the need of. radical changes in the traditional 
precepts retained in the text-books in current use. 

First, it is intended to present, in the compass of a single 
Tolume, a complete treatise, and, indeed, all that the average 
pupil needs to study on the subject from first to last. It is 
supposed the pupil has previously acquired those first elementary 
notions of numbers, such as may be best taught orally, and, 
indeed, should be learned before he is prepared to use a book 
for systematic study. 

Secondly, the subject-matter is arranged in three parts logically 
distinct, in each of which the pupil gives his attention to a 
specific object, complete in itself. 

In the first part the simple operations are explained, and exer- 
cises are given for practice. Here the pupil learns how to add, 
subtract, multiply, and divide numbers, both integral and frac- 
tional. 

Exercises are given in ^ach of the operations, but no problems, 
and upon reaching the conclusion of this part the student should 
be able to perform, with readiness and accuracy, any one of the 
fundamental operations upon any numbers, whole or fractional, 
whether of the common or decimal form. 

In actual experience, numbers are chiefiy used in the measures 
of quantities, as of weights, of lengths, of surfaces, of time, and 
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of various other kinds. These measures form the material "with 
which the arithmetical workman has to deal. The next step, 
then, is to become acquainted with this material, and in the 
second part of che treatise will be found an explanation of the 
various measures in use, including the metric system. Exercises 
in reducing measures expressed in given denominations to equiva- 
lents expressed in others, furnish pleasant and profitable practice 
for the learner, and prepare the way for the third part of the 
course. - ~ 

Having reached this point, with a thorough knowledge of 
what precedes, the student is well prepared to undertake in the 
third part the various applications of numerical computation to 
practical questions, such as problems of ratio, proportion, per- 
centage in its various forms, square ttnd cube roots, and miscel- 
laneoBs problems. 

In the details of the third part it is thought better that the 
student should become thoroughly familiar with general princi- 
ples rather than to occupy tfme with every elaborate modifica- 
tion that can be devised. 

The foregoing bricfiy delineates the arrangement of the subject- 
matter in the following treatise. 

A third maiked feature will be found in the character of the 
definitions and of the expositions of principles. The treatment 
of each topic is intended to be lucid and logical, and at the same 
time to be in harmony with rigorous scientific accuracy. In car- 
rying out this plan I have found it necessary to discard many of 
the time-honored phrases, which have been accepted as inevitable 
heirlooms, also to omit many superfluities, and in many in- 
stances, to modify in important particulars the expositions of 
principles. Thus it is frequently stated that "number is a unit 
or a collection of units ; " that " a unit is a single thing, as an 
orange or a horse." Hence, it would follow, a number may 
have four legs and be able to run. 

Properly speaking, a number may express (or connote) a unit 
or a collection of units, but it can neither be a unit nor a collec- 
tion of units. 



PBfiFACE. ix 

Again, numbers are usually described as ahHrctet or concrete. 
But it seems clear that all numbers are abstract, and in their nature 
can never be concrete, and it can be easily seen that the use of 
the phrase, '* concrete number/* tends to the confounding of 
number with the things numbered. 

An examination of the ordinary definitions of so simple a 
process as addition will show them to be very imperfect, and the 
same may be said of multiplication and of division ; and it is 
believed, particularly in the case of division, that an exposition 
of the process, based upon a true definition, is much more easily 
comprehended by the learner. 

Again, in the case of fractional numbers, the distinction lie* 
tween the number and the symbol that represents it seems to be 
often overlooked. In this treatise the term fraetion is applied 
only to the symbol, and not to the number itself. It will no 
doubt be admitted that an expression commonly called a frac- 
tion may perform either one of two offices. For instance, the 
expression |S may indicate that 40 is to be divided by 13, or it 
may express 40 thirteenths. It is of course true that the numeri- 
cal results are equivalent, but it will scarcely be denied that the 
processes suggested in the mind are different, and that a recog- 
nition of this distinction must tend to simplify the presentation 
of the subject. ' 

Indeed, it will in general be found that a true definition, or a 
true exposition of a process, will not only be more easily under- 
stood, but will tend to lessen the difi&culty of subsequent acquit 
sitions and make them more agreeable. 

It will be noticed that the metric system is given an equal 
prominence with the common systems of measures, and this, 
probably, needs no defense. 

It will also be noticed that answers to many of the problems 
are not given. This omission is dictated by a conviction result- 
ing from long experience in teaching that in this way the pupil 
will gain in self-reliance, as he must of necessity use more thor- 
ough precautions to insure accuracy. Yet it seems well to fur- 
nish answers to some of the first problems under each head. 
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becaufle the learner needs more' iencouragefnent and assietance at 
the outset ; but he should aim to become master of the subject 
before leaving it, and one of the tests of this is the a1>ility to 
give an independent answer. 

It will be observed, too, that no special provision is made fo^ 
^'mental'' or " intellectual ^' exercises (so called) apart from the 
exercises of practical arithmetic. Perhaps no feature of arith- 
metical instruction is more popular than this, and I fully appre^ 
ciate the reluctance whieh most will feel even to question its 
usefulness. But the conviction has been reached only with 
deliberation, and after long experience and observation, that 
much time has been wasted in so-called ** arithmetical drill.^' 
" If it be admitted that the arithmetical student becomes accom- 
plished when he has attained these three degrees of skills 
1°, when he is able to perform all the simple operations with 
facility and accuracy ; 2^, when he becomes familiar with the 
''^ material" in the use of which numbers find their application; 
and 3^, when he becomes familiar with the usual applications id 
practical problems ; then it is fair to ask why more than thli 
should be exacted. It is intended to present in this treatise, iii 
theory and practice, all that belongs to the three parts named. 

Actual trial has shown the effidehcy of the method here 
sketched, and there is no apparent reason why it should not 
continue to be efficient. 

With these words of explanation my book is sent forth in the 
hofpe that it may fulfill a mission of usefulness. 
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^ In Part I. it is assumed that the pupil is competent to un- 
derstand the principles of simple numerical operations when 
clearly presented. 

In general the learner should not attempt to advance be- 
yond the limit of his ability to comprehend. It is better, 
in: such ease, to lay aside the subject for a while, and in- 
stead to engage in the study of something within tiic grasp 
of the intellectual powers. The first principles of Natural 
History furnish an inexhaustible amount at material suitable 
for such purpose. In this part of arithmetical study the 
pupil should commit to memory the multiplication table, but 
scarcely anything more should be memorized. 

For the present avoid problems, and in selecting exercises 
do not choose those which are beyond the pupiPs ability to 
master with reasonable effort, or which are^on the extreme 
verge of this limit. 

If an exercise cannot be readily worked, let the pupil 
erase the first result, and, if necessary, work it again several 
times. He will learn more in working one exercise half a 
dozen times in such case than by working half a dozen ex- 
ercises, each one of which he is scarcely able to master. 

Keep in mind that the Jlrat object is to acquire facility and 
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accuracy in adding, multiplying, subtracting, and dividing, and 
chiefly in the two first named, since subtraction is an inverse 
ox)eration of addition, and division an inverse operation of 
multiplication. 

Some familiarity in the use of multiples and factors is 
necessary as a preliminary to operations upon fractional 
numbers. 

In Part II. the pupil should learn all the tables in com- 
mon use — should finally memorize them — and should be able 
to make readily all reductions from given denominations to 
others required. 

In Part III. greater demands are made upon the reasoning 
powers of the student, and if he is well skilled in the sim- 
ple operations, and familiar with the reductions of compound 
denominations, he can work the more effectively. 

First of all, the pupil should aim to understand each prin- 
ciple, if possible, without aid from the teacher; but if thaf 
becomes necessary, let it be as judicious as possible, and 
always by suggestion rather than by direct statement. 

The pupil, having learned the principle and solved the 
problems relating to it, shoidd be required habitually to give 
an explanation of the principle and give an analysis of the 
problems. By this means he not only insures a more thor- 
ough knowledge of the subject itself, but becomes skilled in 
the art of accuriette expression. 
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PART I. 
SIMPLE OPERATIONS. 



CHAPTER I- 



First Principles of IVumbers. 

EvEBY one, no doubt, who begins the study of Arith- 
metic, can count one, two, three, or more, and knows 
the meaning of the words " how many." 

Should the question be asked, " How many dollare 
have you?" the answer might be one dollar, or it 
might be ten^ or one-fouHh^ or si^and-a-haZf^ and the 
terms one^ ten^ one-fourth^ and six-and-a-half^ are 
called numbers. 

Any term which denotes how many things are 
thought of is called a numh&r. One denotes a single 
tiling ; ten denotes a collection of several things ; one- 
fourth denotes a part of a thing ; while six-and-a- 
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AoZ/^ denotes whole things and a part of a thing con- 
sidered together. 

There is no end to the series of numbers that may 
be named, but it is evident that numbers must denote 
whole things or parts of things, or the two considered 
together. 

Numbers denoting whole things are called whole 
numherSy or sometimes integers or integral numbersj 
and numbers denoting parts of things are called frac- 
tiondL numbers. Numbers denoting whole things and 
parts together are called mixed numbers. 

A single thing is often called a unit, and numbers 
are sometimes said to express units ; but though num- 
bers express units, numbers are not unitSy and the 
learner should carefully distinguish between numbers 
and the things numbered. 

Numbers are useful in many ways and among all 
classes of people. Bankers count money, boys count 
marbles, and the Indians count the buffalo skins which 
they sell to traders, all by means of numbers. 

Sometimes the reckoning is easy, but often so many 
difiPerent numbers are to be used in one reckoning that 
mistakes would occur if there were not convenient 
methods of writing and using the numbers. In the 
pages that follow, the usual methods of reckoning 
numbers are explained, and this book is called a trea- 
tise on Arithmetic, because it treats of numbers and 
the methods of using them. 
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REVIEW I. 

a. A number is a term which denotes how 
many things are thought of. 

b. A number may denote a whole thing 
or whole things, or a part or parts of things, 
or the two together. 

c. An integer, or integral number, denotes 
only whole things. 

d. A fractional number denotes a part or 
parts of things. 

e. A mixed number denotes whole things 
and parts, taken together. 

fi A unit is a single thing, and though num- 
bers may express a unit or a collection of units, 
it is not correct to say that number is a unit oi 
a collection of units. 

ff. Arithmetic treats of numbers and of the 
methods of using them. 



CHAPTER n. 
Nameratlon, or Naming Numbers. 

There is no end to the series of possible numbers, 
and because a great many are required for use, it is the 
more important to provide convenient names for them. 

Any system of naming numbers is called numera- 
tion. Among nearly all nations the systems of numer- 
ation have had one principle in common — that is, the 
forming of orders-of -numbers by tens. This uniform- 
ity has probably resulted from the number of fingers 
on the two hands, vsrhich doubtless furnished the most 
convenient means for counting for people in the prim- 
itive condition of society. 

The principle of orders-of-numbers formed by tens 
will be easily recognized in the sj'Stem of numeration 
in common use, which will now be explained. 

The first ten whole numbers in the natural order are 
one, two, three, four, five, six, seven, eight, nine, ten. 
Then follow eleven, twelve, thirteen {or three and ten), 
fourteen (or four and ten), fifteen, and so on to twenty 
or two tens. Then twenty-one, twenty-two, twenty- 
three, and so on to thirty or three tens. Then thirty- 
one, thirty-two, thirty-three, and so on to forty or four 
tens. In a similar manner to fifty or five tens, and 
sixty or six tens, seventy or seven tens, eighty or eight 
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tens, ninety or nine tens, then to ten tens, which are 
called one hundred. 

So far, then, the name of any number, if it is more 
than ten, indicates a number of tens together with a 
number less than ten, unless it happens to be an exact 
number of tens. Following one-hundred, the names 
of numbers are formed by uniting to one-hundred the 
names of each of the preceding numbers from one to 
ninety-nine successively, as one-hundred-oue, one-hun- 
dred-two, one-hundred-three, etc., to one-hundred-nine- 
ty-nine, after which the next number is called two- 
hundred. From two-hundred to three-hundred the 
names are formed as before, by uniting successively to 
two-hundred the names of the numbers from one to 
ninety-nine. In a similar way to four-hundred, to five- 
hundred^ six-hundred, seven-hundred, eight-hundred, 
nine hundred, and then ten-hundred, which is called a 
thousand. From one-thousand to two-thousand the 
names of numbers are formed by uniting successively 
to one-thousand the names of each of the preceding 
numbers. 

In a similar manner the names of numbers proceed 
to three-thousand, four-thousand, and so on to ten- 
thousand ; then eleven-thousand, twelve-thousand, and 
so on to twenty-thousand, thirty-thousand, and so on 
to ten ten-thousand, or one-hundred-thousand. Then 
from one-hundred-thousand to ten-hundred- thousand, 
which is called a million. 

From the foregoing it appears that the names of 
numbers are based upon orders of tens, and tens of 
tens, and higher orders, as follows : 
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A single thing is called a unit, or one thing. 

Ten ones are called a ten. 

Ten tens are called a hundred. 

Ten hundreds are called a thousand. 

Ten thousands are called ten-thousand. 

Ten ten-thousands are called a hundred-thousand. 

Ten hundred-thousands are a million. 

Ones, tens, hundreds, thousands, etc., are called 
orders-of -numbers, and ten of any one of these orders 
are equivalent to one of the order next above. 

It also appears that any whole number is expressed 
in words by naming successively the numbers of the 
different orders that compose the number, beginning 
first with the highest order. Thus we say, one-thou- 
sand-eight-hundred-seventy-six, remembering that the 
names of the second order (or order of tens) are usually 
contacted — for instance, instead of seven tens we say 
seventy^ instead of three tens we say thirty^ and so on ; 
and further, that numbers between ten and twenty 
are expressed by a single word, as for instance, eleven 
instead of ten-oney twelve instead of ten-two^ and so 
on. 

The orders-of-numbera have already been named to 
millions, and beyond that the orders are ten-millions, 
hundred-millions, billions, ten-billions, hundred-bil- 
lions, trillions, quadrillions, quintillions, sextillions, 
septillions, octillions, nonillions, decillions, and so on. 

These names of orders-of-numbers are derived from 
the Latin numerals, and can be formed still further 
without limit. 

The system of numeration just explained, which is 
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in common use in this country, is adopted from the 
French, and difiFers from the English in the names 
given to the orders of numbers above the ninth, as 
shown below : 

French StftUm, English System, 

Ninth order • hnndred-millionf. hnndred-miUions. 

Tenth order. billions. thonsand-millions. 

Eleventh order. . . . ten-billions. ten-thonsand-millionB. 

Twelfth order hundred-billions, hundred-thousand-millions. 

Thirteenth order . . trillions. billions. 

Fourteenth order. . ten-trillions. ten-billions. 

eto. etc. 

So far only integrals or whole numbers have been 
considered, but now we will notice briefly the numera- 
tion of fractional numbers. 

Fractional numbera are used to denote parts of 
things, and in order to represent a portion of any 
thing, the thing is supposed to be separated into some 
number of equal parts, and a suflScient number of 
these equal parts are taken to express the required 
portion. 

Thus a thing may be separated into two equal parts 
called halves, or into three equal parts called thirds, or 
four equal parts called fourths, or into any other num- 
ber of equal parts, and generally any portion of a thing 
may be expressed by taking some number of the equal 
parts into which the thing may be separated. The name 
given to one of these equal parts is usually formed by 
uniting th to the name of the number which expresses 
the entire number of equal parts. For example, one 
of four equal parts is called Ajburthy one of six equal 
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parts is called a sixths one of seven equal parts a 
seventh^ and so on. 

Among the exception's to this rule may be noticed 
one of the two equal parts called a half, one of three 
equal parts called a third, one of five equal parts called 
a fifth. But higher numbers whose names end in 
one^ or two^ or thr,eey follow the usual rule, as one of 
twenty-one equal parts called a twenty-oneth, or one of 
twenty-two equal parts called a twenty-twoth, or one 
of twenty-three equal parts called a twenty-threeth, and 
so on. 

A fractional number is named by uniting the name 
of the number of equal parts used or considered to the 
name of one of the equal parts. Thus, three-fourtlis 
denotes three of the equal parts called fourths. 

The number of equal parts into which a thing is 
supposed to be separated is called the denominator, 
and the number of equal paints used or considered is 
called the numerator. In the case of three-fourths, 
four is the denominator, and three is the numerator ; 
or in the case of five-sevenths, seven is the denominator 
and five is the numerator. 

REVIEW II. 

a. Numeration is a system of naming num- 
bers. 

h. One common principle has been used in 
the systems of nearly all nations — that of form- 
ing orders-of -numbers by tens. 
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c. The orders-of-numbers in common 
use ai*e as follows : 

FirsTJ order units, or single things. 

Second order .... tens. 

Third order hundi'eds. 

Fourth order .... thousands. 

Fifth order ten-thousands. 

Sixth order hundred-thousands. 

Seventh order . . . millions. 
Eighth order .... ten-millions. 

Ninth order hundred-millions. 

Tenth order billions. 

And so on, in which ten of any one order are 
equivalent to one of the next order higher. 

d. Any whole number is expressed by 

naming successively the numbers of different 
orders that form parts of that number, naming 
first the number of highest order. 

e. The names of the orders-of-numbers 
above the order of hundred-billions are de- 
rived from the Latin numerals, and may be 
formed to an indefinite extent. 
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/• In the French system of numeration, 
a thousand millions are called a billion, a thou- 
sand billions are called a trillion, a thousand 
trillions are called a quadrillion, and so on; 
while in the English system, a million of mil- 
lions form a billion, a million of billions form 
a ti-illion, a million of trillions form a quadril- 
lion, and so on. 

g. A fractional number is expressed as 

some number of the equal parts into which a 
thing is supposed to be separated. 

A. The name of one of these equal parts 
is usually formed by annexing th to the name 
of the number which expresses all the equal 
parts, and a fractional number is named by 
uniting the name of the number of equal parts 
to the name of one of the equal parts. 
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Notation, or Writing Mnmberf • 

In tbe preceding chapter the names of numbers used 
are written in words, as other names are written, but 
for the purposes of reckoning, more convenient methods 
of expressing numbers have long been in use. 

Any method of expressing numbers by signs, or by 
marks called figures, is notation. 

The Greeks used letters of their alphabet to denote 
numbers, as likewise did the Bomaus, and the Koman 
notation is still in use, but chiefly for numbering the 
chapters and sections of books, and public documents, 
and for similar purposes. 

In tbe Roman method seven capital letters are used, 
viz., I, V, X, L, C, D, M, representing, respectively, 
one, five, ten, fifty, one hundred, five hundred, one 
thousand. 

By repeating them, or combining them in various 
ways, any whole number can be expressed, according 
to the manner shown in the following table : 



I. denotes 


tone. 


VII. 


denotes 


seven. 


n. 


two. 


VIII. 




eight. 


Ill »* 


three. 


TX. 




nine. 


IV. " 


four. 


X. 




ten. 


V. 


five. 


XI. 




eleven. 


VL 


six. 


XTT. 




twelve. 



L4 
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XTH 


denotes thirteen. 


CL denotes one hundred-one 


jaVi 


t( 


fourteen. 


CX 


* one hundred-ten 


XV. 


i( 


fifteen. 


cc. * 


* two hundred. 


XVI. 


(( 


sixteen. 


ccc. * 


* three hundred. 


XVll. 


(( 


seventeen. 


cccc. * 


* four hundred. 


XVIIL 


(i 


eighteen. 


D. * 


' five hundred. 


XTX. 


(( 


nineteen. 


DO. * 


* six hundred. 


XX. 


i( 


twenty. 


DOC. ' 


* seven hundred. 


XXI 


C( 


twenty-one. 


DCCO. * 


* eight hundred. 


XXII. 


C( 


twenty-two. 


DCCCC. * 


* nine hundred. 


XXX. 


tk 


thirty. 


M. * 


* one thousand. 


XTi 


ii 


forty. 


MM. * 


' two thousand. 


L. 


u 


fifty. 


MDOOOLXXVI. denotes one 


LX. 


ifc 


sixty. 


thousand 


eight hundred 


TiXX 


41 


seventy. 


seventy-six. 


LXXX. 


(( 


eighty. 


V. denotes five thousand. 


XC. 


ii 


ninety. 


X. ** ten thousand. 


C. 


ii 


one hundred. 







From this table it appears that repeating a letter, in 
effect adds the value represented by the letter ; as, for 
instance, X. denotes ten, and XX. denotes twenty, or 
twice ten. 

A letter placed before another representing larger 
value diminishes that value, but when placed after it 
increases that value, as IX. denotes nine, arid XI. de- 
notes eleven- 

A bar placed above a letter indicates thousands. 

These explanations will, however, be better under- 
stood after some practice in writing numbers according 
to this method, and the following list is for that pur- 
pose: 

1. Forty-five. 

2. One hundred twenty-seven. 

3. Seventy-thi'ee. 
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4. Six liiindred eighteen. 

6. Eighteen hundred iiinetj-two. 

6. Nineteen hundred one. 

7. Thirty-nine. 

8. Five thousand five hundred fifty-five. 

9. Two thousand seventeen. 
10. Six hundred thirty-seven. 

An exercise in reading numbers expressed by the 
Eoman notation : 

1. LXXVII. 

2. MX. 

3. MC. 

4. LXIV. 
6. XCIX. 

6. CXIX. 

7. CLIV. 

8. CXLIX. 

9. DCLX. 

10. MDCCCLXXYII. 

. But the notation in common use, and which is more 
convenient for most purposes, is called the Arabic. It 
is so called because modern Europeans, from whom we 
have derived it, obtained tlieir first knowledge of it 
from the Arabs, though it is now known that the Arabs 
learned it from the Hindoos, who have used it for 
several thousand years. 

In this system ten marks or characters, called figures, 
are used, as follows : 

0, 1, 2, 8, 4, 

naught, or cipher, one, two, three, four, 
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s, 


6, 


7, 


8, 


9. 


five. 


six. 


seven, 


eight, 


nine. 



By means of these figures, either singly or combined 
in difiPerent ways, any number that can be named may 
be easily expressed. 

Any whole number (we have seen) is expressed in 
words by naming successively the numbers of the dif- 
ferent orders that compose it. 

The number of any one of these orders is less than 
ten, and can, therefore, be expressed by some one of 
the ten Arabic figures. 

Any whole number whatever is expressed in the 
Arabic notation by placing one after another the figures 
which express the respective orders of numbers, placing 
the figure of highest order at the left, and so on to the 
figure of lowest, or units order, which is placed at the 
right. 

Thus, thirty-six, or three tens and six units, may be 
expressed 36, and three hundred twenty-four may be 
expressed 324, the figure 3 in this case denoting huur 
dredsy the figure 2 denoting tens^ and the figure 4 de- 
noting one8y or units. 

In all cases the place of the first figure at the right 
denotes units, the second place from the right denotes 
tens, the third place denotes the order of hundreds, 
and so on. 

It is important to remember, in case any of the 
intermediate orders of numbers do not appear in the 
given number, a cipher or naught must appear in the 
figures to fill the place belonging to the order. 
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For instance, in the number three hundred two, the 
order of tens does not appear ; therefore, in the figures 
expressing this number, the second place belonging to 
the order of tens must be filled by a cipher, thus, 302. 

So also four thousand four, is expressed, 4004 ; the 
places of tens and hundreds both being occupied by 
ciphers. 

A careful study of the following series of numbers, 
expressed both in words and figures, will be useful to 
the learner. 



10— ten. 

11 — eleven. 

12 — twelve. 

13 — ^thirteen* 

14 — fourteen. 

15 — fifteen. 

16 — sixteen. 

17 — seventeen. 

18— eighteen. 

10 — ^nineteen. 

20 — ^twenty. 

21 — twenty-one. 

22 — twenty-two. 

23 — ^twenly-three. 

1876— one 
2001— two 



24 — ^twenty-four. 

25 — twenty-five. 

26 — twenty -six. 

27 — ^twenty-seven. 

28 — twenty-eight,' 

29 — twenty-nine. 

30— thirty. 

31 — thirty-one. 

40— forty. 

50— fifty. 

100-— one hundred. 
200— two hundred. 
1000 — one thousand. 
124— one hundred twenty-four. 
thoQsand eight hundred seventy-six. 
thousand one. 



It should be noticed that the number ten is expressed 
by two figures, though containing only one order of 
number, because that order is the second or order of 
tens, and the place of the first order is occupied by a 
cipher. From ten to twenty, each number contains 
two orders of numbers, though expressed by a single 
word, as eleven^ w^hich is composed of one ten and one, 
and expressed in figures, 11. 
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« 

For convenience of reading numbers expressed by 
many figures, it is usual to mark the figures by com- 
mas into groups or periods of threes, from the right. 

Thus, having the figures 42345724680, they may be 
formed in gi-oups, as follows : 



i 



o 



s % 



„ o 



i 



42,345,724,680 

and read, forty-two billions, three hundred forty-five 
millions, seven hundred twenty-four thousands, six 
hundred eighty. 

The learner will find it useful to practice writing 
numbers according to the Arabic notation, and also to 
read them. 

Exercises of both kinds are given below. 

Until some skill is acquired in the art of reading 
and writing numbers, it will be found of advantage to 
write the names of the orders of numbers, above the 
groups of threes, as in the example last given. 

After some familiarity has been gained with the 
exercise, this may be omitted. 

Notation of FractioncU Numbers. 

We have learned that a fractional number is ex- 
pressed in words, as some number of the equal parts 
of a thing, the entire number of equal parts being 
called the denominator, and the number of the equal 
parts used or considered being named the numerator. 

A fractional number is expressed in the Arabic nota- 
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tion by placing the figures of the numerator akovey and 
the figures of the denominator below a horizontal line. 
Accordingly the fractional number three-fourths is 
expressed by i ; nineteen-twentieths by |-J, and so on. 
It should be noted that the figures used in the Ara- 
bic notation, or the letters of the Roman notation, or 
any character used to take the place of words, are 
often called symbols. Further on, we shall meet with 
symbols used to indicate operations upon numbers. 

EXERCISES. 

EXPRESS IN FIOUBES. 

(1). Fourteen thousand four hundred fourteen. 

(2). Twenty millions two hundred thousand two. 

(3). Seventeen trillions seven millions seven hundred 
seven. 

(4). Nine hundred ninety-nine thousands ninety-nine. 

(5). Fourteen millions fourteen thousands fourteen. 

(6). One hundred fourteen millions three hundred 
ninety-seven. 

To read numbers expressed in figures. 

(1). ^2,091. 

(2). 1,414. 

(3). 303,030,303. 

(4). 10,101,010,101,010. 

(5). 1,112,223,334,445,666. 

(6). 998,877,665,544,332,211. 

(7). 100,200,300,400,500,600. 

(8). 10,002,000,300,040,005,000. 

(9). 111,111,111,111,111,111,111. 

(10). 123,456,789,098,765,432,101. 
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REVIEW III. 

a. Notation is a system of expressing num- 
bers by characters or figures. 

b. Two systems of notation are in com- 
mon use — the Roman and the Arabic. 

0. In the Roman notation seven capital 
letters are used, viz. : I, V, X, L, C, D, M, ex- 
pressing respectively the numbers one, five, ten, 
fifty, one hundred, five hundred, one thousand. 

d. These letters are combined according 
to three principles. 1st. Repeating a letter 
repeats its value. 2d. Placing one letter before 
another of larger value diminishes that value, 
but placing it after one of larger value increases 
it. 3d. A line or bar placed above a letter sig- 
nifies thousands. 

e. The Roman notation is used chiefly for 
numbering chapters and sections of books and 
public documents. 

/. The Arabic notation is so called be- 
cause derived by modern Europeans from the 
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Arabs, though it is now known the Arabs 
learned it from the Hindoos. 

g. In the Arabic notation ten marks or 
characters, called figures, are used, viz. : 0, 1, 2, 
8, 4, 5, 6, 7, 8, 9, signifying respectively naught, 
one, two, three, four, five, six, seven, eight, 
nine. 

K The principles of the Arabic notation 
are : 1st. Each one of the different orders of 
numbers which compose any whole number is 
expressed by a single figure. 2d. The figures 
are placed one after another, the figures of 
highest order at the left, and so on to the 
figure of the lowest, which is placed at the 
right. 3d. The absence of any order of num- 
ber lower than the highest must be indicated 
by a cipher in the place representing that 
order. 

i. For convenience of reading it is cus- 
tomary to separate the figures by commas into 
groups or periods of three each. 

j. To express a fractional number in the 
Arabic notation, place the figures of the numer- 
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ator above a line, and the figures of the denomi- 
nator below the same line. 

K Figures or other characters used in place 
of words to express numbers are called sym- 
bols. There are also symbols of operations 
upon numbers. 



CHAPTER IV. 
Addition, or Counting Numbers Together. 

The first and most simple operation upon numbers 
is to count two or more numbers together. This pro- 
cess is called addition. Thus, suppose there are three 
apples in one dish and two in another. It is easy to 
count the two groups together, and five is the result. 
The number obtained by addition is called the sum. 

In case there are three numbers of things to be 
added, any two may be first added, and the third may 
then be added to the sum of the first two. 

It often happens that the kind of things the num- 
bers of which are added is not mentioned, but in every 
case some kind of thing is understood. If it be said, 
" Two and three arefivej^ the statement means simply 
that " two things and three things counted together are 
five things^'* and there is no arithmetical addition of 
numbei-s except as numbers of things. 

The process of addition is then purely mental. The 
placing of things side by side does not constitute the 
process, but the counting them together. 

But it is found, though the process is carried on 
mentally, great assistance is often obtained by writing 
the figures of the numbers to be added, and their sum. 
This is the case if the numbers are large, or if there 
ai'o many small numbers to be added together. In 
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any case the student should be so familiar with the 
sums of small numbers as to remember the sum of any 
two less than ten. 

It is found most convenient to write the numbers to 
be added in a vertical line or column. If it be re- 
quired to add together 2, 4, and 7, they may be written 

as follows : 

2 
4 

_7 

13 

And drawing a line underneath, the sum 13 is written 

below it. This line is drawn in order to distinguish 

readily the numbers to be added from their sum, and 

thus avoid confusion. 

Suppose the numbers to be added are greater than 

ten, as 24 and 48. Again writing these so that the 

figures of the same order fall in the same column, 

we have 24 
48 

Each of the given numbers is composed of a number 
of tens and a number of units, and it is found more con- 
venient to add first the units and then the tens. The 
sum of 8 and 4 is 12 ; that is 1 ten and 2 units ; and 
the sum of 4 tens and 2 tens is 6 tens. So the opera- 
tion may be expressed as follows : 

24 

48 

12 = sum of units. 
60 = sum of tens. 

or 72 = total sum. 
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It is obvious that the unit figui-e 2 of the sum of 
units might first be written alone, and the 1 ten reserved 
without writing it, and added at once to the sum of the 
tens. In this way the operation would be expressed as 
follows : 

24 

48 

72 

and may 4)e described by saying, " I first add the units 
8 and 4, whose sum is 12, or 1 ten and 2 units. I write 
the 2 units in the column of units, and reserve 1 ten to 
be added in with the sum of tens. That is, 1 ten, 4 
tens, and 2 tens added together are 7 tens, which is 
now written in the column of tens, and the entire i^e- 
sult is 72." 

Let it be required to add 437, 684, and 327. 
Proceeding as before, writing one under another, and 
adding the numbers of separate orders, beginning with 
units, we have — 

436 
648 
327 

1411 

The sum of the units 7, 8, and 6 is 21, or 2 tens and 1 
unit. The unit 1 is written in the column of units, 
artd the 2 tens reserved to be added in the column of 
tens. The sum of the tens 2, 4, and 3 is 9 tens, with 
wliich, adding 2 tens reserved from the sum of the 
units, the result is 11 tens, or 1 hundred and 1 ten. 
Writing 1 ten in the column of tens, the 1 hundred is 

reserved to be added in with the hundreds. The sum 
. 2 
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of the hundreds 4, 6, and 3, with 1 hundred reserved, 
14 hundreds, or 1 thousand 4 hundred, which is written 
in the result as the .given nuinbei*s are now all added, 
and the entire result is 1411. 

Of course the reserved number may be added with the 
first instead of the last of the numbers of any column. 

In a similar way any other numbers may be added. 

From the foregoing it is easy to deduce the rule for 
adding whole numbers, as follows : 

Write the numbers to be added, one under another, 
so tliat figures of the same order shall fall in the same 
column. Then draw a line underneath the whole, and 
add first all the units, then all the tens, and all the hun- 
dreds, and so on. 

If any partial sum is less than ten of the order added, 
write it underneath in its proper order. If any partial 
sum is ten or more than ten of the order added, reserve 
the number of tens to be counted as ones of the next 
higher order, and write the remaining portion which 
is less than ten in its proper order in the result. The 
ten or tens reserved fi*om any partial sum will then be 
counted with the numbers of the next higher order. 
So proceed till all the orders of numbere are added, 
writing the last partial sum in full. 

It is found by experience that mistakes often occur 
in adding series of numbers, even after considerable 
practice, and it becomes desirable to have some method 
for finding and correcting such mistakes, or as it is 
sometimes said, for verifying the work. 

A method in frequent use is to add the numbers 
expressed in each column in the inveree order. That 
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is, if the addition in the first instance is from the foot 
of the column upwards, the second is from the top 
downwards. If the two results agree it is highly proba- 
ble no error has occurred ; but if they differ one or the 
other must be wi-ong, and the work should be care- 
fully examined and the two results made to coincide. 

To indicate that two numbers are to be added a sign 
or symbol is used, formed by a vertical line crossing a 
horizontal one, thus, + . 

This sign, named ^^t^, is placed between the symbols 
of tie numbers to be added. Thus 14+23 is read 
fourteen plus twenty-three^ and mesLUS fourteen added 
to twenty-three. 

Two equal horizontal lines, one above the other, 
thus, = form the symbol of equality^ and are read 
^ equal to^^ or "equals." So 4+3 = 7, is read, four 
plus three equals seven. 

Such signs or symbols are more easily written than 
the words for which they stand, and occupy less space, 
and are therefore more convenient. 

Skill in adding numbers can only be acquired by 
practice, after the foregoing explanations are under- 
stood, but some hints may be useful to the learner. 
Suppose now we have a series of numbers to be added, 
arranged in order, with a line underneath, as follows : 

2358 

9426 

837 

2332 

14953 



28 ADDITION, OR COUNTING NUMBERS TOGETHER. 

Perhaps the learner, beginning at the right hand 
column, would say, " 2 and 7 are 9 ; " " 9 and 6 are 16 ; " 
" 16 and 8 are 23," which is the sum of the numbei-s 
expressed in the first column. But it would be better, 
pointing successively to the figures 2, 7, 6, 8, to say 
" 2, 9, 15, 23," pierforming the partial additions men- 
tally, and pronouncing only the partial sums. 

The figure 3 is written in the unit's place in the result, 
and the two tens counted in with the column of tens. 
Adding 2 tens to the 3 tens, and proceeding as before, 
pronounce the partial sums, 6, 8, 10, 16, and 15 tens is 
the sum of all the tens. Reserving ten tens, 5 is writ- 
ten in the result, and 1 hundred (as 10 tens) is counted 
with the hundreds, pronouncing the partial sums, 4, 12, 
16, 19. Here again write 9 hundreds and count 10 
hundreds as 1 thousand, with the thousands. Finally 
the sum of the thousands is in a similar way found to be 
14, which, written in the result, completes the process. 

Some computers like to write the numbers reserved 
from the partial sums above the columns with which 
they are to be coiinted. Thus in the last example, 
drawing a line above the column of figures and writing 
the several numbers, we have 

112 

2358 

9426 

837 

2332 



14953 
Whether the reserved numbers are written or not is 
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merely a question of convenience, which each one will 
decide according to his judgment. 

Again, computers find that with practice it becomes 
easy to add the numbers expressed in two columns at 
one operation, and thus gain in rapidity. For instance, 
using the same example again, we may count the two 
columns at once, and say, " 32, 69, 95, 153," and writ- 
ing 53, count 1 with the next two columns, where the 
partial sums are 24, 32, 126, and finally 149, which is 
written in its place, making the same result as before 
obtained. 

So the inimbers of three and even four columns may 
be" added at once, but in ordinary cases one column at 
a time is enough, and the learner should first acquire 
skill in this before attempting more. 

JSXEBCI8E8 IN AI>I>ITION. 

Add the numbers as indicated below and verify the 
results. 

(1). 26 (a). 86 (8). 56 (4). 812 (5). 283 

53 42 83 463 967 

14 18 24 702 72 

86 57 58 595 428 



(6). 183 


(y)- 


189 


(8). 


48972 


(»). 


120011 


675 




456 




2708 




1000 


782 




287 




16021 




10040 


187 




704 




42333 




299707 


908 




455 




7777 




405060 


367 




372 


9191918 




228000 
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(10). 1111111 

2222222 
3333333 
4444444 
5678901 
3456789 
1234567 



(11). Add together 141414, 29764832, 56567878, 
1235, and 120000 



REVIEW IV. 

a. Addition is the process of counting two 
or more numbers of things together, to form 
one number of things. 

h. The number obtained by addition, is 

called the sum or amount. 

c. For the sake of convenience, numbers 
to be added are written so that figures express- 
ing the same order shall fall in one column or 
vertical line. 

d. In adding numbers, first add all the 
units, then all the tens and higher orders in 
succession, being careful to reserve from any 
partial sum of the numbers of any order the 
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tens of that order, to add as ones with numbers 
of the next higher order. 

€. To verify any operation is to establish its 
accuracy. 

/. To verify any process of addition, add 
the numbers of the columns in an inverse order, 
when the second result should be the same as 
the first, 

g. The sign used to indicate addition is 
a cross formed by a vertical line intersecting a 
horizontal one, thus, +• It is placed between 
the symbols of the numbers to be added, and is 
called jolus. 

h. The sign of equality is formed by two 

equal horizontal lines, one above the other, 
thus, =. When used it is placed between the 
symbols of equal numbers, and is read, " equal 
to " or " equals." 



CHAPTER V. 

Subtraction, or Finding tiie Difference beti¥een 

Ti¥0 Numbers. 

It is often necessary to find the difference between 
two numbers of things ; tliat is, to find how many must 
be added to the smaller of two numbers, so that the 
sum shall be equal to the larger. For example, to find 
the difference between 7 and 4 is to find what number 
must be added' to 4 that the sum shall be 7. 

This process is called subtraction. The larger num- 
ber is called the minuend^ the smaller is called the 
euhtrahendj and the result obtained is called the differ- 
ence. The difference is often called the remainder, 
because the subtrahend is sometimes said to be taken 
from the minuend, in which case the difference would 
be a remainder. 

The word subtract means primarily to withdraw 
from, and the name subtraction was given to this pro- 
cess of finding the difference between two numbers, 
because it was thought to describe it exactly, but it 
fails to do so. Yet in every case the process of sub- 
traction is a process of finding the difference, though 
the name subtraction is retained in use. The nature 
of the process indicated by the name should, however^ 
be clearly understood. 
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It is obvious that in finding the diflFerence between 
two numbers of things the things must be of the same 
kind. For example, the difference between 7 sheep 
and 4 sheep is 3 sheep ; but the difference between 7 
sheep and 4 dogs is not arithmetical , for nothing can 
be added to the one to make a sum equal to the other. 

One number is said to be subtracted from another 
when the diflFerence is found ; and the smaller number 
is subtracted from the larger. 

So wo may say, " To find the diflFerence between 7 
and 4 ; " or we may say, " To subtract 4 from 7," and 
the two forms of expression are equivalent. 

To indicate subtraction a short horizontal line, or 
dash, thus, — , and named niinios, is placed between 
the symbols of the numbers, the larger number, or 
minuend, being written first. So, 7—4 is read "7 
minus 4," or " 7 less 4," and means that the diflFerence 
between 7 and 4 is required. 

The process of subtraction is easy when both minuend 
and subtrahend are small numbers, for in that case the 
number which must be added to the smaller to make a 
sum equal to the larger is readily found. For exam- 
ple, to find the diflFerence between 7 and 4, one remem- 
bers that "4 and 1 are 5," and "4 and 2 are 6," "4 and 
3 are 7," and therefore 3 is the number sought. 

It is essentially such a process the mind is accus- 
tomed to go through until the diflFerence between small 
numbers becomes familiar. 

The method of subtracting in the case of large num- 
bers is made to depend directly upon the diflFerence of 
small numbers. 

a* 
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Suppose the minuend to be 548, the subtrahend 125. 
The number sought must be such that, added to 125, 
the sum shall be 548. 

Let us write the figures of the subtrahend, for the 
sake of convenience, so that figures of the same order 
shall fall in the same column, thus : 

548 
125 



423 

and draw a line underneath. It is at once seen that 3 
units added to 5 units gives the result 8 units. That 
2 tens added to the 2 tens of the subti*ahend will make 
4 tens of the minuend, and that 4 hundred added to 
the 1 hundred of the subtrahend will make the 5 hun- 
dred of the minuend. It is therefore clear that 423 
added to the subtrahend will give an amount equal to 
the minuend, and is therefore the difference sought. 

In this case the process of subtraction may be de- 
scribed as follows : — Write the figures of the subtra- 
hend under those of the minuend, so that the figures of 
the same order fall in the same column, then subtract 
the numbers expressed in each respective column, 
separately, writing each partial difference directly un-. 
derneath. The result thus obtained is the difference 
sought. 

But an apparent difficulty occurs when it happens 
that the number expressed by any figure of the subtra- 
hend is greater than that expressed by the figure of 
the same order in the minuend. 

Suppose, for example, it is required to subtract 463 
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from 846. Writing the. figures of the subtrahend under 
those of the minuend, we have 

463 

Now there is no difficulty in subtracting 3 units from 
6 units, but there is a difficulty in subtracting 6 tens 
from 4 tens. But the difficulty would be obviated if 
in any way the number of tens in the minuend should 
be caused to be more than the number of tens in the 
subtrahend. To do this 1 hundred is taken from the 
8 hundreds of the minuend, and, regarding it as 10 tens, 
is added to the 4 tens, making 14 tens, and this is more 
than the number of tens in the subtrahend. 

To show this more clearly the minuend may be ex- 
pressed as follows : 

Hundreds. Tens. TJnitB. 

8 4 6 

But making the exchange above explained, taking 1 
hundred from the number of hundreds and adding 10 
tens to the number of tens, we may write again, 

Hundreds. Tens. Units. 

Minuend 7 14 6 

Subtrahend 4 6 3 

Difference 3 8 3 

The subtraction is now easily accomplished, and the 
difference is found to be 383. 

When the principle is once clearly understood it will 
not be necessary to write out the process in the manner 
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just described, but it may be described as below, the 
numbers being expressed in the usual manner : 

846 
463 

383 

Subtracting 3 units from 6 units, the difference is 3 
units, which is written underneath in the same column. 
6 tens cannot be subtracted from 4 tens, but taking 1 
hundred from the 8 hundred and adding it as 10 tens 
to the 4 tens, gives 14 tens, from which 6 tens can now 
be subtracted, and the difference, 8 tens, is written 
below in the column of tens. Finally, subtracting 4 
hundreds from the remaining 7 hundreds, the differ- 
ence is 3 hundred, which is written underneath, and the 
entire result is 383. 

It may happen that there is nothing in the next order 
of number in the minuend from which to take. 

Suppose it were required to subtract 125 from 4004. 
The minuend may be written, 

Thorusands. Hundreds. Tens. Units. 

4 4 

. Or, again, it may be written. 

Thousands. Hundreds. Tens. Units. 

- Minuend 3 9 9 14 

Subtrahend 1 2 5 

Difference 3 S 7 9 

In this case, as 5 units cannot be subtracted from 4 
units, and as there are no tens nor hundreds from 
which to take, it is necessary to take from the next 
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higher order 1 thousand, or 10 hundreds. From 10 
hundreds take 1 hundred, or 10 tens, leaving 9 hun- 
dreds, and from the 10 tens take 1 ten, leaving 9 tens, 
and adding to tiie 4 units makes 14 units. The dif- 
ference is now easily obtained. It is found in practice 
to be easier to add 10 to any order of the minuend, and 
to add as compensation 1 to the next higher order of 
the subtrahend. 

In the last example, for instance, the subtraction 
may be performed as follows : 

4004 
125 

3879 

Since 5 units cannot be subtracted fi'om 4 units, add 
10 to the 4 units, making 14 units, when the difference, 
9, is easily found. But having added 10 units to tiie 
minuend we may add 1 ten to the subtrahend, as com- 
pensation, making 3 tens in the subtrahend instead of 
2 tens. As there are no tens in the minuend, add 10 
tens, and subtracting 3 tens, the difference, 7 tens, is 
written in its place. To balance 10 tens which were 
added to the minuend, add 1 hundred to the subtra- 
hend, making altogether 2 hundreds. Again adding 
to the minuend 10 hundreds, and subtracting 2 hun- 
dreds, the difference, 8 hundreds, is also written down. 
Finally, adding 1 thousand to the subtrahend to balance 
the 10 hundreds added to the minuend, and subtract- 
ing it from 4 thousands, the difference, 3 thousands, is 
written down, completing the result, which is the same 
as previously obtained. 
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When the learner becomes familiar with this process, 
he will understand it if described more briefly, as 
follows : 

5 cannot be subtracted from 4, but subtracting 5 from 
14 the result is 9. Carrying 1 to 2 makes 3, and 3 from 
10 gives 7. Carrying 1 to 1 makes 2, and 2 from 10 
gives 8. Can-yiug 1 to is 1, and 1 from 4 gives 3, 
and the result is 3879. 

Errors may occur in subtraction as well as in addi- 
tion, and some means of verifying the work is neces- 
saiy. The usual method is to add the difiFerence to the 
subtrahend, and their sum should be equal to the 
minuend. 

Applying this test to the preceding example the re- 
fiult is as follows : 

Subtrahend 125 

Difference 3879 

Minuend 4004 



EXERCISES IN SUBTRACTION. 



(1). 


From 


2412 subtract 1832... 


.Ana. 


580 


(2). 


« 


2884 


« 1885 . . . 


« 


999 


(3). 


u 


45566 


« 16667... 


« 


28899 


(4). 


u 


63322 


« 18878 . . . 


« 


44444 


(5). 


u 


76543 


" 22222... 


« 


54321 


(6). 


it 


10010 


« 7788 . . . 


ii 




(7). 


u 


11202 


« 3434... 


u 




(8). 


u 


10001 


" 7007..., 


u 




(9). 


u 


98009 


" 11111.... 


(C 




(10). 


u 


1666666 


" 779989.... 


« 
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REVIEW V 

a. Subtraction is the process of finding the 
difference between two numbers, or of finding 
what must be added to one of two numbers 
that the sum shall equal the other. 

h. The minuend is the larger of the two 
numbers whose difference is sought 

c. The subtrahend is the smaller of the 
two numbers whose difference is sought. 

d. The difference is the number sought, 
which, added to the subtrahend, shall make a 
sum equal to the minuend. 

€. The difference is often called the re- 
mainder because the subtrahend is sometimes 
said to be taken from the minuend. 

'/ The literal meaning of the word sub- 
tract is to "withdraw from," and the name 
"subtraction" is retained in arithmetic to de- 
scribe the process of finding the difference 
between two numbers, even though this differ- 
ence be not found by any process of "with- 
drawing fi*om." 
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. g. The minuend and subtrahend must be 
numbers of the same kind of thing. 

h. The sign of subtraction is a short hori- 
zontal line placed between the figures of the 
minuend and subtrahend, and is named minus. 

i. The method of subtraction in the case 
of large numbers is made to depend directly 
upon that of small numbers whose differences 
are less than ten. 

j. For convenience in subtracting, the 
figures of the subtrahend are written ^ under 
those of the minuend, so that those of the 
same order shall fall in the same column. 
Beginning with the order of units, subtract 
the number of each order in the subtrahend 
from the number of the same order in the 
minuend. 

If it happen that the number in any order 
in the subtrahend is smaller thair the corre- 
sponding number in the minuend, add 10 to 
that number in the minuend before subtract- 
ing, and then add 1 to the number of the next 
higher order in the subtrahend. 
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Each partial difference is written underneath 
and in its proper order. The partial differences 
will then together express the total difference 
sought. 

Ic. To verify any process of subtraction 

add the subtrahend and difference together, 
and if the work is correct their siun will be 
equal to the minuend. 



CHAPTER VI. 

mnltlpllcatfon, or Counting a Number of Things 
a Number of Times Together. 

In the process of addition two or more numbers of 
things are counted together to form a single number, 
but it is sometimes necessary to count the same number 
several times together also to form a single number. 
This process is called multiplication. The number of 
things to be counted is called the multiplicand. The 
number denoting how many times the multiplicand is 
to be counted is called the mvltiplier^ and the result 
obtained by multiplication is called the product. It is 
important to notice the essential difference in the pix)- 
cesses of addition and multiplication. 

In the first there is an operation upon two or more 
numbers of things; in the second there is an operation 
upon only one numher of things^ which may be repeated 
a numher of times. 

The multiplier is usually more than one, but it may 
be exactly ofie, or even less than one. Thus, 3 times 4 
are 12. In this case 4 is the multiplicand, 3 the multi- 
plier, and 12 is the product. 

Again, once (or 1 time) 4 is 4. Here 4 is the mul- 
tiplicand, 1 is the multiplier, and the product, 4, is the 
same as the multiplicand. 
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Suppose, now, the multiplier is less than one, say 
one-half, the multiplicand being 4 as before, and we 
say, " One-half of 4 is 2." 

So it appeal's that counting 4 once (multiplying by 1), 
the product is the same — ^that is, 4; or counting 4 half 
a time (multiplying half a time), the product is 2. 

As a practical illustration, suppose a man is using ^ 
rod 4 feet in length to measure the lengths of various 
])ieces of timber. 

He applies this rod 3 times successively along one of 
the pieces in the usual manner of measuring length, 
^nd so finds this piece to be 12 feet in length, because 
"3 times 4 are 12." 

To another piece he applies the measure once' only, 
and finds the piece to be 4 feet in length. 

Again, measuring a shorter piece, he applies only 
half the measure, and finds this piece to be 2 feet in 
length, because one-half of (or i time) 4 is 2. 

Thus it appears that according as the multiplier is 
more than one, is one, or is less than one, the product 
is more than the multiplicand, is equal to the multipli- 
cand, or is actually less than the multiplicand. 

The product, then, is not always greater than the 
multiplicand. 

The multiplicand and multiplier are often called the 
factors^ or either one is called 2k factor^ of the product. 

In general a factor of a number is any one of the 
integral numbers which, multiplied together, will pro- 
duce that number. 

Usage sanctions the form of expression to " multiply 
bv a number." The form, " Multiply a number of 
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times," would better express the fact. Thus to " mul- 
tiply by 6 " really means to " multiply 6 times." Both 
forms of expression will be found in what follows. 

Before going further the learner should become 
familiar, if not already so, with the products of small 
numbere. 

These products are shown in the table below, which 
is called a " Multiplication Table." 

The form here given is known as the table of Py- 
thagoras, so named from one of the ancient Greek 
philosophers, who is supposed to have devised it. 

The Series of whole immbers, from 1 to 12 inclusive, 
are written in the left hand column. In the next 
column are placed the products of each of these num- 
bers multiplied 2 times, each product being written 
opposite the corresponding multiplicand. 

In the third column the products obtained by multi- 
plying 3 times are arranged in a similar way. 

The products obtained by multiplying 4, 5, and 6 
times, and so on respectively, arc placed in the 4th, 5th, 
6th, and following columns. 

For example, the product of 8 times 5, which is 40, 
is found in the 8th column, and in the same horizontal 
line with the multiplier 5. 
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MULTIPLICATION TABLE, 



1 


2 


3 4 


5 


6 


7 


8 


9 


10 


11 


12 

24 

36 

48 

60 

72 

84 

96 

108 

120 

132 

144 


3 


4 


6 
9 

12 
15 
18 
21 
24 
27 
30 
33 
36 


8 
12 
16 
20 
24 
28 
32 
36 
40 
44 
48 


10 
15 
20 
25 
30 
35 
40 
45 
50 
55 
60 


12 
18 
24 
30 
36 
42 
48 
54 
60 
66 
72 


14 
21 
28 
35 
42 
49 
56 
63 
70 
77 
84 


16 
24 
32 
40 
48 
56 
64 
72 
80 
88 
96 


18 
27 
36 
45 
54 
63 
72 
81 
90 
99 
108 


20 

30 

40 

50 

60 

70 

80 

90 

100 

110 

120 


22 

33 

44 

55 

66 

77 

88 

99 

110 

121 

132 


3 


6 


4 
5 
6 


8 
10 
12 


7 


14 


8 


16 


9 


18 


10 
11 


20 
22 


13 


24 



Several PrincipieSf 

simple and obvious, yet important in many processes 
of multiplication, may be stated as follows : 

First 'Principle. 

In counting any given multiplicand any number of 
times (that is, in multiplying), each of the parts which 
make up that multiplicand is counted the same number 
of times. It follows, then, that the same result will be 
obtained if any multiplicand be separated into two 
parts, and these parts be multiplied separately, and 
their products added together, as obtained by the direct 
multiplication of the whole multiplicand. 

For example, 4 times 8 are 32. But we may con- 
sider the multiplicand 8 as formed of two parts, 5 and 
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3 ; and counting these parts (multiplying) each 4 times, 
we have 4 times 5 are 20, and 4 times 3 are 12, and 
the sum of 12 and 20 is 32, as before. 

That is, in 4 times 8, each unit of 8 is counted 4 
times, and in 4 times 5, added to 4 times 3, each unit 
of 5 and each unit of 3 is also counted 4 times ; in other 
words, the same number of units is counted the same 
number of times in either case. 

The principle, then, may be stated as follows : The 
product of tlie sum of any two numbers multiplied 
any number of times ^ is equal to the .sum of the pro- 
ducts of the separate numbers multiplied the same 
number of times. 

Second Principle. 

It is also obvious, that if any multiplicand be multi- 
plied as many times as the sum of two numbers, the 
product will be equal to the sum of the products of 
the multiplicand, multiplied the respective numbers of 
times. 

Thus, 5 times 8 are 40. But separating the multi- 
plier 5 into two parts, 2 and 3, and multiplying sep- 
arately, we have 2 times 8 are 16, and 3 times 8 are 
24, and 24 + 16=40, as before. The same reasoning 
applies here as in the preceding case. 

Third Principle. 

Again, if the difference of two numbers be multi- 
plied any number of times, the product will be equal 
to the difference of the respective products of the 
same numbers multiplied the same number of times. 
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Thus, if the difference between 8 and 5, which is 3, 
be multiplied 4 times, the product is 12. But the pro- 
duct of 4 times 8 is 32, and the product of 4 times 5 
is 20, and the difference of the two products, 32 and 
20, is 12, the same as 4 times 3, according to the prin- 
ciple just stated. 

For it is evident in counting 8 once, and in count- 
ing 6 once, the difference is 3, and it is also evident 
that in four times counting" them, the entire difference 
would be 4 times 3. The same reasoning would apply 
in case of any other uumbera. 

Fourth JPrincipie* 

By similar reasoning, it follows, if any numoer be 
multiplied as many times as the difference of two 
multipliers, the product will be equal to the difference 
of the products of the same numbera multiplied the 
respective numbers of times. 

Thus, 5 times 8 are 40, and 3 times 8 are 24, and 
the difference of the two products is 16. 

But the difference of the two multipliers, 5 and 3, is 
2, and 2 times 8 are 16, according to the principle 
stated. 

JFifth rrimdpie. 

The product is the same, whichever of two numbers 
is taken as tlie multiplicand, the other being taken as 
multiplier. 

Thus, 3 times 4 is the same as 4 times 3 ; or 5 times 
8 is the same as 8 times 5. 

For if each unit of the multiplicand be counted 
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once for each unit of the multiplier, then each unit of 
the multiplier must be counted once for each unit of 
the multiplicand, which is what would take place if 
multiplicand and multiplier interchanged places. 

For an illustration, take the immbers 3 and 4, and 
represent the sei)arate units of 3 by the letters A, B, C, 
and the separate units of 4 by a, b, c, d. 

Now, if each of the large letters be combined with 
each of the small letters once only, the resulting num- 
ber will obviously be the same as though each small 
lettei' be combined once only with each large letter. 

In the first case the result is — 



Aa, 


Ab, 


Ac, 


Ad, 


Ba, 


Bb, 


Be, 


Bd, 


Ca, 


Cb, 


Cc, 


Cd. 


In the second 


case — 






Aa, 




Ba, 


Ca, 


Ab, 




Bb, 


Cb, 


Ac, 




Be, 


Cc, 


Ad, 




Bd, 


Cd, 



and the number is evidently the same in each case. 

Sixth Principle. 

To multiply as many*times as the product of any two 
factore gives the same result as to multiply fii-st into 
one factor and then that product into the other factor. 

Thus, to multiply 4, 6 times, amounts to the same as 
to multiply 4, 2 times, producing 8, and then multiply 
this product 8, 3 times, giving the result 24. 

In this case the factors of 6 are 2 and 3, and mul- 
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tipljing 2 times, each unit of the multiplicand ifi coanted 
2 times, forming 2 units of that pixxluct. Now, multi- 
plying this product 3 times, each of these sets of 2 
units in the first product will form 3 times 2 units in 
the second product ; that is, for each unit in the first 
multiplicand there will be Q units in the final product. 
But this is what takes place in multiplying at once 
6 times. 

As the same reasoning would apply in the ease of 
any other factors, the principle may be considered 
established. 

Farther, the same principle is obviously true for 
three or more factora, since the product of any two 
factors may be treated as a single factor. 

So the principle may be stated^ 

To vse the product of two or vwre factors as a 
tnuitiplierj gives the same reauU as to use the factors 
successively. 

To indicate multiplication, a cross formed of two 
oblique lines, intersecting like the letter X, is placed 
between the figures of the two factors. Thus 4x3 
may be read, " 4 multiplied by 3," or " 4 times 3," or 
simply "4 into 3." 

A parenthesis, ( ), consisting of two curved lines, is 
used to show that the numbei-s written within it, and 
connected together by the sign either plus or minus, 
are to be operated on alike. 

Thus, 4 X (S -f 3) indicates that hoth 5 and 3 arc to be 
multiplied 4 tihles and the products added, or which 
gives the same result, tlie sum of 5 and 3 is to be mul- 
tiplied by 4. 

8 
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But the expression, 4 x 54-3, indicates that 5 only is 
"to be multiplied 4 times, and 3 is to be added to the 
product. 

So 4 X (5 —3) indicates that the difference 6 and 3 is 
to be multiplied 4 times, and 4x5—3 indicates that 
3 is to be subtracted from the product 4x5. 

In studying the process of multiplication it is better 
to consider first the case in which the multiplier is less 
than 10 ; that is, is expressed by a single figure. 

Suppose it is required to multiply 243, 6 times. For 

convenience write the multiplier underneath the figures 

of the multiplicand, and draw a line under both, as 

follows : 

243 
6 

It follows from the second principle (page 46) that 
we may multiply the separate parts of the multiplicand 
and add the partial products. 

For convenience we may multiply first units, then 
tens, then hundreds. 

That is, 6 times 3 units, 6 times 4 tens, and 6 times 
2 hundreds. 

Writing the figures of these partial products under 
each other and adding, the result is as follows : 

243 
6 

Product of units 18 

Product of tens 240 

Product of hundreds 1200 

Entire product 1458 
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With practice it will be found quite easy to add the 
partial products without writing them down. Thus, 

243 
6 



1458 

and the operation may be explained by saying 6 times 
3 are 18 ; write down 8 and reserve 1 (ten) ; 6 times 4 
are 24, and 1 (reserved from the first partial product) 
are 25 ; write down 5 and reserve 2 (hundreds) ; 6 
times 2 are 12j and 2 (reserved from preceding product) 
are 14, which is written down, and the whole result is 
1458. 

Whenever, then, the multiplier is expressed by a 
single figure the operation may thus be described: 
Write the figure of the multiplier under the unit figure 
of the multiplicand, and drawing a line underneath 
multiply the different orders of numbers, each one 
separately, beginning with the lowest. Write the pro- 
ducts in succession, being careful to reserve the tens 
of any order to add as ones in the product of the next 
order. 

When the multiplier is expressed by two or more 
figures the operation is still quite easy. 

For example, let it be required to multiply 243 
24 times. 

In this case it is evident from the second principle 
that the multiplier may be separated into the two parts, 
2 tens and 4 units, and multiplying each part separately 
the sum of the two products will express the entire pro- 
duct sought. 
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Writing, then, the figures of the multiplier under 

those of the multiplicand, so that figures of the same 

order shall fall in the same column, and using first the 4 

units as multiplier, then the 2 tens, and adding, tlie 

operation will appear as follows : 

243 

24 

First partial product, 243 x 4 972 

Second partial product, 243 x 20 4860 

Entire product 5832 

The first partial product is easily obtained, multiply- 
ing by 4 units ; the second partial product is obtained 
by multiplying by 2 tens* The product of 8 units by 
2 tens is obviously 6 tens ; the product of 4 tens by 2 
tens is obviously 8 hundreds, and the product of 2 tens 
into 2 hundreds is 4 thousands, and the second partial 
product is 4860. 

Adding the two partial products together the entire 
product is found, 5832. 

Again, to multiply 1728 by 648, the same method is 

easily applied as follows : 

1728 

648 

First partial product 13824 

Second partial product 69120 

Third partial product 1036800 

Total 1119744 

It may be remarked that the ciphers at the right of 
the figures of the second and succeeding partial pro- 
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dacts, are nsnallj omitted, becanse the omisfiion does 
not affect the valac of the result 

Hence the first figure of each partial product is usually 
written in the same column as the figure of the multi- 
plier of that product 

Accordingly the operation of the last example would 

be expressed as follows : 

1728 
648 

13824 
6912 
10368 

1119744 

In general^ then^ when tJie multiplier is composed 
of two or mxyre orders of numbers^ mtdtiply by the 
number of each order separately^ and add the partial 
products to obtain the entire product. 

If it happens that one or more of the right hand 
figures of the multiplicand, or of the multiplier, or of 
both, are ciphers, it will be more convenient to write the 
multiplier so that the figure of lowest order not a cipher 
shall fall in the same column with the figure of the multi- 
plicand which is of the lowest order and not a cipher. 

For example, to multiply 2400 by 160, arrange tlie 

figures so that the figure 6 is found underneath the 

figure 4, as follows : 

2400 
160 

144 

24 



384000 
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Then proceed, -without regard to the ciphers, until 
the product is obtained, when the ciphers should be 
added to the right of the other tigures. 

It may happen that one or more ciphers are found 
between other figures of the multiplier, but this will 
cause scarcely any difficulty. For example, to multiply 
2446 by 304, the operation is as follows ; 

2446 
304 



9784 
7338 

743584 

It is only necessary to take care to write each partial 
product in its proper place ; that is, place the first 
figure of each partial product under the figure of the 
partial multiplier, and the other figures in correspond- 
ing order. 

It obviously follows from the foregoing that if the 
multiplier be 10, 100, or 1000, or any immber expressed 
by the figure 1 with ciphers annexed, the product will 
be expressed by the figures of the multiplicand with 
the same number of ciphers annexed. 

For example, if it be required to multiply 624 by 10 
we may at once write the product 6240. Or to multi- 
ply 848 by 1000 we may similarly write 848000. 

To verify any process of multiplication, it is usual to 
interchange multiplier with multiplicand. 

If it happen that the two factoi-s are equal, then the 
multiplier may be separated into two parts, and multi- 
plying by each part separately, add the two partial 



J 
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products together. If all the operations are correctly 
performed, this sum will be equal to the product first 
obtained. 

Let it be required to multiply 982 by 982. First, 
by the usual operation, we have — 

982 
982 



1964 

7866 
8838 

964324 

Now, to verify this result, take any number smaller 
than 982, as 555, and subtract from 982 to find tlie 
remaining part — 

982 

555 



427 

Then multiplying by each of the parts — 

982 982 

555 427 



4910 6874 

4910 - 1964 
4910 3928 



545010 419314 

545010 



964324 

and adding the two results, the sum is found to be the 
same as before. 

If 1 be multiplied any number of times, and, this 
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product be multiplied the Bame number of times, and 
BO on BuccesBively, any one of these products is called 
a power of the number used as a factor or multiplier. 
Tlie power is named fir»t^ second, or third, and bo on, 
according to the number of times the multiplier is 
used. Thus, 

1x3 = 3, the first power of 3. 
1x3x3 = 9, the second power of 3. 
1x3x3x3 = 27, thetliird power of 3. 
1 X 4 X 4 = 16, the second power of 4. 

The second power is often called the square, and the 
third power of a number is called the cube. Thus 27 
is the cube of 3, and 16 is the square of 4. 

To indicate the power of a number, the number de- 
noting the order or degree of the power is written above 
and to the right of the figures of the given number. 

Thus 3^ indicates the square of 3, and 4^ indicates 
the cube of 4. 

The number which indicates a power is called an 
exponent The figures of exponents are usually made 
smaller than those above which they are placed. 

EXEBCI8ES. 

(1). Multiply 328 by 2 Am. 656. 

(2). Multiply 847 by 3 " 2541. 

(8). Multiply 20508 by 5 ** 102540. 

(4). Multiply 3605023 by 6 " 21630138. 

(5). Multiply 9097030 by 9 « 81873270. 

(6). Multiply 725 by 300. . . " 217500. 

(7). Multiply 85012 by 2000. . ** 70024000. 
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(8). Multiply 489000 by 860 . . . Ana. 

(9). MiUtiply 887766 by 1000 . . " 

(10). Multiply 7198 by 216 . . . " 

(11). Multiply 7575 by 7575 . . " : . . 

(12). Multiply 871836 by 418 . . . « 

(13). Multiply 671834 by 871 . . . " 

(14). Multiply 871387 by 834. . . " 

(15). Multiply 91864 by 913 . . . « 

(16). Multiply 18374 by 944. . . ** 

(17). Find the value of 

18 X (24+36-10+40). Ana. 1620, 

(18). Find the value of 

36x(24+36-10)+40. Ana. 940. 

(19). Find the value of 

2x3x4x(12-15+30-4 + 20). J.7W 

(20). Find the value of 

(5 X 6+ 20) X (48 + 12 x 5). Ana 

REVIEW VI- 

a. Multiplication is a process of cotinting 
a number of things a number of tim^s together. 

J. The multiplicand is the number of things 
to be counted. 

c. The multiplier is the number denoting 
how many times the multiplicand is to be 
counted. 

d. The product is the result obtained by 
multiplying. 

3* 
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€. The multiplier may be one, or more 
than one, or less than one. According as the 
multiplier is more or less than one, the pro- 
duct is more or less than the multiplicand. 

/. To "multiply by** a number, means to 
multiply the multiplicand that number of times. 

g. The multiplicand and multiplier are often 
called the factors of the product, and in gen- 
eral a factor of a number is any one of the 
integral numbers which, multiplied together, 
will produce that number. 

1i. The product of the sum of any two 
numbers by any multiplier, is equal to the 
sum of the products of the separate numbers 
multiplied by the same multiplier. 

i. The product of any number by the 
sum of two numbers, is equal to the sum of 
the products of the same multiplicand multi- 
plied by the same two numbers separately. 

j. The product of the difference of two 

numbers multiplied by any number, is equal to 
the difference of the products of the same num- 
bers multiplied by the same multiplier. ' '" 



MULTIPLICATION. 59 

Ic. The product of any number into the dif- 
ference of two numbers, is equal to the 
difference of the products of the same multi- 
plicand multiplied into the numbers separately. 

L The product of any two numbers is 
the same, whichever is taken as the multipli- 
cand, the other being taken as the multiplier, 

m. To multiply by the product of any 
two or more factors, gives the same result 
as to multiply successively by the separate 
factors. 

n. The sign of multiplication is a cross 
formed by two oblique lines, intersecting in 
the form of the letter X. 

o. A parenthesis is used to show that the 
numbers whose symbols are contained within 
it, and connected hy the sign -j- or — , are to 
be operated on alike. 

p. When the multiplier is less than ten, 

the multiplication is performed by multiplying 
the numbers of different orders in the multipli- 
cand, each one separately, beginning with the 
lowest, and writing the products in order. 
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taking care to reserve tens of any one order to 
count as ones of the next higher, as in addition* 

q^. When the multiplier is more than ten, 
that is, composed of two or more orders of num- 
bers, the multiplication is performed by multi- 
plying by the number of each order sepai-ately, 
and adding these partial products to obtain the 
entire product 

r. If the multiplier is expressed by the 
figure I with ciphers annexed, as 10, 100, 
1000, and so on, the product will be expressed ' 
by the figures of the multiplicand with the 
same number of ciphers annexed. 

8. A power of a number, is a product 
obtained by multiplying one by that number, 
any number of times successively, the d^ree of 
the power being named first, second, third, or 
fourth, and so on, according as the number is 
used as a factor one, two, three, or four, or 
more times. 

t The second power is also called the 
square, and the third power is called the cube. 

te. The exponent of a power, is the number 
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indicating the order or degree of the power, 
written above and to the right of the figure (or 
figures) of the number whose power is denoted, 
and written in smaller figures. 

V. Multiplication may be verified by in- 
terchanging multiplicand for multiplier. It 
may also be verified by separating the multi- 
plier into two parts, multiplying by each part 
separately, then adding these two partial pro- 
ducts, whose sum should equal the original 
product. 



CHAPTER Vn. 

Division, or Finding a Factor. 

It is often required to find how many times one 
number must be multiplied to produce another; This 
process is called division. For example, 24 is how 
many times 6? This is easily answered, for 'it is re- 
membered that 2 times 6 are 12, 3 times 6 are 18, 4: 
times 6 are 24, and 4 is the answer sought. 

The question might have been in the form, "Wliat 
number must be multiplied 6 times, to produce 24 ? 
In this case, the answer would still be the same, and 
in either case we should have a product and one factor 
given, to find the other factor. 

The given number which equals the product of an- 
other given number multiplied into a number sought, 
is called the dividend. The given number whose pro- 
duct, when multiplied into a number sought, must 
equal the dividend, is called the divisor. The number 
sought which multiplied into the divisor must produce 
the dividend, is called the quotient. Thus, in the exam- 
ple last given, 24 is the dividend, 6 is the divisor, and 
4, the number sought, is the quotient. 

According to the usage of language, the dividend is 
said to be divided hy the divisor, or the divisor is said 
to be divided into the dividend, in order to find the 
quotient. 
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To indicate that one number is to be divided by 
another, a sign is formed by placing a short horizontal 
line between two dots, one vertically over the other, 
thus, -f-. The figures of the dividend precede, those 
of the divisor follow it. Division may also be indi- 
cated by placing the figures of the dividend above, 
tliose of the divisor below a horizontal line. Thus, 
24 -^ 6 = 4, or -\^ = 4, is read 24 divided by 6 equals 4. 

So long as the dividend and divisor are both small 
numbers, it is easy to find the quotient at once by 
a few trials, as in the example already given, but 
in the case of larger numbers, it becomes necessary 
to follow a systematic method, which will now be ex- 
plained. 

According to the definition given, the product of the 
quotient, multiplied into the divisor, equals the divi- 
dend. Hence it follows, if the quotient be separated 
into any number of parts, and each be multiplied by 
the divisor, the sum of the products would equal the 
dividend. 

Hence, if one of these partial products be sub- 
tracted from the dividend, the remainder will equal 
the sum of the remaining partial products. 

If from this remainder another partial product be 
subtracted, and the process be continued until all the 
partial products are successively subtracted, there will 
then be no remainder. 

For illustration, let it be required to divide 261G by 
6. For this purpose, write the dividend and divisor 
in any convenient manner. Usually, however, the fig- 
ures of tlie divisor are written at the left of those of 



64 DmsioiT, 

the dividend, a short curve placed between, to separate 
them. 

Another curve at the right indicates a place for the 
figures of the quotient. Thus : 

6) 2616 ( 

Next let us find the highest order of number that 
may be contained in the quotient. The dividend con- 
tains thousands, but the quotient nmst« be less than 
1000, because this number, multiplied by the divisor 6, 
gives a pix)duct 6000, which is more than the dividend. 
If now we try the order of hundreds, and multiply 
100 by 6, the product is 600, which is less than the 
dividend, and so the quotient is more than 100. If 
we try in succession, 200, 800, 400, and 600, we find 
the quotient must be more than 400 and less than 600. 

Let us consider then 400 as a partial quotient, and 
subtract the partial product (or 6 x400), from the divi- 
dend, and we have the first remainder, 216. Thus : 

6)2616(400+30 + 6 
6 X 400 = 2400 = First partial product. 

First remainder == 216 

6 X 30 = 180 = Second partial product. 

Second remainder = 36 

6x6= 36 = Third partial product. 

Third remainder = 

But this remainder, 216, must equal the product of 
the divisor 6 into the remaining part of the quotient, 
and we may treat 216 as a new or partial dividend. 
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Proceeding as before, we find the quotient of this second 
dividend must be more than 30 and less than 40. 

Take 30 as a partial quotient, multiply it by the 
divisor 6, and subtracting the partial product 180 
from the partial dividend, we have the second remain- 
der 36. Treating this as a third partial dividend, the 
third paiiial quotient 6 is easily obtained, and sub- 
tracting the product of this quotient multiplied into the 
divisor, 36, the third remainder is zeix), or there is no 
remainder, and the sum of the partia) quotients is the 
entire quotient sought. 

For it is obvious that we have the true quotient if, 
being multiplied by the divisor, it produces the dividend. 
But the sum of the products of the divisor multi- 
plied into the partial quotients, is equal to the dividend, 
because these products have been subtracted succes< 
sively, and nothing remained. Hence the product of 
the divisor multiplied into the sum of the partial 
quotients — that is, into the entire quotient — must also 
equal the dividend. 

The method itself may be described as follows : 

Write the figures of ike dividend and divisor in 
convenient places. Find by tt*ial the highest number 
of the highest order that may he coyxtained in the 
quotient. Consider the number thus found apart of 
the quotient {or a partial quotient^ multiply it into 
the divisor y and sitbtract the product from the dividefid. 
Use the remainder thus obtained as a new dividendy 
and proceed as with the fii^st or origincd dividend ; 
that is J find the highest number of the next lower order 
that may be contained in the second partial quotient, 
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€. The multiplier may be one, or more 
than one, or less than one. According as the 
multiplier is more or less than one, the pro- 
duct is more or less than the multiplicand. 

/. To "multiply by" a number, means to 
multiply the multiplicand that number of times. 

g. The multiplicand and multiplier are often 
called the factors of the product, and in gen- 
eral a factor of a number is any one of the 
integral numbers which, multiplied together, 
will produce that number. 

h. The product of the sum of any two 
numbers by any multiplier, is equal to the 
sum of the products of the separate numbers 
multiplied by the same multiplier. 

i. The product of any number by the 
sum of two numbers, is equal to the sum of 
the products of the same multiplicand multi- 
plied by the same two numbers separately. 

j. The product of the difference of two 

numbers multiplied by any number, is equal to 
the difference of the products of the same num- 
bers multiplied by the same multiplier. 
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h. The product of any number into the dif- 
ference of two numbers, is equal to the 
difference of the products of the same multi- 
plicand multiplied into the numbers separately. 

L The product of any two numbers is 
the same, whichever is taken as the multipli- 
cand, the other being taken as the multiplier. 

m. To multiply by the product of any 
two or more f actor s, gives the same result 
as to multiply successively by the separate 
factors. 

n. The sign of multiplication is a cross 
formed by two oblique lines, intersecting in 
the form of the letter X. 

o. A parenthesis is used to show that the 
numbers whose symbols are contained within 
it, and connected hy the sign -j- or — , are to 
be operated on alike. 

p. When the multiplier is less than ten, 

the multiplication is performed by multiplying 
the numbers of different orders in the multipli- 
cand, each one separately, beginning with the 
lowest, and writing the products in order. 
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tibe mnltiplicatioDS and subtractions being carried on 
mentally, the method is called short division. 

When the processes of multiplication and division, 
which form a part of the operation of division, are 
expressed, the method is called long division. 

It may happen that there is a remainder after sub- 
tracting the final product from the last partial dividend. 

For example, dividing 4 into 275, we have tlie quo^ 
tient 68, and remainder 3, as follows: 

4)275 

68 — , 3 remainder. 

Now 275 is the sum of 272 and 3, and the quotient 
of 275, divided by 4, must equal the sum of the quo- 
tients of 272 and 3 each divided by 4. But the 
quotient of 272, divided by 4, is 68, and it only remains 
to express the quotient of 3, divided by 4. This is in- 
dicated by writhig the dividend 3 above and the divisor 
4 below a horizontal line, thus, f ; and the entire quo- 
tient of 275, divided by 4, is therefore written 68f, 
and read sixty-eight and three-fourths^^ ov sixty-eight 
and three divided by four. 

It will be observed that this quotient of 3 divided 
by 4 is expressed as a fractional number, and it will 
be found that any fractional number may be regarded 
as the quotient of the num^erator divided by the denom- 
inator. 

Division is said to be exact when the quotient is an 
exact whole number. 

Bef(H*e leaving this part of the subject it will be 
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^ell to notice some examples of divi»on where the 
divisor is a large number. 

The method is the same as first explained, yet the 
learner may find difficalties for which a few sngges- 
lions will be uaef al. 

Let it be required, then, to divide 4468216 by 583. 
The operation, as written, will appear as follows : 

683) 4468216 (7664 fjf 
683 X 7 = 4081 



•683x6 = 


3872 
3498 


583x6 = 


8741 
3498 


5S8x4 = 


2436 
2332 



104 = remainder. 

It is easily perceived that the highest order of num- 
ber in the quotient must be that of tfiousanda. By 
successive trials the first partial quotient is found to 
be 7 (thousands), and multiplying into the divisor, and 
subtracting, the remainder 387 (thousands) is found, 
and uniting 2 hundreds with it, the second partial 
dividend is 3872 (hundreds). In a similar way the 
second partial quotient 6 (hundreds) is found, and 
soon. 

But it is probable the learner would need to make a 
number of trials before obtaining the first partial quo- 
tient 7 (thousands), or the second partial quotient 6 
(hundreds), and so on. 
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If, however, 6 (hundred) be used as a trial divisor 
(because 583 is nearer 6 hundred than 6 hundi^ed), and 
44, the number expressed by the first two figures of the 
first partial dividend, be taken as trial dividend, tlie 
first quotient, figure 7, is easily obtained ; for 6 divided 
into 44 gives the quotient 7, with a remainder. In a 
similar way, taking 38-, the number expressed by the 
first two figures of the second partial dividend, as a 
trial dividend, and using the same trial divisor, the 
second quotient figure 6 is easily obtained. 

Again; taking the number expressed by the first two 
figures of the third partial dividend, as a third trial 
dividend, with the same trial divisor, the third quotient 
figure 6 is also easily found, and in like manner the 
next quotient figure 4. 

As another example, let it be required to divide 
3898556 by 4183. 

4183)3898556(932 
37647 

13385 
12549 



8366 
8366 



In this case we take 4 (thousand) as the trial divisor, 
and for the first trial dividend use 38 (hundred thou- 
sand), and the quotient of 4 divided into 38 is easily 
found to be 9 (hundred). 

Of the second dividend, using 13 (ten thousands) as 
a trial dividend, the quotient 3 (tens) is found. 
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Finally, using 8 (thousands) in the third dividend in 
a similar way, the partial quotient 2 is found. 

In any case we may use as a trial divisor the number 
of highest order only (in the true divisor), and for a 
trial dividend use the number of the highest order, or 
the two highest orders, of the true dividend, as may be 
needed. It will sometimes happen that the partial 
quotient indicated by this method will be too large or 
too small, but practice will soon enable the learner to 
estimate each partial quotient readily. 

It is. important to bear in mind, in writing the figures 
of the quotient, that a cipher must be written when no 
other figure expresses the number of any order. 

For illustration, let it be required to divide 76125 
by 25. 

35)76125(304:5 
75 

112 
100 



125 
125 



. In this case the first partial quotient is 3 (thousands) 
and the first partial remainder is 1 (thousand), or taking 
the hundreds with it for a new partial dividend, this 
becomes 11 hundred. But 25 divided into 11 hun- 
dreds does not give a quotient of the order of hundreds, 
therefore write a cipher in the hundred's place in the 
figures of the quotient. By using the 2 tens of the 
dividend the partial dividend becomes 112 tens, and 
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the partial quotient, 4 tens, is easily fonnd, and the 
remaining part of the pi^ocess is completed without 
difficulty. 

It was found that to multiply by 10 or by 100, or by 
any number expressed by the figure 1 with ciphers 
annexed, it was sufficient to annex the same number of 
ciphers to the figures of the multiplicand. It follows, 
therefore, that to divide by 10 or 100 (or by any power 
of 10), it is sufficient, to express the quotient, to omit 
from the figures of the dividend the same number of 
ciphers at the right, if they are found there. In case 
they are not thei'e, it may easily be shown that the same 
number of figures may be omitted, and that the num- 
ber expressed by them is in fact a remaindei*. 

Thus,. 270 divided by 10 gives the quotient 27, and 
1500 divided by 100 gives the quotient 15. Or 15000 
divided by 100 gives the quotient 150. Again, 1525 
divided by 100 gives the quotient 15, with a remainder 
25 ; or the entire quotient may be expressed as '^^■f^jf. 

The method of division, we have seen, is based on the 
principle that the entire quotient must be equal to the 
sum of the partial quotients obtained by dividing the 
several parts of the dividend. And in genei*al it is true 
that the quotient of the sum of two numbers is equal to 
the sum of the quotients of the respective numbers, the 

divisor beinff the same. Thus — — — = 7-- = 7. But 
^ 24 24: 

96 72 

— = 4, and — = 3, and 3+4 = 7. 

294: 24 

That is to say, the quotient of 168 (the sum of 96 
and 72), divided by 24, is 7, which is the sum of 7 and 
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S, the quotients of the respective numbers, 96 and 72, 
each divided by 24. 

Again, since the product of the difference of two 
numbers is equal to the difference of the products of 
the respective numbei*s (the multiplier being the same), 
it follows that the quotient of the difference of two 
numbers is equal to the difference of the quotients of the 
respective numbers — each divided by the same divisor. 

Thus, for illustration, it is clear that if 7 = 4+3, 

X . ^ « T . -^ !_ .i. 168 96 72 

then 4 = 7—3. It is as evident that if -— - = — + -:, 

, 96 168 72 24 24 24 

then — = — — ^■ 
24 24 24. 

But 96 is the difference between 168 and 72, and the 
quotient of this difference is equal to tlie difference of 
the quotients, aa before stated. The same reasoning 
would evidently apply iu any similar case. 

Hence it follows if each of two numbers is exactly 
divisible by any divisor, their difference is exactly 
divisible by the divisor. 

Further, it was found that to multiply by the pi-o- 
duct of two or more factore, amounts to the same as to 
multiply successively by the same factors. Hence, to 
divide by the product of two or morc divisors, amounts 
to the same as to divide successively by the divisors. 

Por instance, if 24 x 2 x 3 = 24 x 6 = 144, then it 
obviously follows that 144 -v- 6 = (144 -^ 2) -r- 3 ; that 
is, to divide 144 by 6 (which isthe product of 2 x 3) gives 
the same result as to divide 144 by •2, and that quotient 
again by 3. 

Hence, any equal factors of dividend and divisor 

4 



74 DIVIBIOK. 

may be omitted without affecting the value of thd 
quotient. The omitting of equal f actora from dividend 
and divisor is called canceUiiig. 

The principle of cancelling is frequently useful in 
abbreviating the operations of multiplication and divi- 
sion, especially where the dividend and divisor are 
expressed as indicated products of several f actore. 

CI !_ .V . 12x8x7 , 

Suppose we have the expression — j — —^ where the 

dividend is written above the line and the divisor below. 
If the factors of the dividend are multiplied together 
the result is 672, and the factors of the divisor multi- 
plied together give 24. Performing the division the 
quotient 28 is found. 

Again writing the expression — - — - — , divide both 

dividend and divisor by the factors 4 and 6 and the 
result may be indicated as follows : 

That is, dividing by 4, we may divide any one of the 
factoi-s of the dividend, say 8, and write the quotient 
figure 2 above and near the figure 8. 

Dividing into the factor 4 of the divisor, the quotient 
1 is not usually expressed, but understood. Again 
dividing 6 into the factor 12 of the dividend, and into 
the factor 6 of the divisor, the results are indicated 
in a similar manner. 

The factora of the dividend remaining are now 
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2x2x7 = 28, and the divisor becomes 1; that is 

28 * 

-- = 28, and the quotient 28 is the same as fu*st ob- 
tained. With thid explanation, the following example 
will be easily understood : 

Sx8x4x7 "" 1 --''^• 

Or this, 

In these examples maeh of the labor of multiplying 
and dividing has been avoided by means of cancelling. 

To verify any process of division, multiply the divisor 
and quotient together, and the product should equal 
the dividend. 
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EXERCISES. 

de 656 by 2. . . 

de 2541 by 3. . . 

de 102540 by 5... 

de 21630138 by 6... 

de 81873235 by 9 . . . 

de 217500 by 300 . 

de 70024000 by 2000 

de 1203033 by 3679 

de 49561766 by 5137 

de 2150596762 bv 125 . 
de 



Ans. 328. 

847. 

20508. 

3605023. 

90970304. 

725. 

85012. 

327. 

9648. 

« 17204774^. 

3935*^. 



a 



a 






u 



(( 



u 



ii 



ii 



78674 by 200. 
de 71900715708 by 57149 

Ans. 1258127ifm. 
Find the value of (128+47-80 + 84)-5-C. 
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(14). Find the value of (480-243 +123)-5-24. 

Ana. 15. 
(15). Divide 1728 by 3 x 8. Ana. 72. 

(16). Find the value of Sx^lxg^xl^X^ j^^ ^q 

4x9x8x3 

(17). Divide 16x5x14x20x32x30x50 by 

40x24x50x20x7x10. Am.lQ. 

(18). Divide 213 x 84 x 190 x 264 by 30 x 56 x 36. 

Ana, .. 

/im T?- A^u 1 ^ 28x60x66x64 , 

(19). Find the value of -j- — — — ~- — —. Ana. . . 

^ ^ 49x32x40x8 

/«^\ T.. . \ . ^ 108 X 266 

(20). Find the quotient of jr • Ana. . . 

859 
(21). Find the quotient of — . 



REVIEW VII. 

a. Division is the process of finding how 
many tinaes one number must be multiplied to 
produce another. 

b. The dividend is that given number vehich 
equals the product of another given number 
multiplied into, a number sought 

c. The divisor is that given number, the 
product of which multiplied into a number 
sought, equals the dividend. 



k. 



Divisiou. 77 

d. The quotient is the number sought which, 
multiplied into the divisor, produces the divi- 
dend. 

e. The dividend is said to be divided by the 
divisor, or the divisor is said to be divided into 
the dividend. 

/. The symbol of division is formed by 
placing a short horizontal line between two 
dots, one vertically over the other, as fol- 
lows : -^. The iigures of the . dividend are 
placed before, those of the divisor after it. 

Division may also be indicated by placing 
the figures of the dividend above, those of the 
divisor below, a horizontal line. 

ff. The. dividend may be separated into 
several parts or partial dividends, each of 
which may be divided by the given divisor, and 
jthe sum of the partial quotients thus obtained 
will equal the entii'e quotient sought. Because 
the product of the divisor into the entire quo- 
tient must equal the sum of the products of the 
divisor into each of the partial quotients. 

A. The method of division, based on the 
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principle just stated, is as follows : Having 
written the figures of the dividend and divisor 
in convenient places, find by trial the highest 
number of the highest order that may be con- 
tained in the quotient Consider this number a 
part of the quotient, multiply it into the divi- 
sor, and subtract the product from the dividend. 
Use the remainder thus obtained as a new par- 
tial dividend, and proceeding as before find the 
highest number of the next lowest order that 
may be contained in this partial quotient. So 
continue until there is no remainder, or until 
the remainder is less than the divisor. In case 
of such a remainder, express the partial quo- 
tient by writing the figures of the remainder 
above, and those of the divisor below, a hoii- 
zontal line. The sum of these partial quotients 
is the entire quotient sought. 

A division is said to be exact when the quo* 
tient is an exact whole number. 

i. When the divisor is a small number, 
say less than 10, the necessary multiplications 
and subtractions may be carried on mentally, 
writing down at once the figures of the quo- 
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tient. In this case the process is called short 
division. 

When the processes of multiplication and sub- 
traction belonging to the operations of division 
are expi'essed, the method is then called long 
division. 

j. In case (he divisor is some power of 
10, that is, expressed by the figure 1 with 
ciphers annexed, the quotient may be expressed 
by writing the figures of the dividend, omitting 
as many of the right-hand figures as the ciphers 
in the figures in the divisor, the number ex- 
pressed by the figures omitted being considered 
a remainder. 

L The quotient of the sum of two num- 
bers is equal to the sum of the quotients of the 
respective numbers, the divisor being the same. 

I. The quotient of the difference of two 
numbers, is equal to the difference of the quo- 
tients of the respective numbers, the divisor 
remaining the same. 

Hence if each of two numbers be exactly 
divisible by any divisor, their difference is 
exactly divisible by the same divisor. 
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m. To divide by the product of two or 
more divisors gives the same result as to 
divide first by one divisor and then divide the 
resulting quotient by the other divisor. 

Hence, any equal factors of , dividend and 
divisor may be omitted without affecting the 
value of the quotient. The omitting of equal 
factoi*s from dividend and divisor is called 
cancelling. 

n. To verify any process of division, 

multiply the divisor and quotient together, and 
their product should equal the dividend. 



CHAPTER Vm. 

• • 

Of MnlUples, Common Hultlplei, Common Fa<y 
tors, and Oreaiest Common Facton. 

Kisn fact which may be affirmed of a number, is a 
property of that number. 

If it happen that some property of frequent use 
belongs to a large series of numbers,, a name is often 
given to distinguish such a class. 

Thus a number exactly divisible by the factor 2 is 
called eoen^ and any number not exactly divisible by 
2 is called an odd number. 

Any number is exactly divisible by itself and by 
one ; but a number which is exactly divisible by no 
other integral factor than itself and one is called a 
prime number. A number exactly divisible by some 
integral factor other than it-self and one is called a com- 
posite number, in other words, any number not prime. 

It is easily found that 4, 6, 8, 25, and so on, are com- 
posite numbers, and that 1, 2, 3, 5, 13, 29, and so on, are 
prime numbers. 

A multiple of a number is a product obtained by 
multiplying that number by any integral factor. 

Thiis, 8, 12, 16, and 20, are multiples of 4 ; and 9, 
18, and 27^ are multiples of 3. 

A common multiple of two or more numbers is at 

the same time a multiple of each of them. Thus 12 
4* 
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is a common multiple of 4 and 6, and 24 is a common 
multiple of 3, 4, 6, and 12. 

The least common multiple of two or more num- 
bei's is the least of all the multiples common to those 
numbers. Thus, 24 is a common multiple of 4 and 6 ; 
so is 36, but it is easily shown that 12 is the least com- 
mon multiple of the" numbers 4 and 6. 

Since a multiple of a nunxber is some product of 
that number, it must be a multiple of each prime fac- 
tor of that number, in case it is composite, and hence 
any common multiple of two or more numbers must 
be a multiple of each and every prime factor to be 
found in those numbers. 

As some of the numbers may contain the same fac- 
tor several times, it follows that the common multiple, 
and of course the least common multiple, must contain 
each prime factor as many times as it is found in any 
one of the given numbers. 

If then a product be formed by taking, as factors, 
each prime factor to be found in the given numbei-s, 
using each factor only as many times as the greatest 
number in which it is found in any of the numbers, 
then such product must be a common multiple, and 
the least common multiple of those numbers. 

Suppose it were required to find the least common 
multiple of 8 and 10. The factors of 8 are 2 x 2 x 2, and 
the factors of 10 are 2x5. Now whatever multiple of 
8 is considered, it must contain the factor 2 taken three 
times. Whatever multiple of 10 is considered must con- 
tain tlie factor 5 once, and the factor 2 once. But the 
multij)le of «8 must contain the factor 2 more than once. 
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It is then easy to sec that the product formed by the 
factors 5x2x2x2, must be. a multiple of 10, and 
must be a multiple of 8, since it contains the factors 
of each, and it is also obvious that it is the least com- 
mon multiple of the two numbers, 
. In general, then, to find the least common multiple 
of several nurabei'S, it is necessary to find the prime 
factors of each of the several numbers, and form a 
product by using each of the prime factors as . many 
(and only as many) times as the greatest number of 
times it is found in any of the given numbers. 

Thus, to find the least common multiple of 15, 20, 
and 25. 

The prime factors may be indicated as follows : 

15 = 5x3 
20 = 5x4 
25 = 5x5 

and it appears from inspection, that 3 is a factor only 
once, 4r only once, and 5 appears twice as a factor in 25. 

Form the pix)duct, 3x4x5x5 = 300, and 300 is the 
least common multiple of the numbera 15, 20, and 25. 

It may be asked how the prime factora of large 
numbers are to be found, and to this question it may 
be answered, that in any case, these may be found by 
dividing by the prime numbers, one after another, 
beginning with the lowest in oixier, as, 2, 3, 5, etc., 
until some factor is found, if such there be. For ex- 
ample, to find the factors of 231. 

First, it is obvious that 2 is not a factor. If then 
8 be tried, it gives the quotient 77. If 77 bo exam* 
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ined for prime factors, it is easy to see that 3 is not a 
factor, neither is 5, but 7 is at once recognized^ and 11, 
becanse 7x11 = 77. 

The factors of 231 are, then, 3, 7, and 11. 

Again, let it be required to find the prime faetore of 

2431. Trying the divisors 3, 5, and 7, one after an- 

other, no integral quotient is obtained, but dividing by 

the next higher prime namber, that i& 11, the quotient 

is 221. 

11)2431 

221 

Then 11 i» a factor, and in seeking another factor, 
no number smaller than 11 need be tried, because we 
have already found that such numbers are not factors 
in the original number, 2431. But we can only tell 
by trial whether 11 is not again a factor in 221. By 
trial, however, it is found not to be one. 

Dividing by 13, the quotient is exactly 17, which is 
at once recognized as a prime number. The factors 
of 2431 are thus found to be 11 x 13 x 17. 

Common Factors. 

We have learned that a factor of a number is one 
of two or more numbers that multiplied together will 
produce that number. 

A common factor of two or more numbers is at the 
same time a factor of each. Thus 4 is a common 
factor of 8, 12, and 20, because it is a factor of each. 

The gi'eatest common factor is obviously the great- 
est factor common to several uuinbei*s. Thus 3 is a 
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common factor of 36 and 48, so is 6, but 12 is fonnd 
to be the greatest common factor of those two numbers. 

If it is required to find the greatest common factor 
of two or more numbers, it is obvious that were the 
numbers separated into their prime factors, a simple 
inspection would enable cne to select all the eommon 
factors^ It is also evident that the product of all the 
common factors will be the greatest common factor, 
since it contains all the common factors. 
. Suppose it were requii*ed to find the greatest ccmi- 
mon factor of 30, 42, and 60.' 

The prime factors of each may be indicated as 
follows : 

30 = 2x3x5 

42 = 2 X 3 X 7 
60 = 2x2x3x5 

It is seen at once that the factoi*s 2 and 3, are common 
to the three given numbers, and that no other factor is. 

Each of the given numbers must be divisible by the 
product 2x3, that is by six. No immber greater than 
6 can divide each one exactly, because there would 
then be some other common factor. Hence, 6 is the 
greatest common factor. 

In any case, then, when numbers are separated into 
their prime factors, the greatest common factor may 
be found by multiplying together the factors that are 
common. 

In the case of large numbers it is not always con- 
venient to find the prime factors, and for such cases 
another method of finding the greatest factor has been 
devised. 
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This method is based upon the principle that any 
common factor of the dividend and divisor is a factor 
of the remainder, if there be any when the division is 
performed. 

' When a remainder is left, in case of division, it is 
the difference between the dividend and the product 
of the divisor multiplied into the integral part of the 
quotient. But any such product of the divisor will be 
a multiple of the divisor. 

It follows, then, that the remainder in this case is 
the diffei'ence between the dividend and some multiple 
of the divisor. 

It follows, then (from VIL, Z), that this remainder 
is divisible by the greatest common factor sought. 

We are now ready to understand the other method of 
finding the greatest common factor of any two numbers. 

Having divided the larger number by the smaller, 
there will be a remainder, unless the smaller number is 
itself the greatest common factor. It is then sufficient 
to find the greatest common factor of this remainder 
and the divisor. To do this we may use the divisor as 
a new dividend, and the remainder as a divisor. In 
case there is a second remainder we may again repeat 
the preceding operation, and continue until thei*e is an 
exact division with no remainder. It is evident that 
the last divisor will be the greatest common factor of 
itself and the preceding divisor (or the last dividend). 
It must, therefore, be the greatest common factor of 
the preceding dividend and divisor, and finally of the 
first dividend and divisor. 

If it happens tliat the greatest common factor is 1, 
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the nnmbers are said to be prime to each other. Thus 
4 and 9 ai-e prime to each other. 

Suppose it were required to find the greatest com- 
mon factor of 264 and 768. 

According to the foregoing method the operation 
will be as follows : 

264)768(3 
i _ ■ 628 . 



240)264(1 
240 



24)240(10 
240 



It thos appears that 24 is the greatest common factor 
sought. 

Again, to fin4 the greatest common factor of 706 and 
3505. The operation is as follows : 

706)3505(4 
2824 



681)706(1 
681 



25)681(27 
50 



181 
175 



6)25(4 
24 

"1)6(6 
6 
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In this case 1 is the greatest common factor, and the 
numbers are therefore prime to each other. 

vlf it is required to find! the greatest common factor 
of three or more numbers, first find it for t\fo, then for 
that factor and .'the thii*d number, and so on. 

For example, to find the greatest common factor of 
442, 612, and 697. 

First find the greatest common factor of 442, and 

612, as follows :. 

442)612(1 
442 

170)442(2 
340 

102)170(1 
102 

68)102(1 
68 

34)68(2 
68 



This, it appears, ja 34, and We now find the greatest 
common factor of 34 and 697 as follows : 

34)697(20 
68 

"17)34(2 
34 

"o 

» 

And 17 is the greatest common factor of the three 
numbers, 442, 612, and 697. 
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:bxkbci8jes. 

(1). Find Uie prime factors of 285. Ans. 3 x 5 x 19. 

(2). Find the prime factors of 608. 

-47^.2x2x2x2x2x19. 
(3). Find the prime factors of 728. Ans. 

(4). Find the prime factors of 2808. Ans, 

(5). Find the prime factors of 719. Ans, 

Bbmark. — If there are any int^^ factora of 719, one s6 
least, must be less than 27, because 27x27= 729. 

« 

(6). Find the least common multiple of 25, 35, and 45. 

Ans, 1575. 
(7). Find the least common multiple of 64, 84, and 132. 

Ans. 14784. 
(8). Find the least common multiple of 16, 28, and 84. 

Ans, 336. 
(9). Find the least common multiple of 25, 31, and 50. 

Ans, 1550. 

(10). Find the least common multiple of 12, 15, 20, 

•and 25. Ans, 300. 

(11). Find the greatest common factor of 336 and 812. 

Ans. 28. 
(12). Find the greatest common factor of 4082 and 8476. 

Ans. 26. 

(13). Find the greatest common factor of 84, 156, and 

276. Ans, 12. 

(14). Find the greatest common factor of 141, 799, and 

940. Ans. 47. 

(15). Find the greatest common factor of 4096 and 

6528. Ans, 
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REVIEW VIII. 

a. A composite number is exactly divisible 
by some integral number other than itself and 
one, or a composite number is the product of two 
or more integral factors, each greater than one. 

h. A prime number is not exactly divisible 
by any integral number besides itself and one. 

c. A multiple of a number is a product' of 
that number multiplied by any integral multi- 
plier, 

d. A common multiple of two or more 
numbers is at the $ame time a multiple of each 
of them, and the least common multiple is 
the least of such common multiples. 

^. To find the least common multiple of 
two or more numbers first find the prime fac- 
tors of each number, then form a product by 
using each prime factor as many (and only as 
many) times as the greatest number of times it 
is found in any of the given numbers. 

/• To find the prime factors, when these 
are not obvious from inspection, divide by the 
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prime numbers, one after another, until an exact 
divisor is found, or until it appears the number 
itself is prime. 

g. A common factor of two or more num- 
bers is a factor of each of the numbers, and the 
greatest common factor is the greatest factor 
common to several numbers, 

h. The greatest common factor is the pro- 
duct of all the prime factors common to several 
numbers. 

^. One method of finding the greatest com- 
mon factor of several numbers consists in find- 
ing the prime factors of each number and then 
forming the product of all that are common. 

j. Another method of finding the greatest 
common factor of several numbers depends 
upon the principle that any common factor 
(and, therefore, the greatest common factor) 
of a dividend and divisor is a factor of the 
remainder, if there be any, when the division 
is performed. 

i. To find the greatest common factor 
divide the larger number by the smaller. (If 
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there be no remainder the smaller number is 
itself the greatest common factor.) If there be 
a remainder, use it as a new divisor, and use the 
first divisor as a new dividend, and so continue 
until an exact divisor is found. This will be 
the greatest common factor sought. 

• I. If the greatest common factor is one, the 
numbers are prime to each other. 

m. When three or more numbers are given, 
the greatest common factor of any two may be 
found, and then the greatest factor common to 
this factor and a third of the given numbers, 
and so on. 
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CHAPTER IX. 



Fraellonal jyuml^n* 



It has already been stated : 

Ist A fractional number denotes some portion of a 
thing. 

2d. A fractional number is expressed as some num- 
ber of equal parts into which a thing is supposed to be 
separated. 

3d. A fractional number is named by uniting the 
name of one of the equal parts to that of the number 
of the equal parts considered. 

The number of equal parts into which a thing is 
supposed to be separated is called the denominatOTj 
and the number of the equal parts used is called the. 
numerator. 

Thus three -fourths is a fractional number which 
denotes that a thing is separated into four equal parts 
(each one called a fourth), and that three of these equal 
parts are used. Four is the denominator and three is 
the numerator. 

It has also been stated that a fractional number is 
expressed in the Arabic notation by writing the figures 
of the numerator above and the figures of the denomi- 
nafor below a line usually horizontal, but which ma^ 
be oblique. Thus three-fourths is expressed in figures 
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J or V4, and Beven-tifths, -J or V5, each expression being 
read the same as the words for which they stand. 

The numerator and denominator are called tlie terms 
of a fractional number. 

The written (or printed) expression of a fractional 
number, according to the Arabic notation, is called a 
fraction^ Very often the name fraction is given to 
the fractional number itself ; but to avoid confusion, 
and to keep clearly before the mind the distinction 
between a fractional number and the figures which 
express it, the term fraction will be used in this treatise 
only for ea^esaions which represent fractional numbera 
or indicate divisions. 

Thus the expression y^ is called a fraction, and it 
represents the fractional number three-fourths. 

The expression ^ is also called a fraction, and it 

Of 

represents an indicated division. It is read ^ 4|- divided 
by 6f." How this division may be performed will be 
seen further on. 

A fraction of which either term is a mixed number, 
is called a complex frciction. 

The terms of a fractional number are also considered 
the terms of the fraction which represent it. 

As a single whole dollar is equal in value to four 
quarters of a dollar, so in the same sense the value of 
the number four-fourths is equal to one, or in Arabic 
notation, f = 1. In a similar way f = 1, or, in fact, 
any fractional number whose numerator and denomi- 
nator are equal, is equal to 1, because anything is equal 
to the sum of all its parts. 
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In like manner, if the numerator is less than the de- 
nominator, the fractional number is less than one, 
because a part is less than the whole. 

If the numerator is greater than the denominator, 
the value of the number is more than one, because 
there are more parts indicated than is required to make 
a single whole thing. 

A fraction or fractional number, whose value is less 
than 1, is called proper, 

A fraction or fractional number, whose value equals 
or exceeds 1, is called improper. 

Thus ^, f , A^, ^ are improper fractious, and f , f , ^^ 
yV are proper fractions. 

A number expressed in two parts, one integral the 
other fractional, is called a miiced wunnber. 

Thus 4 J^ (read, " four and a half ") and 5f (read, " five 
and two-thirds") are mixed numbers. 

It has been observed that a fraction may be under- 
stood to express either a fractional number or an indi- 
cated division! Thus f may be read either " two-thirds " 
or " two divided by three." The phrase two-thirds in- 
dicates that a tiling is separated into three equal parts, 
and that two of these parts are taken, while the phrase 
" two divided by three " indicates two things are 
divided by three. It is obvious that the value of tlie 
result is the same in either case, but the operations are 
not identical 
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REVIEW IX. 

a. A fractional number is one which de- 
notes a portion of a thing. 

b. A fractional number is expressed as 
some number of the equal parts of a thing. 

c. The number of the equal parts into 
which a thing is supposed to be separated is 
called the denominator of a fractional number. 

d. The number of the equal parts con- 
sidered is called the numerator of a fractional 
number. 

€. A fractional number is expressed in the 
Arabic notation by writing the figures of the 
numerator above, and those of the denominator 
below, a line either horizontal or oblique. 

/. The written expression which represents 
a fractional number is called a fraction. 

A fraction is also used to indicate an unper- 
formed division. 

g. A proper fraction is one whose numera- 
tor is less than the denominator. 
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Jh. An improper fraction is one whose nu- 
merator equals or exceeds the denominator. 

i. The numerical value of a proper frac- 
tion is less than 1, that of an improper fraction 
is 1, or more than 1. 

J. A mixed number is expressed in two 
parts, one in the integral form, the other in the 
fractional f oruL 

5 



CHAPTER X. 

Redaction of Fraclloni, or Changing the Form 
i¥lUiout Changing the Value. 

All the operations that have been apph'ed to integral 
numbers — that is, addition, 6nbti*action, multiplication, 
and division — may be applied to fractional numbers, 
and when so applied are really the same in their nature, 
but the processes are not as simple, and an explanation 
of these will be needed by the leanier. 

First, however, it may be remarked that some change 
in the form of a fraction is often necessary to prepare it 
for a required operation. Any change in the form of 
a fraction that does not affect its value is called a 're- 
duction of the fraction. 

First Reduction. 

The most usual change in the form of a fraction 
consists in multiplying or dividing the numerator and 
denominator by the same factor. 

We know already that the dividend and divisor may 
be multiplied by the same mimber without affecting 
the value of the quotient, and it is easy to show that 
the tenns of a fractional number may be so multiplied, 
though not considered as representing an indicated 
division. 
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For instance, multiplying both terms of the fraction 
I by 2 the result is f . 

Now f means that a thing is divided into 4 equal 
parts and that 3 of these parts are reckoned. If each 
of the fourths were subdivided again into two equal 
parts each one would obviously be an eighth, and 6 
of these would be formed from 3 fourths. In other 
words, f is equivalent to |. 

In general, then, to multiply the denominator is to 
multiply the number of equal parts, the value of one 
of which must be so much the smaller. Tlie number 
taken to represent the same value must be increased 
accordingly ; that is, the numerator must be multiplied 
by tlie same number which multiplies the denomi- 
nator. 

If both terms of a fraction may be multiplied by the 
same factor without changing the value, it obviously 
follows that the terms may be divided by the same 
number without changing the value, since the result 
thus obtained would reproduce the original by multi- 
plying its terms by the number used as a divisor. 

Thus dividing both terms of the fraction ^f by 3, 
the result is ^. Now if both terms of 4 be multiplied 
by 3 the result will be ^ ; therefore 4 = ih ^^' if = i- 

A fraction is said to be reduced to its lowest terms 
when all the factors common to numerator and denom- 
inator are divided or cancelled out, or what amounts 
to the same, when each is divided by the highest com- 
mon factor. Tims Jf may be reduced to its lowest 
terms by dividing numerator and denominator by 9, 
giving the result f . 
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Second deduction. 

To change an improper fraction to the form of a 
whole or mixed numher. 

If the numerator of an improper fraction be divided 
bj' tlie denominator the quotient will be a whole or 
mixed number. This quotient will evidently express 
the true value of the f motion when regarded as a sym- 
bol of division. It will also express the true value of 
the fraction when regarded as indicating a number of 
equal pai-ts, since the denominator shows how many of 
those parts are required to make the value of one thing. 

For instance, suppose a man has 10 quartei*s or 
fourths of a dollar, he would have the value of 2f dol- 
lars, that is, the quotient of 10 divided by 2. In any 
other like case the reasoning would be similar. 

In general, then, to change an improper fraction to 
the form of a whole or mixed mimher^ divide the numer- 
ator by tJie denominator. 

Third Bsdtiction. 

To change a whole number or a mixed numher to 
the fractional fonn. 

In the case of a whole number multiply by the re- 
quired denominator, and the product will evidently 
be the numerator of the fraction sought. 

The fraction may then be written. 

Suppose it be required to reduce 8 to fourths. 
Each unit of the 8 will form 4 fourths, and the whole 
8 units will evidently form 8 times 4 fourths, that is, 
32 fourths, which may be written ^. 
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In like manner, 11 may be reduced to 11 x 5 fifths 
(= -5^5_^, or 11 X 6 sixths (= ^^), and so on. 

In the case of a mixed number, if the integral part 
be multiplied by the denominator of the fractional 
part, the product will express parts of the same kind 
as the fractional part of the mixed number, and this 
product may then be added to the numerator of the 
fractional part, and the sum will be the numerator of 
the fraction sought, which may now be written. 

Thus, to change 8f to a fractional form.: 4 x 8 = 32, 
that is, 8 units are equivalent to 32 fourths, which 
with 3 fourths given in tlie fractional part, make 35 
fourths in all, and may be written ^/, 

In a similar way, 9f = ^-, because 3 x 9 + 2 = 29, 
and writing the figure 3 under the figures 29, we 
have iy>. 

Then, to change any mixed number to a fractional 
form, ntultvply ilie whole number by the denominator^ 
and to the product add the numerator : the sum will 
he the numerator, and the given denors^iiuitor wiU be 
tlie denominator of the fraction sought. 

Fourth MedtictioUm 

To reduce two or m^ore fractions to similar fortn. 

Fractions are said to be similar when the denomina- 
tors are equal. 

Thus, f , J, ^j are similar fractions, so are y^, -j^, 
-i|, but }, ^y are not similar. 

It is often desirable to reduce such fractions to sim- 
ilar forms, or, as it is sometimes described, to reduce 
fractions to a common denominator. 
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Since the two terms of any fraction may be multi- 
plied by the same factor without affecting the value, 
it is evident, in the case of two dissimilar fractions, 
that if both terms of each are multiplied by the de- 
nominator of the other fraction, there will result two 
similar fractions. For example, consider |, ^. Multi- 
plying both terms of the first by 8 (the denominator 
of the second), the result is ff. Multiplying both 
terms of the second fraction by 4 (the denominator of 
the first), the result is |f , and the two fractions f , ^, 
are changed respectively to ff , f f , which are similar, 
or have equal denominators. 

In case of three or more fractions to be reduced, it 
is evident that if the terms of each fraction be multi- 
plied by the product of all the other denominators, the 
fractions thus obtained will be similar. 

For example, |, f , |, may be changed in this man- 
ner to 41, 4f ) f f respectively — multiplying the terms of 
the first fraction by 4 x 6, those of the second by 3 x 6, 
those of the thii'd by 3 x 4. 

It often happens, however, that some smaller num- 
ber may be found for a common denominator. 

In the case of the fractions jnst considered, that is, 
h h h ^y niultiplying the terms of f by 4, the result 
is -^^ ; multiplying the terms of f by 3, the result is 
j®j ; and multiplying the terms of f by 2, the result is 
■1^, and all the fractions thus obtained have the com- 
mon denominator 12. 

It is evident that any common multiple of the 
denominators may serve as the common denomina- 
tor, and therefore the least common multiple of all 
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the denominatoi*s will be the least common denom- 
inator. 

It is evident, then, to reduce several fractions to other 
equivalent fractions having the least common denom- 
inator, we may first find the least common multiple of 
all the denominators, then divide this multiple by the 
denominator of any fraction, and multiply both terms 
of that fraction by this quotient. 

Apply this operation to each of the fractions. 

For example, to reduce the fractions ^, hhi ^ 
fractions with the least common denominator. 

The least common multiple of the denominators 2, 
3, 4, and 8, is found, by the method explained in Chap- 
ter VIII., to be 24. 

Dividing 24 by 2, the denominator of the fraction J, 
the quotient is 12. Multiplying both terras of this 
fraction by 12, the result is ^f . Treating the fraction f 
in a similar way, we find the quotient of 24 divided 
by 3, to be 8, and multiplying both terms by 8, the 
result is ^. In a similar way, from J is derived ^, 
and from ^, /j. 

, Thus the fractions J, f , J, ^, are changed respect- 
ively to ^1, Jf , ^^, ^, each having the common de- 
nominator 24, which is also the least. 

EXERCISES. 

(1). Reduce f | to its lowest terms. Ans. f . 

(2). Reduce ff ^ ^^^ lowest terms. " f . 

(3). Reduce }f to its simplest form. " ^. 

(4). Simplify ||. « f^. 

(5). Simplify ^j. '' f 



Ans. 


*• 


u 


Hi- 


u 


«. 


n 


¥. 


u 


If 


fnU 


JL 
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(6). Simplify Hf 
(7). Simplify IMf 
(8). Simplify il\. 
(9). Simplify Iff 
(10). Simplify mi. 
(11). Find the whole number equal in value to ^^. 

Ans. 32. 
(12). Change ff to an equivalent whole number. 

Ans. 6. 
(18). Change ->^|p- to an equivalent whole number. 

Ans. 54c. 
(14). Change ^ to the form of a mixed number. 

Ans. 9J. 
(16). Change ^ to the form of a mixed number. 

Ans. 3|^. 

(16). Change each of the fractions in the following 

list to the form of a whole or mixed number : 

(17). Keduco 4| to the form of an improper fraction. 

Ans. ^. 
(18). Eeduce 3{^ to a fractional form. Ans. f|. 

(19). Eeduce 6 to the fractional form of llths. 

Ans. ^. 

(20). Eeduce 8^^ to a fractional form. 

(21). Eeduce 12 to 5th8. 

(22). Eeduce 18 to 18th8. 

(23). Eeduce 7J to 4ths. " V- 

^ (24). Eeduce f , J, ^, | to fractions having the least 

common denominator. Ans. ^, -J^l, 4^5 H* 

(25). Eeduce J, J, ^, ^ to fractions having the least 

common denominator. Ans. ^, ^, ^j ■^. 
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(26). Reduce tV> A? i *^ fractions of similar form. 
(27). Eeduce -j^, yV ^^ similar fi*actioa6. 

(28). Reduce ^, i^, -j^ to fractions with the least 

common denominator. Ans. 
(29). Reduce 8, 6 J, -^^ to fractions having the least 

common denominator. Ans. 

(30). Reduce V, A> l> 4 to fractions with the least 

common denominator. A718. 



REVIEW X, 

a. The operations of addition, subtrac- 
tion, multiplication, and division are appli* 
cable to fractional as well as to integral num- 
bers, but changes in the form of fractions are 
often required, in order that these operations 
may be conveniently applied. 

b. Any change in the form of a fraction 
that does not affect its value, is called a reduc- 
tion of the fraction. 

c. The reduction most frequently required 
consists in multiplying or dividing both terms 
of a fraction by the same factor. 

This operation obviously does not affect the 
5* 
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value of the fraction, regarded as an indica- 
tion of division, neither when regarded as ex- 
pressing a number of equal parts, because if 
each of the equal parts of a unit be increased 
or diminished, the number of them used to ex- 
press the same value, must be increased or 
diminished ; in other words, if the denominator 
be multiplied or divided, the numerator must 
be multiplied or divided to express the same 
value. 

d. A fraction is reduced to its lowest terms 
by dividing both terms by their greatest com- 
mon factor. 

e. A second reduction of fractions fre- 
quently used consists in changing an improp- 
er fraction to the form of a whole or mixed 
number, which is done by dividing the numer- 
ator by the denominator. 

/. A third reduction of fractions consists 
in changing a whole or mixed number to the 
form of an improper fraction. 

This is done by multiplying the whole num- 
ber by the denominator, adding the numera- 



L 
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tor (if any) to the product, then writing this 
sum as a numerator, over the given denom- 
inator. 

g. A fourth reduction consists in redu- 
cing two or more fractions to similar forms, 
that is, to fractions having a common denom- 
inator. Usually the least common denomina- 
tor is required. 

It is accomplished by finding the least com- 
mon multiple of the given denominator, then 
dividing this multiple by the denominator of 
each fraction, and multiplying each quotient 
by the numerator of the same fraction from 
which the quotient was derived. 

Each product thus obtained will be a numer- 
ator, and the least common multiple vnll be 
the least common denominator required. 



CHAPTEE XL 
Addition amd Sabtractlon of Fractional Nnmbers. 

If one should have pieces of money, some half dol- 
lars and some quarter dollars, and should count them 
over to find the value of the whol^, he could not reckon 
all the pieces as half dollars, nor all as quarter dollars. 
He might, however, reckon each half dollar as equal in 
value to two quarter dollars, or the whole number of 
half dollars as equivalent to two times as many quar- 
ters. Then adding the number of quarters to two times 
the number of halves, the sum would be the value of 
the whole reckoned in quarters. 

Suppose, for instance, one had 5 half dollars and 7 
quarter dollars. The 5 half dollars would be equal in 
value to 10 quarters, which, added to 7 quarters, would 
give 17 quarters as the value of the whole, written -i^, 
or 4J dollars. 

The method just used is essentially the same as is 
used in the addition of any two fractional numbers. 

Only things of the same kind can be counted to- 
gether ; that is, in the case of fractional numbers, they 
should be all halves, or all fourths, or all fifths, or all 
twentieths, or all of whatever the kind happened to be. 

If not at first of the same kind, they should be re- 
duced to the same kind ; that is, be reduced to a common 
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denominator, and then the sum of the numerators will 
be the numerator, and the common denominator will 
be the denominator of the sum required. 

Thus to add i and f , first they are reduced to a com- 
mon denominator and become f and ^9 which, being 
counted or added together, give the sum J = 1^. 

The operation may be expressed as follows : 

i+i =*+*=*= If 

In a similar way to add J, f, and ^, we may write: 

i+l+i = M+M+fl = H = ii*. 

In the subtraction of fractional numbers there is no 
further difficulty. As things subtracted must be of the 
same kind, the fractional numbers must have the same 
denominator or be reduced to the same denominator. 
Then the difference of the numerators will be the 
numerator, and the common denominator will be the 
denominator of the difference of the two given frac- 
tional numbers. 

Thus the following operation of subtracting \ from 
J will be readily understood : 

Or again to subtract -^^ from | : 

If, in the case of addition, the numbers are mixed, 
the whole numbers and the fractional may be added 
separately, counting the two sums together. 

Thus, to add 4^, 2^, 3| ; 4 + 2 + 3=9, first partial 

sum. i+i+f=A + i*if+iV = H = ItVj second par- 
tial sum. 9 + ly\ = 10 j\, arts. 

So in the subtraction of mixed numbers, the whole 
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and fractional parts may be subtracted separately, 
uniting the results. 

Thus to subtract 2J from 4^. 4 — 2 = 2, and 
•|^--^=:f — f=:^; or uniting the two results, 2^ is 
the difference sought. 

It is also obvious that the mixed numbers may be 
reduced to fractional numbers, and then either be 
added or subtracted, as may be required. 

The last example may be operated as follows : 

4i = |,2i = i. 

f — J = \t — Y = V = 1^5 ^ before. In all cases re- 
duce the result to the simplest form, if not already so. 

It may also be noticed that, regarding fractions as 
indicated divisions, the operation of addition or sub- 
traction would be the same, since the sum or. difference 
of two quotients is the same as the quotient of the sum 
or difference of the two dividends, the divisor being the 
same throughout 

EXERCISES. 

(1). Add I, I, ,»,. Ans. jjf 

(2). Add i, iJ, ^. Ans. II = lf|. 

(3). Prove that 2i+3^+i=5i|. 

(4). Prove that i+i+i+i+i = lA- 

(5). Prove 1-1 = ,^. 

(6). Prove 6^ - 3 J = 3^. 
. (7). Prove|-|4=fi. 

(8). Add 3171, 17A, ^A, ^\. Am. 339^^. 

(9). Subtract 2^ from 4:,\. « 

(10). Add 4tV, 8j\, 2^. 
(11). From 25jV take 24j, 
(12). From /^ take ^V- 



« 
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REVIEW XI. 

a. In order to add or subtract fractional 
numbers, they must have the same denomina- 
tor, or be reduced to a common denominator, 
because only things of the same kind can be 
added or subtracted, and the denominator ex- 
presses the kind of thing — as halves, thirds, 
fourths, and so on. 

h. Then to add or subtract fractional numbers 
with a common denominator, add or subtract 
the numerators and use the result for the numera- 
tor, and the common denominator as the denomi- 
nator of the fractional sum or difference sought. 

0. The same method evidently results when 
fractions are regarded as indicated divisions. 

d. Mixed numbers may be reduced to the 
fractional form, or the integral parts and the 
fractional parts may be operated on separately 
(combining the results), as may be found most 
convenient. 

e. In all cases the result should be expressed 
in the simplest form ; . that is, the fraction 
should be reduced to its lowest terms. 



CHAPTER XU. 
nialtlplleatioii off Fractional Nambers. 

MuLTiPLioATioK Is essentiallj of the same nature, 
whether fractional or integral numbera are used. 

There are two cases which may be considered sepa- 
rately. Fii-st, when the multiplicand is fractional ; 
second, when the multiplier is fractional. The first 
offers but little difBcult3% 

In multiplying the numerator, the denominator re- 
maining the same, it is evident a fractional number is 
multiplied, because the numerator expresses the num- 
ber of parts. Thus J x 2 = f . 

Also, to divide the denominator obviously has the 
effect of multiplying a fractional number, since the 
value of each of the equal parts is multiplied so many 
times while the number of the parts remains the same. 

For instance, dividing the denominator of ^ by 4 
the result is J. Each of 3 equal parts of a tiling is 
evidently equal to 4 times one of 12 equal parts of 
the same thing, and there being 7 of the parts in each 
case it follows that i = ^gX 4. 

Hence we may say, to multiply a fractional number 
hy a whole number^ Tnultiply tlie numerator^ or divide 
tite denominator^ as seems most convenient. 

In considering the case of a fractional multiplier let 
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US recur to the first meaning of multiplication, which 
is the counting of a number of things a number of 
times together. 

The operation of counting the multiplicand one time, 
or multiplying by 1, reproduces the multiplicand. 
What, then, is the effect of multiplying by ^ ? Obviously 
to give half the operation of counting the multiplicand 
once. If two halves of the operation give the multi- 
plicand, one-half the operation will give half the mul- 
tiplicand. 

To multiply by i, then, gives a half of the multipli- 
cand, the same as dividing by 2. To multiply by J 
gives a third of the multiplicand, or the same as divid- 
ing by 3. 

To multiply by f is to make two-thirds of an opera- 
tion of counting once ; that is, to give two times one- 
tliird. 

Or, in case of any fractional multiplier, such a por- 
tion of the multiplicand is counted as is indicated by 
the denominator, and this portion is counted as many 
times as are indicated by the numerator of the multi- 
plier. That is, the multiplicand is divided by the 
denominator, and this quotient is inultiplied by the 
numerator. 

Of course the result is the same if we first multiply 
by the numerator and then divide this product by the 
denominator. 

To multiply 12 by f the operation would be : 12-^3=4, 
and 4 X 2 = 8, or 12 X 2 = 24, 24-^3 = 8. 

Then, in any case of a fractional multiplier, we may 
multiply by the numerator and divide by the denomi- 
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nator, and this is obvioiiBly true whether the multipli- 
cand be a whole number or a fractional one. 

We have seen that dividing the denominator has the 
effect of multiplying a fractional number, and it may 
be easily shown that multiplying the denominator has 
the effect of dividing a fractional number ; for what- 
ever increases the number of parts of a thing dimin- 
ishes the value of each one, and multiplying the 
number of parts would therefore divide the value of 
each. 

It often happens, in dividing the numerator of the 
multiplicand by the denominator of the multiplier, 
that the dividend is not exact. In that case it is more 
convenient to multiply the denominator. 

For instance, to multiply ^ by J. First multiplying 
by the numerator 7 we have |^ x 7 = ^, and then, as 
the numerator is not exactly divisible by the denomi- 
nator 9, we multiply it into the denominator 6, as fol- 
lows : 

It seems, in fact, that in multiplying several frac- 
tional numbers together, the product of the numerators 
is the numerator, and the product of the denominatore 
is the denominator of the required product 

The operation indicated in the following example 
will be easily understood : 

ixfx|xi = ^. 
But this operation may be shortened by means of 
cancelling (explained in Chapter VII.) as follows : 

1 2 Z 4 1 

— y-v-y 

2 S 4 5 6' 



J 
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This IS, in fact, equal to y\^, previously obtained, and 
is what that becomes when reduced to its lowest terms. 
The operations indicated in the following examples 
will be easily undei-stood, and will illustrate the fore- 
going; 

/Qx 4 ^ 5 4 7 . 
(3). -X 6x3x^x3 = 4. 

(4). |xl2 = ». 

.^. o « 48 
(5). 8x5 = ^. 

4 
(6). 9 X g = 13. 

Fractions are sometimes connected by the word of 
placed between them, as f of f (read two-thirds of 
four-fifths), or | of f of f. Such expressions are called 
compound fractions. 

In this case the word of is equivalent to the symbol 
of multiplication, and a compound fraction may be 
reduced by multiplying together the numerators for a 
numerator, and multiplying the denominators together 
for a denominator. Thus 

4 of f of f = ij^. 

If multiplier or multiplicand happens to be a mixed 
number, it is usually more convenient to reduce this to 
a fractional form. Thus 
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Before leaving this subject it is well to notice changes 
in the forms of some numbers that facilitate the process 
of multiplication. 

Thus 3J = ^, and in multiplying any whole num- 
ber by 3J it is only necessary to add a cipher to the 
figures of the multiplicand and divide the number thus 
exjjressed by 3. For example — 

3)288 

960 

Again, 25 = J^. Hence 196 x 25 = iJLpji = i875. 
The application of the relations expressed in the fol- 
lowing list will be easily understood : 

33* = ^, 2i=:V-, l-ij, 

6 = V-, 125=iV-i^, 12i = ip^ 
16f = i|-ii, 6i = \Y = iii. 

In this last case it would be necessary to divide twice 
by 4. Thus— 

4)364 
_6i 
4)9100 

2275 

By the ordinary method it would be necessary to 
multiply by 6, divide by 4, and add the two results. 

So we have 9 = 10 — 1, and to multiply by 9 it is 
sometimes easier to multiply by 10 and subtract the 
multiplicand. 
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EXERCISES. 



(1). Multiply f by |. 


Ana. 


I. 


(2). Find the product of 4 x -^ x f 


a 


+• 


(3). Find the product oi\\x^x^. 


li 


A- 


(4). Find the product of i x f x y\ x |f . 


a 


27S 
i87d* 


(5). Find the product of ij x ^^^ x 40f 


a 


164^. 


(6). Multiply f of 1 by f of 14. 


a 


2. 


(7). Multiply 5i by 5i. 


u 


30}. 


(8). Multiply 6i by GJ. 


u 


39^. 


(9). Multiply 2i by 2*. 


it 


6i. 


(10). Multiply i of ^ of V^ by f of 37^. 


a 


f 


(11). Multiply ^ by 34. 


a 


16. 


(12). Multiply fi by 95. 


ii 


52i. 


(13). Multiply 38 by ^V- 


ti 


10. 


(14). Multiply 68 by ff 


(C 


100. 


(15). Multiply 4096 by f 


a 


685f 


(16). Multiply 5i X 9i by f of A of ^. 


u 


1. 


(17). Multiply i of 2222 by f of 3. 


u 


nil. 


(18). Multiply * X 40i by -jV x *5. 


a 


162. 


(19). Multiply IH by H*- 


u 


H. 


(20). Multiply IH by ff. 


u 


f 


(21). Multiply 2524 by 125. 






(22). Multiply 1024 by 3^. 






(23). Multiply 64 by 25, by 331, by 8|, by 12^, by 125, 


by 24. 
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REVIEW XII. 

a. Multiplication of fractional nutnbers 

is essentially of the same nature as that of the 
integral numbers. 

h. A fractional number is multiplied by 
multiplying the numerator, the denominator 
remaining the same ; or by dividing the de- 
nominator, the numerator remaining the same. 
Because, in the first case, the number of parts 
is multiplied, the value of each part remaining 
the same, while in the second case the value of 
each part is in effect multiplied, the number 
remaining the Same. 

c. Hence, in general, to multiply a fractional 
number by a whole number, multiply the numer- 
ator or divide the denominator, as seems most 
convenient. 

d. To multiply is to count the multiplicand 
some number of times. To multiply by 1 is to 
count the multiplicand once. To multiply by ^ 
is to count half the multiplicand, or' divide it 
by 2. To multiply by J is to count a third of 
the multiplicand, or divide it by 3. To multi- 
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ply by f would give 2 times J, or two times the 
quotient of the multiplicand divided by 3. 
And in general to multiply by a fractional 
number is in effect to divide by the denomina- 
tor and multiply by the numerator. 

To divide by the denominator, either divide 
the numerator or multiply the denominator, 
which has the effect of dividing the value of 
each of the equal parts. 

The result, obviously, is the same if we first 
multiply by the numerator and then divide this 
product by the denominator. 

€. Hence, in any case of a fractional multi- 
plier, we may multiply by the numerator and 
divide by the denominator. And to divide by 
the denominator, either divide the numerator or 
multiply the denominator of the multiplicand, 
which has the effect of dividing the value of 
each of the equal parts. 

f. In multiplying two or more fractional 
numbers together (according to the foregoing), 
the product of the numerators becomes the nu- 
merator, and the product of the denominators 
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becomes the denominator of the required pro- 
duct. 

g. But this operation may often be shortened 
by cancelling any factors common to any nu- 
merator and any denominator. 

h. Fractions are often connected by the 
word " of" placed between them, which in this 
case is equivalent to the symbol of multiplica- 
tion. Fractions so connected are called com- 
pound. 

i. Compound fractions are reduced by mul- 
tiplying together the fractional numbers repre- 
sented by them. 

j. If either multiplicand or multiplier happens 
to be a mixed number it is usually more con- 
venient to reduce this to a fractional form at 
first. 



CHAPTER XIIL 
IMvlslon of Fractional Numberfl. 

"Wk have already found that dividing the numerator, 
or multiplying the denominator, lias the efifect of divid- 
ing a fractional number, because, in thie firet case, the 
number of the equal parts is divided, the value of each 
remaining the same ; and in the second case the value 
of each part is divided, the number remaining the 
same. 

Hence, to divide a frdctional number by a fJoJiole 
number^ divide the numerator or multiply the denom- 
inatorj as seems most convenient. Accordingly, to 
divide |f by 4, the quotient is y\. 

Or, to divide yV ^y *> ^^^ quotient is 7^ = ^. 

In this case it is more convenient to multiply the 
denominator than to divide the numerator. Also in 
the following example : To divide -^ by 6, ^-^ = ^. 

If the divisor is a fractional number, it is less than 
the numerator, as many times as the denominator. 
Hence the quotient will be greater than the quotient 
given by using the numerator alone, as many times as 
the denominator. 

Hence, when the divisor is a fractional number, 

divide by the numerator, and multiply this quotient 

by the denominator. 

6 
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To divide 12 by f we have 12-7-3 = 4 and 4 x 4 = 16. 
To divide -^j^ by f 

A-^7 = A,Ax8 = ^f = |i = l3»j. 

A careful examination of this process will make it 
appear that it is equivalent to interchanging the terms 
of the divisor and then proceeding as in multiplication. 

To interchange the terms of the divisor is to use the 
numerator as a denominator, and use the denominator 
to a numerator. 

Then, to divide ^^ by |, the process may be more 
briefly indicated as follows : 

^xf=H = 3* = lA. 
Or again, cancelling out the common factor 2, as fol* 
lows: 

Ji_ 8^ _ 86 _ 2. 
a:05^ 7 ""35"" 35* 

The solution of the following examples will now be 
readily understood. 

To divide | by f f xi = /(r, ans. 

To divide I by If txH = H, " 

To divide 8 by f 8 x ^ = 10, " 

To divide I by 8. ixi=:^, " 

It may be remarked that any whole number may be 
written in the fractional form by giving it the denomi- 
nator 1, when it may be treated as any other fractional 
number. Thus 8 may be written |y and when the 
terms are interchanged it becomes ^. 

The quotient of 1 divided by any number, is called 
the reciprocal of that number ; ^ is tiie reciprocal of 8, 
^ is the reciprocal of 3, and ^ is the recipix)cal of 10. 
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Again ^1-r^ is the reciprocal, of -1^. That is, 1-f-^ = 
1 X f = S, and 8 is the reciprocal of ^. In like manner 
3 is the iseciprocal of i, and 10 is the reciprocal of ^. 

So 1 -r 1^ = I is the reciprocal of f , and in general, if 
tlie terms of a fractional number be interchanged, the 
result will be the reciprocal of the fractional number. 

Accordingly ^ is the reciprocal of f, ^ is the recipro- 
cal of f , and so on. 

The methods used in the division of fractional num- 
l^rs are sufficient to enable us to simplify complex 
i&actions. 

Bat first it may hb remarked that a mixed nambef 
shoald, in such cased, be changed to a fractional form.' 

Thus ^, virhich is read 4^ divided by |, may be 

changed to ^. Performing the operations indicated, 
that is, dividing J by |, we have |xf = *^ = 6f. 
r Agpin,^ =^V X I = ff = 1t^. 

EXEBCISES. 

(1). Divide | by 4. 
(2). Divide | by 3. 
(8). Divide i by 10. 
(4). Divide 2* by 6. 
(5). Divide ^ by 17. 
(6). Divide 7^ by 18. 
(7). Divide 4 by |. 
(8). Divide 3 by f. 
(9). Divide 10 by i 
(10). Divide 5 by 2^. . 



Ans, 


1 


u 


A- 


a 


A. 


iC 


*• 


u 


lb- 


u 


■ '■ 




H^ 




3f. 



a 
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11). Divide ffj by ^VV- •^^• 

12). Divide- 48i by iH- 

13). Simplify 11^ 

14). Simplify -^. " 

15). Divide Hj, by ^. 

16). Divide jjWc by ifM- ^^ iif 

17). Divide im by |f « H. 

18). Divide if f I by fff 
19).. Divide iiH by ^fF- 
20). Find the reciprocal of 4J. ^ \. 

21). Find the reciprocal of i x f. " 3. 

22). Find the reciprocal of i x 20. 
23). Find the reciprocal of |^. 

24). Find the reciprocal of Hi, of Sj, of ^ 



ii 






fV 



REVIEW XIII. 

a. To divide a fractional number by a 
whole number, divide the numerator or mul- 
tiply the denominator, as seems . moBt conve- 
nient, because in the first case the number of 
parts is' divided, the value of each remaining 
the same ; and in the second* case the value of 
each part is divided, the number remaining the 
same. 

h. When the divisor is a fractional num- 
ber, we^ may first divide by the numerator, and 



II 
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then multiply this quotient by the denominator, 
because the numerator alone is so many times 
larger than the real divisor. 

This is, in effect, equivalent to mterchanging 
the teims of the divisor and then using this 
result as a multiplier. 

c. the reciprocal of any number is the 
quotient of 1 divided by that number. If the 
number is fractional, its reciprocal is expressed 
by interchanging its terms. 

d. A complex fraction is simplified by per- 
forming the indicated division according to the 
method of the division of fractional numbers. 



CHAPTEE XIV. 

Declmiil Fractions. 

t ... . « 

HOW TO WEITB ANP HOW TO B^LAD THEM. 

Thebb is a class of fractional numbers of special 
importance on account of the convenient form in which 
they may be written. 

This class includes all those whose denominators ar6 
10, or any power of 10, as 100, 1000, and so on. 

These fractional numbers aire called decimal^ which 
Bignifies >* something relating to ten," and by common 
usage the term decimal, or decimal number, is under- 
stood to mean a decimal fractional number. 

The convenience of writing decimal fractions con- 
sists in omitting the figures of the denominator, and 
instead placing a point (called a decimal point) at the 
left of the figures of the numerator. Accordingly r^ may 
be written .1, -f^ may be written .25, and y^^ as .748. 

The figures at the right of the decimal point are 
called decimal figures. In each case the number of 
decimal figures must equal the number of ciphers that 
would be required to express the denominator. When 
needed for this purpose, ciphere must be placed between 
the other figures of the numerator and the decimal 
point. 
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* 

Thus yfir is written .02, ^Aj^ as .005, and j-ffi^jf as 
,0025, and so on. 

It will be noticed diat a fractional number of the 
order of tenths requires one decimal figure to express 
it, the order of hundredths requires two decimal figures, 
the order of thousandths requires three decimal figures, 
and so on. In any decimal expression the order of 
number indicated by the denominator is easily found 
out by naming each decimal figure, beginning at thQ 
left, calling the first tefUhs, the second hundredths^ the 
next thoTisandthSj and so on to the last, the name of 
which corresponds to the order of the denominator. 

A decimal fraction is i*ead in the same manner in 
whiche^'er form it is written ; that is, by first naming 
9r reading the numerator, and then naming the order 
of the denominator. 

Thus .7 is read 7 tenths and .013 is read 18 thou- 
sandths, just as it would be if written tHit* 

Snp|X)se it were required to read the fraction 
.00334567.: To find out the order of the denominator 
we begin at the left and call the order indicated by 
each figure, as written here for illustration : 

■ a g 1 ^5 

S ir« K Q ■> O !h 

lS|i3ga6| 

. .00334567 

In this way the order of the right hand figure la 
found to be hundred-miUionthSj and the fraction is 
read 334567 hundred-millionths. 
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Of eonrse it is not required in ordinary practice to 
write the names of the orders above the figures, for 
these will be easily remembei'cd without that trouble. 

It will be noticed that the orders of numbers indi- 
cated by the places of decimal figui*e8 diminish in 
value towards the right, atid increase towards the left, 
at the same rate as in the notation of whole numbers. 
That is, the value of the order of any place is ten times 
that on the right, or one-tenth that on the left. 

For this reason fractional numbers, written in the 
decimal fcMPm, may be operated on by the same methods 
as whole numbere, only taking care to place the decimal 
point correctly. 

And, as in the case of whole numbers, a decimal 
number is equal to the sum of the numbers expressed 
by the separate figures as written. 

For example, the whole number 125 = 1 hundred + 
2 tens -f 5, and the decimal .125 = 1 tenth 4- 2 hun- 
dredths + 5 thousandths. 

The numerator of a decimal fraction may be a mixed 
number, and in this way the fraction become complex, 
the same as in the case of common fractions. Thus 

.004i = ji^^, or 33i = f f ^. 

Mixed numbers, with the fractional part expressed 
in decimal form, are often used, and are read as in 
other cases, by connecting the names of the integral 
and fractional parts by the word and. 

For example, 4.3 is read four and three-tenthSj and 
15.25 is resAJifteen and twenty-five-hundredths. 

Sometimes, in the case of large numbers, and occa- 
sionally in other cases, it is desirable to make a more 
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marked distinction between the integral and friactional 
parts of a mixed number, and for this purpose the word 
decimal may be pronounced before naming the frac- 
tional part. * . 

For example, 1300.0013 may be read " thirteen hun- 
dredy and decimal^ thirteen ten^thousandths.^' 

EXEBCI8E8. 

' The numbers named in the fallowing list are to be 
expressed in figures : 

(1). One hundred seventy-seven thousandths. .177 

(2). Foi-ty-three and seven tenths. 43.7 

(3). Eight hundred and twenty-four thousandths. 

800.024 

(4). Nine hundred seventeen millionths. 

(5). Nine hundred seventeen ten-thousandths. 

(6). Nine hundred and seventeen ten-thousandths. 

(7). Nine hundred seventeen hundredths. 

(8). Nine hundred seventeen tenths. 

, (9). Nine hundred seventeen thousand. 

(10). Twenty-seven hundred-millionths. 

' (11). Twenty-seven hundred millionths. 

. (12). Five hundred ten ten-millionths. 

» 

The following list of decimals is given for exercise 
in reading : 

(1). .47 (6). .0404 

(2). .286 (7). 4.3043 

(3). 4.444 (8). 12.1212 

(4). 1.100 (9). .66666 

(5). .0023 (10). 66.33003 
6* 
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(11). 11.11111 (16). 6.10754: ' 

(12). 1.0001 (17). 0.10101 

(13). 1250.01250 (18). , 6.7879999 

(14). 1300.00132 (19). 12.0000909 

(15). 17.17170 (20). 333.3300338 

It may be remarked that placing a cipher at th^ 
right of decimal figures is equivalent to mnltiplyiag 
both numerator and denominator by 10, and therefore 
does -not clumge the value of the number represented. 

REVIEW XIV. 

a. A decimal fraction is one whose denom- 
inator is 10, or some power of 10. 

b. The word decimal signifies " something 
relating to ten," and in the case of fractional 
numbers 'refers to the character of the denom- 
inator, 

c. A decimal fractional number is often 
called a decimal number, or simply a decimal. 

d. A decimal fraction is usually expressed 
by omitting the figures of the denominator, and 
instead placing a point, called a decimal point, 
at the left of the figures of the numerator. 

e. The figures at the right of the decimal 
point are called decimal figures, and the num- 
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ber of decimal figures must equal the number 
of ciphers that would be required to express 
the denomiuator if written. When necessary 
for this purpose ciphers may be placed between 
the other figures of the numerator and the deci- 
mal point 

• /• A decimal of the order of tenths re* 
quires one decimal figure, the order of hun- 
di*edths requires two decimal figures, and so on, 
the last decimal figure at the right being of the 
order indicated by the denominator. 

Hence, to find the order indicated by the 
denominator of a decimal fraction, begin with 
the figure next the decimal point, calling that 
tenths, the next hundredths, and so on to the 
last, which will be of the same order as the 
denominator. 

g. A decimal fraction is read like any other ; 
that is, by first naming the numerator, then 
naming the order indicated by the denominator. 

h. Decimals may be operated on by the 
same methods as whole numbers, only taking 
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care to put the decimal point in the right place 
each time. 

i. In reading a mixed number expressed 
decimally, as with any form of mixed number, 
connect the names of the integral and fractional 
parts by the word and, or when required to 
make the distinction more marked use the 
words " and decimal." 

j. A cipher placed at the right of the figures 
of a decimal fraction, has the effect of multiply* 
ing numerator and denominator, each by ten, 
and does not change the value expressed by the 
fraction. 



CHAPTER XV. 

I 

Addition and l^ubtiractlon of Deeimalf. 

In the addition or in the subtraction of fractional 
numbers expressed in the common form, it was found 
necessary to reduce them to a common denominator 
when not already similar. 

In the case of decimal fractions no reduction is re- 
quired, because it is only necessary to add or subtract 
decimals of the same order ; that is, those which have 
already a common denominator. 

Suppose it be required to add .04 and .125. For the 
sake of convenience place the figures under each other, 
so that those of the same order will fall in the samo 
columiiy then add as in whole numbers. Thus^ 

.125 
.04 

.165 

Beginning with the lowest order, thousandths, we find 
only 5, and this is marked down. There are 2 hun- 
dredths and 4 hundredths^ which are added and give 
the sum 6 hundredths, and this is also marked down« 
In like manner the tenths, of which only 1 is found. 

if it happen that the sum of the numbers expressed 
i|i any column exceeds 10, the number of tens will be 
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couDted in the resalt of the next column, and the 
balance marked below the same column, as in whole 
numbers, and for the same reason. 

Suppose we have .333, .1243, and .78962 to be added. 
Proceeding as before, we liave " 

.333 
.1243 

.78962 
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1,24692 

Or again, to add 140.737. 19.0019, 20Q4.1007, and 
.00033, the following operation will be easily under- 
stood: 

140.737 

19.0019 
2004.1007 

.00033 - ' 



2163.83993 

- In the subtraction of decimals the foregoing cotisid- 
erations 'furnish an explanation of most difficulties t& 
be found. One instance will, however, receive partic- 
ular notice. Tliat is when the figures of the minuend 
do not extend so far to the right as those of the sub- 
trahend. JFor example, to subtract .0066 froia 6,68. 
Writing them in pi'oper order we have 

. 6.68 5.6800 . ' 

.0066 or .0066 

6.5734 6;6734 

Ciphers may be placed at the right of the figures of ^e 
minuend without changing the yalae, so that it becomes 
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1^,5800, when the difficulty would be obviated^ or the 
subtraction may be performed, as though the ciphers 
filled the vacant places. 

In general, then, to add or subtract decimals, write 
th^ figures so that all those of any one order shall be 
found in the same column, and proceed as in the case 
of whole numbers. " 

EXERCISES. 

(1). Add .0185, 34.34, 15.0015, 73.0, and 1000. 

Ans. 1122.36. 
(2). Add 98.594744, .112277, .374629, .18185, .7365. 

Ans. XOO. 

(3). Add 21.33333, 173.55555, 136.11112, 444.44557, 
and 224.55443. A7is. 1000. 

(4). Add twenty-seven hundred-thousandths, twelve 
ten-thousandths,: eighteen hundred seventy-five 
hundred-thousandths, and ninety-seven thousand 
nine hundred seventy - eight hundred - thou- 
sandths, Ans. 1. 
(3). Add .123456 

.002003 

.111111 

\ .957654 

12.343234 

17.33333& 

Ans. 

(6). From 81.846 subtract 18.648. Ans. 63.198. 

(7). From 75.75 subtract 2.98645. Ans. 

(8). From 1 subtract .999999. Atis. 
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(9). From thirty-seven ten-thouBandths take fourteen 
hnndred-millionthB. Ana. 

(10). Perform the operations indicated below : 

.0014 + 127.03001 + 1600 -h .000009 - 160 - a0077 - .833333. 

An8, 

(11). From one thousand take one thousandth. 

(12). Perform the operations indicated as follows : 

10.10203 + 18.00018 - 10.10203 + 13.987 - .1800018. 

Atis. 

REVIEW XV. 

' a. To add or subtract decimals, write the 
figures so that those of the same order of num- 
,ber are found in the same column, and then 
proceed as in whole numbers. 

b. In the case of subtraction, if it happen 
that the decimal figures of the subtrahend ex- 
tend to more places than those of the minu- 
end, either fill the vacant places at the right of 
the figures of the minuend with ciphers, or pro- 
ceed as though they were there. 



CHAPTER XVL 

Hnltiplicatlon of Decimals. 

Ik the multiplication of decixnals, as in the case of 
other fi-aetional nambers, the product of the numera- 
tors is tlie numerator, and the product of the denom- 
inators is the denoqainator of the required product. 

The number of ciphers required to express the pro- 
duct of the denominators is evidently equal to the sum 
of the ciphers of the given denominators. Hence the 
number of decimal figures required to express the pro- 
duct of two decimals, is equal to the sum of the deci- 
mal figures of the multiplicand and multiplier. 

For example, to miiltiply .3 by .05, we have .3 x .05 
= .015, because the product of the nnmeratoi*8 is 15, 
and the produQt of tenths into hundredths is thou- 
sandths, and the product sought is therefore 15 thou- 
8andths,'Writt;en .015. 

And in general, the figures of the product must con- 
tain as many decimal figures as those qf both the mul- 
tiplicand and multiplier. 

If the multiplier be 10, or any power of 10, the 
product may be conveniently obtained by dividing the 
denominator. 

r 

To divide the denominator by 10 has the effect to 
remove the decimal point one place to the right in 
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the figures of the multiplicand. To divide by 100 re- 
moves it two places to the right, and so on. 

Hence, if the multiplier be 10, or any power of 10, 
remove the decimal point as many places to the right 
in the figures of t}ie multiplicand ad there are ciphers 
in the figures of the multiplier, and the result will ex- 
press the prcduct. 

In some cases it is necessary to annex ciphers to the 
figures of the multiplicand in order to have places 
<3nouglL For example, to multiply .25 by 1000, & 
cipher is written at the right of the figures .25, making 
.250 (which does not change the value), and then the 
decimal point is removed to the right of the three 
figures, giving the result 250. 

EXERCISES. 

(1). Multiply 23.91 by .53S. Ans. 12.86358. 

(2). Multiply .25 by .15. Ahs. 

(3). Multiply 1887.341702 by 1.0083. 

(4). Multiply .00125 by .33. 

(5). Multiply 1234.5678 by 712.8888. 

(6). Multiply .0268 by 10.025. 

(7). Multiply 888999.111111 by 444.666. 

(8). Multiply 223344.008 by .00033. 

(9). Multiply .05 by .05. 
(10). Multiply .16 by .25. " .04. 

(11). Multiply 400 by .0075. « 3. 

(12). Multiply 800 by .00125. « 1. 

(13). Multiply 37.5 by .04*. « 1.625; 

(14). Multiply 15.15 by .33i. « 6.05. 

(15). Multiply 2.5 by .03*. - « .083*. 
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(16). Multiply .043 by .020f 
(17). Multiply 12.048 by .002J. 
(18). Multiply 40 by .02^. 
(19). Multiply .027 by 83*. 
(20). Multiply .OOOi by .00*. 



Ana. .000866,^. 
« .03012. 
« 1. 

« .9. 

« .OOOOO*^ 



REVIEW XVI. 

a. The decimal figures of any product 
must be equal in number to the sum of those 
of multiplicand and multiplier. 

b. To express multiplication by any power 
of 10, remove the decimal point as many places 
io the right in the figures of the multiplicand 

4 

as the number of ciphei's in the figures of the 
multipKer. 



CHAPTEE XVIL 

Diirifion of Decimals. 

If dividend and divisor be multiplied by the same 
factor, the resulting quotient remains unchanged. TSy 
this means the divisor may always be made to become 
a whole number, and the process of division becomes 
as simple as that of whole numbers. 

Let it be required to divide 3.725 by .25. 

First multiplying both dividend and divisor by 100 
(which is indicated by removing the decimal point two 
places to the right in the figures of each), the dividend 
becomes 372.6 and the divisor becomes 25. 

The division may then be carried on as follows : 

25)372.5(14.9 
25 

122 

100 



22.5 
225 



Dividing the integral part of the dividend by 25, the 
quotient 14, with a remainder 22, is obtained. This 
remainder, together with the fractional part of the 
dividend, is 22.5, which is the same as 225 tenths, and 
the quotient of this part will obviously be of the order 
of tenths. 
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The quotient figure 9 will then be of the order of 
tenths, and a decimal point is placed between the figures 
4 and 9, and the entire quotient is 14.9. 

In any case, then, to divide one decimal by another j 
multiply both dividend and divisor by the least power of 
10 that will cause the divisor to become a whole number, 
then proceed as in the division of whole numbers, 
marking as many decimal places in the figures of the 
quotient as those of the dividend actually used. 

As another example, let it be required to divide 
.Y1875 by .023. Multiplying both numbers by 1000, the 
dividend becomes 718.75 and the divisor becomes 23. 
Then dividing, the operation is as follows : 

23)718.75(31.25 
69 



28 
23 



5.7 
46 

115 
115 

It is obvious that each partial qnotient is of the same 
Order as the lowest order that appears in the corre- 
sponding partial dividend. Thus the lowest order in 
the first partial dividend (71) is tern, and the first par- 
tial quotient (3) is of the order of tens. The lowest 
order in the next partial dividend (28) is units, and the 
next partial qnotient (1) is of the order units. 

In a similar way the next partial qnotient is of the 
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oraer tenths, and requires the decimal point before the 
figure expressing it. 

It sometimes, happens that the figures of the dividend 
ai*e not so many as those of the divisor, in which case 
ciphf3i*s may be annexed to 'the decimal figures of the 
dividend, without changing its value, and the operation 
proceed as before. Should it also happen that tlie 
dividend is a whole number, then a decimal point 
should be placed at the right of Ihe figures before 
adding the ciphers. 

For example, to divide 15 by 375. Marking a deci: 
mal point at the right of the figures of the dividend, 
and adding ciphers, we have 15.00. Of course any 
number of ciphers may be added, but in this case only 
two are needed. 

The operation of division in this example is then 
completed as follows : 

375)1'5.Q0(.04 
1500 



The quotient 4 is of the order hundredths, because 
the order hundredths is used in the dividend to obtain 
this quotient 

Again, to divide .25 by 12.6. Multiplying both by 
10, the divisor becomes a whole number, and the divi- 
dend becomes 2.5, and annexing a cipher to these 
figures, we have 2.50^ and the operation of division is 
^a follows : 

125) 2.50 (.02 
250 
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The qnotient is of the order hundredths, because 
that is the lowest order of the dividend used. 

It sometimes happens, however far the process of 
division may be camed,.a remainder continues, to be 
found;. ^ 

In that case the incomplete division may be indicated 
in the form of a common fraction, discontinuing the 
operation with any partial quotient at pleasure. 

For example, to divide .2 by 7 : ' • 

y 

7).20(.0284 

u ■ ■ ■ 

60 
66 



Or it may be carried further, as follows : 

« 

7 ). 20 (.028574- 

40 
85 

50 
49 



Or, again, the qnotient might have been written .02f-, 
stopping with the first remainder. 
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EKEBCISE8. 

(1). Divide .026 by .0005. Am. 50. 
(2). Divide 24.8 by 400. « .062. 

(3). Divide 10.10 by 2.5. « 4.04. 

(4). Divide 281.743 by 1492. 

Am. .1888^1,1^ = .1888|ff 

(5). Divide 1000.10 by .025. Am, 40004. 

(6). Divide 30 by .00012. « 

(7). Divide .00015 by 40. " 

(8). Divide 300 by .00015, « 

(9). Divide 2.472 by .309. « 

(10). Divide 1024 by .32. « 

(11). Divide .0404 by 202. « 

(12). Divide 1300.28 by .125. « 

(13). Divide 12.874 by 0.33i. « 

(14). Divide 1.81972 by .006i. « 

(15). Divide 247.2 by S.IJ. « 

(16). Divide 2.4f by 24. « 

(17). Divide 2000.0002 by .75. « 

(18). Divide 1.876 by 4832.4. « 

(19). Divide .00024 by .016. « 

(20). Divide .000075 by 2400. « 

(21). Divide .33i by 30. « 

(22). Divide 14.66| by 25. 



U 



DIYIfilON OF DECIMALS. 145 

REVIEW XVII. 

a. In the division of decimals both divi- 
dend and divisor may be multiplied by the low- 
est power of 10 that will cause the divisor to 
become a whole number, and the process of 
division may then be carried on as in the case 
of whole numbers. The decimal figures of the 
quotient will then be as many as those of the 
dividend actually used. 

I. Ciphers may be annexed to the deci- 
mal figures of the dividend at any stage of 
the process, or if the dividend be a whole num- 
ber a decimal point may be marked at the right 
of the figures, and ciphers then annexed. 

c. If it happens that a remainder is found, 

however far the process of division is carried, 
the process may be stopped at any desired 
point, the incomplete division being expressed 
in the form of a common fraction. 

d. Any whole number may be divided by 
any other whole number, and the quotient, if 
not integral, be expressed decimally. 



CHAPTER XVm. 
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As any numerator may be divided by any denom- 
inator, and the quotient be expressed decimally, so any 
fractional number may be expressed in the decimal 
form, either simple or complex. Simple when the 
division finally terminates without any remainder, and 
complex when the quotient is expressed in part by a 
fraction of the common form. 

For example, | = -3^ = .6. Again, f = ^^ = 75. 
And t = Jjft- = .61. 

It may be shown that in reducing a fractional Dum- 
ber from the common to the decimal form, if the divi- 
sion does not terminate with an exact quotient, the 
figures of the quotient will finally recur in the same 
order and continue to repeat themselves indefinitely. 
Such a decimal is called a repeating or circulating 
decimal^ and sometimes a circulate. 

For example, f = .6666f , and however far the divi- 
sion is carried, the quotient figure 6 is obtained each 
time. Again, f = .285714285714, etc. 

If there is only one repeating decimal figure, that 
fact is indicated by marking a dot above that figure, 
as f = .6. 

If there are two or more repeating decimal figu]*es, 
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a dot is marked over the first and the last of the series. 
Thus ^ ^ .090909 and ^ = 363636. Of course the 
decimal figui*es may be extended at pleasure, and it 
makes no difference which of the figures is first marked 
with a dot, provided the proper number of places inter- 
vene before the second dot is marked. 

Thus ^ = .1818i8, or ^ = .18181, or ^V = -1818. 

• • • • 

^S^^^j iH = 3.45345, or it equals .34534534, or 
= .3453453. 

To reduce a simple or complex decimal fraction to 
the common form only requires the decimal point to 
be omitted, and the figures of the denominator to be 
written underneath those of the numerator in the usual 
manner. Thus .35 may at once be written ^^, or .013^ 
may be written yVi^(r, and so on. Of course a complex 
fraction (like the last one) may be further reduced to the 
simple form. As ^i^= •^f^=z^^ = ^ = ^. 

The reduction of a repeating decimal to the common 
form is not so obvious, but even this will be found to 
offer no great difficulty. 

Let it be required to reduce .7 to the common form. 
.7 = .77, since it makes no difference how far the re- 
peating figures are carried. Multiplying by 10 we may 
write 10 X .7 = 7.7. 

If, now, the original circulate A be subtracted from 
this, the remainder is exactly 7., as may be seen : 

7.7 

7.0 
For however far the repeating figures be carried they 
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will be just the same in the minuend and subtrahend. 
This difference 7. is the difference between ten times a 
number and once (or 1 time) the same number. But 
the difference between once and ten times a number is 
obviously 9 times tlie number. 

If, then, 7 is 9 times a number, that number must be 
-J^ of 7; that is, ^. And, indeed, it will appear at 
once that changing the common fraction -J to the deci- 
mal form gives the repeating decimal .7. 

By a process similar to the foregoing .8 may be re- 
duced to 1^. Suppose we consider .08 instead of the 
above, and apply the same method. We have .08 = 
.088, and 10 x .088 = .88. Subtracting .08 from this 
there remains .8, or ^j^, which must be 9 times the num- 
ber sought. But i x -^jy = -^. Hence .08 = ^. This 
result might have been reached by other considerations, 
for .08 is obviously ^ of .8 ; and since .8 = f, then ^ of 
.8, or .08, must = -j^ x t = iftr- 

Again, suppose we have .35 given for reduction. 
Here are two figures that repeat. If this be multiplied 
by 10, as in the previous case, the result is 3.53, and 
subtracting .35, the difference would not be free from 
a repeating part. If, however, we multiply by 100, the 
product is 35.35, and in subtracting .35 the difference 
is found to be exactly 35. But the difference between 
a number and 100 times the number must be 99 times 
the number. If 35 be 99 times a number, that number 
must be H- Hence .35 = ^. 

In any case of reducing a repeating decimal we may 
multiply by 10, or some power of 10, so that the differ- 
ence between this product and the given decimal shall 
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be a simple decimal without any repeating part. Then 
dividing this difference by 1 less than the number used 
as a multiplier, the quotient expressed in the form of a 
fraction is the result sought. 

The examples which follow will illustrate this pre- 
cept. To reduce 1.23143 to a common fraction : 

1000 X 1.53i43 = 1231.43143 
1 X 1.23i43 = 1.23i43 

999 X 1.23i43 = 1230.2 

1.23143 = mi'^ = VjW = l-Wf . 

To change .002668 to the common form : 

Multiplying by 10000 the product is 26.682668, and 
now subtracting the given decimal, .002668, the differ- 
ence is 26.68. 

Dividing by 9999 we have %f | = irMf fy* -4/w. 

Again to change l.OOOli to the common form : 

10 X i.ooooii = lo.oooiii 
1.000011= I.ooooii 



9.00010 

To make repeating dedmala cotermhious, 
Kepeating decimals are said to be coterminous if in 
the figures of each there are the same number that re- 
peat, ending with the same order of number. 

• • • . 

Thus .023 and .0023 are not coterminous, because 
the sets do hot end with the same order of number, but 
it is obvious that a slight change will make them coter- 
minous, for the first may be written .0232, and it is 
now coterminous with the other. 
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• • • • 

Again, suppose we compare .023 and .0234. 

The first fraction has two repeating figures, the other 
has three. 

The first may, however, be changed to a six-place 
repeater by writing as follows : .0232323, and the 
second may be written .0234234, and the two become 
coterminous. 

It is evident, then, that any two repeating decimals 
may be made to have the same number of repeating 
places by finding the least common multiple of the two 
numbers of repeating places, and extending the num- 
ber of repeating places in each decimal to that limit. 

Thus if one set has 3 places and another has 4, each 
one may be extended to 12 places. 

When the two sets have the same number of repeat- 
ing places, but these do not begin witi the same order, 
it is only necessary to transfer the beginning and end- 
ing of either set a sufficient number of places to the 
right, as in one of the previous examples, and as in the 
following : 

To make 8.593676 and 0.01237 coterminous. 

It Is only necessary to transfer the set of three places 
in the second decimal one place further to the right 
and it thus becomes 0.012372, which is coterminous 
with the first. 

It is evident if two repeating decimals are cotermi- 
nous they may be added or subtracted, and it is for 
this purpose that this ^reduction is made. 

In particular cases multiplication or division of coter- 
minous circulates may be easily effected, but in general 
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it is better to reduce the circnlates to the form of com- 
mon fractions before multiplying or dividing. 

Some examples of addition and subtraction will now 
be given. 

Kequired to add 4.8379 and 12.257643. 

In the first number the repeating places begin with 
the order of hundredths and in the other with the order 
of ten-thousandths. Transferring the repeating set in 
the first number two places to the right we have 
4.837937, and writing the numbers in order for addi- 
tion, we have 

4.837937* 
12. 257643 J 

17.0955Si 

In adding the first column at the right we find the 
sum to be 10, but it is apparent that were the next 
column written out the sum would be more than 10, 
and there would be, therefore, 1 to carry. 

In any case, whether of addition or subtraction of 
circulates, after the decimals are made coterminous and 
written in proper order, one must determine by inspec- 
tion of the numbers that have been omitted in the 
column or columns next at the right, whether there is 
one or more to be carried to the first column at the 
right. It will be found necessary in some cases to ex- 
amine two or more of the omitted columns. Thus to 
add 

0.28768'' 
0.3i48i* 



0.60260 
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In this case the sum of the numbers belonging to the 
first cohimu omitted is only 9, but looking at the num- 
bers belonging to the second omitted column, their sum 
is more than 9, and would, thej'cfore, cause 1 to be 
added to the first omitted column ; and hence, cause 1 
to be added to the fii*6t column at the right of the set 
expressed. 

Again, suppose we have to add 

0.53 
0.46 



Or again, 



0.99 = 0.9 = 1 

0.278i 
0.7215 



0.9999 = 0.9 = 1 

• * ■ • 

Let it be required to subtract 0.46 from 0.53 : 

0.53 
0.46 



0.07 



EXERCISES. 

(1). Reduce the fractions in the following list to the 
decimal form : 

o 

Arts. .75, .76, .4, .109375, .08, .6, .8, .02. 

An error occurs in one of these answersy which the student 
shonld be able to detect 
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(2). Eeduce to a decimal form |, ^, {i, -^^ |J, |, 

(3). Reduce to a common form .125, .875, .95, .048, 
.3125, .0288, .5, .5.5, .07, .07, .70, .i2i, .01442, 
and redace to simplest terms. 

(4). Beduce the following to coterminous circulates 
and add together : 

.0123, .046, .0183, .0420i23. 



REVIEW XVIII. 

a. To reduce a fractional number from 
the common to the decimal form, divide the 
numerator by the denominator, expressing the 
quotient in decimal orders 

h. If the division does not finally end with- 
out any remainder, the quotient may be ex- 
pressed as a complex decimal, or as a repeating 
decimal, in which the same numbers are repeated 
in different orders of decimals. 

c. A repeating decimal is also called a cir- 
culating decimal, or a circulate, and is indicated 
by placing a dot over the first and over the last 
of the series of. figures which are repeated in 



154 BEDUOnOK OF DECIMALS. 

the expression, or if only one figure is repeated, 
over that one. 

d. To reduce a simple decimal to the 
common form, express the denominator in 
the common form and reduce to the simplest 
terms.' 

e. To reduce a repeating decimal to the 
common form of a fractional number, mul- 
tiply by 10, or 100, or 1000, and so on, accord- 
ing to the number of repeating figures in the 
expression, so that subtracting the given deci- 
mal from the product the difference will not 
contain any repeating portion. Then divide 
this remainder by a nimiber 1 less than the 
multiplier, and the quotient expressed in the 
common fi'actional form will be the answer 
required. 
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MISCELLAJfTEOUS EXEBCI8E8. 

In the first four of these exercises the given numbers 
arc to be added. In the remaining portion the required 
operations are indicated. 



(1). 985471022111795 
888888888888888 
989796959493929 
665544332210999 
655666444333221 
666655557779991 
777111222333449 
234567901098765 
876543209890123 
778890153456789 
111111111111111 
221111112233333 
777777777777777 
681177236540728 
742135984568814 
666666666666666 
732856670542475 
241099887766554 
333333333333333 
280987942552074 
333366667778888 
555555555555555 
786756453423120 
845803957947840 
469284683672448 
125877351856713 
656491247388250 



<2). 873459911000684 
999999999999999 
878685848382813 
776655443322110 
666777555444332 
555544446668880 
777111222333449 
123456789987654 
987654321001234 
778890123456789 
333333333333333 
110000001122222 
888888888888888 
792288347651839 
641024873457703 
777777777777777 
843967781653586 
129988776655443 

AAAAAAAAXAAiAAA. 

169876831440963 
222255556667777 
666666666666666 
897867564534231 
234692846836729 
469284683672448 
236988462967824 
545380246277139 
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(3). 487392641235 

337659278421 

478396017748 

237964512008 

573421642823 

777788889999 

428321291768 
4319234765 

28921776 

17762982 

5674329134 

39871646882 

867192123824 

328246124375 

34971062843 

75645832008 

6310897642 

5581200034 

462993375 

649239735 

42810024 

8413439 

194876 

23384 

67849 

934318 

4200184 

53793295 

430002185 

2467980136 



(4). 9871236894488134789 
4338239754937172874 
5577883344339977665 
4321234567899876543 
3255776198246397518 
1111111111111111111 

5555555556666665555 

7777778888887771111 

9999999999999999999 

8888888888888888888 

1234567899876543210 

3333333333333333333 

2123434545656767878 

1299878876677655654 

5948376218754837752 

6667711114937825596 

753123498978576432 

35841247789668831 

2837435962738594 

152937485663784 

67798183542127 

3462167378425 

213198765421 

88778293555 

2222222222 

999999999 

48376425 

2141377 

35435129 

9876543210044323730 



MIBOIUXANEOUB UXEBOISKS. 157 

(5). 876549321673 x 293867514292. 

(6). 9983946672912 x 928376514238. 

(7). 2192766493899 x 832415673829. 

(8). 44883377556633 x 33666577338844. 

(9). 9911228877334466 x 6644337788221199. 
(10). 11335577992244x224466883579. 
(11). 44229977553311 x 975388664422. 
(12). 333444555666x777888999222. 
(13). 777777656565 x 666666494949. 
(14). 821973467927 x 55556666 
(15). 218794327933 x 8888777756. 
(16). 999999999999 X 565555555555. 
(17). 847638424896^4096. 
(18). 48367284969696-7-1728. 
(19). 8496625 H- 125. 
(20). 6125625-4-125. 
(21). (275 X 84 - 32 X 25) x 20. 
(22). 275x84-32x35x20. 
(23). (24xl2+28xl6)-7-32. 
(24). 24 xl2-f 28x16-5-32. 
(25). (184 X 36 — 144 X 24) -4- 72. 
(26). 184 X 36 - 144 X 24 -^ 72. 
(27). What is the greatest common factor of 2432 and 

4848 1 Ans. 

(28). What is the greatest common factor of 2442 trnd 

4218 ? Ana. 

(29). What is the greatest common factor of 2652 and 

4998 ? Ans. 

(30). Find the greatest common factor of 1716, 2574, 
and 4368. Ane. 
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(31). Find the greatest conimon factor of 459, 1020, 
and 1275. 

(32). Find the greatest common factor of 803, 949, 1314. 
(33). Find the least common multiple of 5, 6, 7, 8, 9. 
(34). Find the least common multiple of 18, 36, 63. 
(35). Find the least common multiple of 16, 20, 32, 45. 
(36). Find the least common multiple of 48, 72, 108, 

and 180. 
(37). (4ixi -4-1^-8* ^ixlOi)xi. Ans. 8m. 

(38):4ixf^TV-8t-i-ixioixi. « ig^iyv. 

(39). 24ixJ--TV-(8*-5-i)xl0ixi. « 77f. 
(40). (36 -V- 18) -5- 9. « |. 

(41). 36 -4- 18 -^ 9. " 18. 

(42). (24i-(i^^-3i)---| + fxl2i-=-l^f)x8i. 

Ans. 273^. 
(43). (19 J H- 16i X i - 76 -^ 19 X f ) X f. " % 

(44). 19i-^16f X + - 76 -5- 19 X f X f « f. 

(45). f X (20i X H + lOf X V - 52i X S). 
(46). 8.08 - 8.0008. 
(47). 125000 -.000125. 
f48). 10 —.00001. 
(49). 125 X .00008. 
(50). .0016 X. 0025. 
(51). 273.48 X .0756. 
(52). 71.38025x2.4096. 
(53). .0044856 -j- 1000. 
(54). .000008 -h .002. 
(55). .0008 -^ .0000002. 



L 



inSOBLLANEOtTB BZBBCI8ES. 159 

(56). .0000002 -T- .0008, 
(57). 12400 -T- .0031. 
(68). 5.474558 -T- .0325. 
(59). 217.568 -4- .7854. 
(60). 1563.277 H- 426. 
(61). 102.4 -T- 4096. 
(62). 4096 -T- 102.4. 
(63). 100.25 X ^ X .08i. 
(64). 183.33 X H* X T*T- 
(65). 25.50 X If* XtIt. 
(66). 48.75 X (1 + ^) X .07. 
(67). 10.075 X (2 + ^)Xt^^. 

(68). 1000 X H * X -08*. 
(69). .25x(5+^VV).X-80. 
(70). 1500xTft^XT^ff. 
(71). 175.75 x^x.37i. 
(72). 33.33ix^»^x^x^. 

(73). 100.25 X ^>^ X fJ^. 

(74). 87.874 x^-f^. 

(75). 875.692 x hW^ x Jjf Ana. .0172168052736. 

(76). (428ixi^-MixJi^)Xj^. 

Am. 2427.1 7H- 
(77). 428ixti^-|Uxi-iix^. " 591.46if 
(78), 184.7* X ij^ X :||t. « 809321. 

(79). 45.45 X :f^ X fjif. " 707. 

(80). 1728xJ-Vf^x^ « 2160. 
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MMBER USED IN THE MEASURE OF QUANTITY, 
COMPOUND DENOMINATIONS. 



CHAPTER L 

Srvmber and <laantlty. 

In the preceding part of this treatise only the simple 
operations upon numbers have been considered. 

It will be found, in applying these operations to 
practical questions, that other considerations demand 
attention and study, and further on an explanation will 
be given of the principles useful in such cases. But 
in this part of the treatise it is intended to explain the 
various measures of quantities in common use, a knowl- 
edge of which is needed as a preliminary to the practi- 
cal applications just alluded to. 

The most frequent use of number is in the measure 
of quantity, and it is important to understand clearly 
the distinction between the terms number and quantity, 
which are often confounded. 

Number, we have already learned, telk how many 
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things are considered, while quantity tells how much 
is considered. 

Each of the terms yard, foot, acre, mile, pound, gal- 
lon, and many others, expresses a quantity which has 
been agreed upon, and is understood, as a standard of 
measure. 

When it is required to measure the quantity of any- 
thing — that is, to tell how much there is — the standard 
of measure which has been agreed upon is applied to 
the thing to be measured, so that every portion shall be 
measured once and only once. The number of times 
this standard of measure can be so applied expresses 
the quantity to be measured. For instance, to find the 
length of a given line, suppose a yard is taken as a 
standard, and suppose this measure to be applied 6 
times along the line, then 6 yards expresses the whole 
length of the line. 

In a similar way the expressions "4 acres," "10 
pounds," " 3 gallons," and others similar in frequent 
use, are understood. 

It may be remarked that in many cases the compar- 
ison is not made directly with the standard named, but 
by some intermediate means. 

Thus 4 acres would not be compared directly with a 
single acre, but indirectly by means of a surveyor's 
chain. 

It is apparent from the foregoing in what manner 
number is used with quantity, but the distinction be- 
tween them should be clearly understood. 

It is sometimes said that " quantity is anything that 
may be increased or diminished, or anything that may 
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be measured." It would be better to say that " quan- 
tity may be affirmed of whatever may be increased or 
diminished, or that may be measured." But even this 
would not be true, for, according to the usage of lan- 
guage, there may be an increase of number as well as 
an increase of quantity. 

Thus we may say raany^ m,orej mostj referring to 
number, or much, more, most^ referring to quantity. 
In the first case more and most are as distinct from 
more and most in the second case, as " many " is dis- 
tinct from " much." 

Time, space, value (usually represented by money), 
and iforce (usually represented by weight or pressure), 
are the things the measures of which are most frequently 
used, and will be especially considered in the following 
chapters. 



CHAPTER 11. 



Measures of Time, 



TmB marks the succession of events, and years, 
months, and days are the most obvious natural divi- 
sions of time. 

There are several periods, slightly diflEering, some- 
times designated by the name year, but the tropical 
year is the one in ordinary use, and it includes the 
interval of time extending from one vernal equinox to 
another, and is very nearly the period required for the 
earth to revolve in its orbit about the sun. 

The four seasons. Spring, Summer, Autumn, and 
Winter, also complete tiieir rounds in the course of a 
year. 

The month is derived from the interval of time 
occupied by the moon in its revolution about the earth. 

The names of the months, and the number of days 
assigned to each, are indicated in the following list : 



January 31 days. 

February — ^28, 

or in Leap 

year 29 days. 

March 31 days. 

April 30 days. 

May 31 days. 



June 30 days. 

July 31 days. 

August. /. . . . 31 days. 
September. . . 30 days. 

October 31 days. 

November. . .30 days. 
December. . .31 days. 
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Many have found help in remembering the nnmber of 
days in the different months from the following lines : 

<< Thirty days hath September, 
April, June, and November ; 
All the rest have thirty-one 
Save Febniary alone/* 

The week of seven days has been in use from a re- 
mote antiquity, and was probably derived from the 
month as a fourth part. 

The day is marked by the successive rising and set- 
ting of the sun. 

The division of the day into 24 hours seems also to 
be of very remote origin, having been in use by the 
Egyptians and Chaldeans. That is, they divided day 
and night each into 12 equal parts. It seems probable 
that this division into 12 parts was suggested by the 
division*of the year into 12 parts, which had already 
led to the 12 signs of the zodiac. 

The division of each hour into 60 minutes, and the 
division of each minute into 60 seconds, is perhaps of 
more modern origin. 

The following table shows the various divisions of 
time named in the foregoing : 

Time TaMe. 

60 seconds make 1 minute. 

60 minutes *' 1 hour. 

24: hours " 1 day. 

7 days " 1 week. 

80 days " 1 calendar month. 

365 days " 1 common year. 

366 days " 1 leap year. 
100 years */ 1 century. 
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An orderly arrangement of the divisions of time for 
the purpose of reckoning the dates of events is called 
a calendar. 

The one in common use is called the Gregorian 
calendar, because first established by a decree of Pope 
Gregoiy. 

This will now be explained. 

But first it is important to understand clearly how 
the length of a day is reckoned. 

Apparent noon is the instant at which, in our north- 
em latitude, the shadow of any object caused by the 
sun, appears to fall due north. 

A day is reckoned from noon to noon again, but as 
the apparent motion of the sun is not uniform, the 
length of the days would vary. 

To avoid this result an imaginary sun, called the 
Mean Sun, is conceived, which shall appear to move 
on the celestial equator at a uniform rate, which shall 
make as many circuits as the real sun, and which, at 
some given moment, shall coincide in position with the 
real sun. 

The time at which the Mean Sun would appear on 
the meridian is called mean noon, and the length of a 
day is reckoned from one mean noon to the next. 

Such is the length of a day ; but the day is usually 
reckoned to begin at midnight^ which is the moment 
half way between two consecutive noons. 

Astronomers, however, reckon the day to begin at 
noon, and, of course, to end at the next noon following. 

The average length of the year is 366 days, 5 houre, 
48 minutes, and 49.7 seconds. 
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In the course of 4 years the annual excess of 5 hours, 
48 minutes, and 49.7 seconds would amount to 23 hours, 
15 minutes, 18.8 seconds, or only 44 minutes and 41.2 
seconds less than 24 hours. By reckoning 1 extra day 
each 4th year — ^the 29th of February — the accumulated 
error is more than balanced, and a small error of defi- 
ciency is incurred. In 100 years this amounts to 
nearly three-fourths of a day. This again is nearly 
balanced by reckoning each 100th year, excepting each 
400th year, as a common year. That is, the' 100th 
years are not leap years, except the 400th years, which 
are leap years. By this reckoning the error in 400 
years would be reduced to 2 hours 28 minutes. 

In' 10 times 400 years — that is, in 4000 years— this 
error would accumulate to 24 hours 40 minutes, and 
by reckoning the 4000th year as a common year, the 
error would be reduced to 40 minutes. » 

JRecapUtUatian, 

Each 4000th year is a oommon year. 
Each of the other 400th years is a leap year. 
Each of the other 100th years is a common year. 
<Gaoh of the other 4th years is a leap year. 

The Julian Calendar was established by Julius Csesar 
66 years b.o. 

In this calendar every 4th year contained 366 days, 

the extra day being added in the month of February 

by reckoning the 6th day before the Kalends of March 

twice. Hence the year was called bissextile, from bis 

meaning twice, and sexttcs, sixth. 

This calendar continued in use until the decree of 
1* 
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Pope Gregory establishing the new order, at the same 
time striking 10 days from the calendar. That is, the 
day following the 3d of October, 1582, was called the 
14th. 

This caased the vernal equinox to fall on the 21st of 
March, the same as it occurred in the year 325, the 
date of the Council of Nice. 

The Gregorian Calendar was adopted at once in the 
Catholic countries of Europe, and gradually in all 
Christendom, excepting Bussia, where the Julian Calen* 
dar is still in use. 

In the transition from the use of one calendar to that 
of the other, a date was frequently given by reference 
to both, respectively designated as Old and New Style. 

In this case the figures expressing the days of the 
month according to one calendar, were written above 
those of the other. Thus, February ^, 1732, indicated 
February 11, Old Style, or February 22, 1732, New 
Style. 
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CHAPTER in. 

Measurei of Space. 

Space is that which contains all physical magnitudes. 
Space has three dimensions, length, breadth, and thick- 
ness. A line is space extending in length only. A sur- 
face is space extending in length and breadth only. A 
volume is space extending in length, breadth, and thick- 
ness. A solid is the body which occupies some volume. 

SECTION J. 
Measures of Length* 

The Standard measure of length in ordinary use in 
the United States is the yard. The meter, also author- 
ized by the general government and by some of the 
States, will be subsequently mentioned. The length of 
the yard is determined by the length of a pendulum 
beating seconds. 

Such a line is supposed to be divided into 391393 
equal parts, and 360000 of these parts constitute a 
yard. The other divisions of length will be understood 
from the tables that follow. 

Idnear Measure* 

12 inches (in.) make 1 foot ft 

3 feet " lyard yd. 

5i yards " 1 rod rd. 

40 rods " 1 furlong fur. 

8 furlongs " 1 statute mile . . mi. 
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Bwrveyors^ Sfetisure* 

VOB MBA8!7BXNe LAND. 

7.92 inches make 1 link 1. 

100 links, or 4 rods, make 1 chain. . ch. 
80 chains make 1 mile mi. 

Circuiar Measwre. 

This is bhiefly used in Navigation, Astronomy, and 
Geography. 

The circumference of a circle is the curved line 
around it, every point of which is equally distant from 
the centre. 

A degree is -y^ part of the circumference of a circle. 

The subdivisions are shown in the following 

T€iMe. 

60 seconds (") make 1 minute ' 

'60 minutes " 1 degree ® 

30 degrees " 1 sign S. 

12 signs " 1 circumference. . 0. 

As a circle may be larger or smaller, so a degree, or 
any other portion of one circumference, may be larger 
or smaller than the same portion of another circmn- 
ference. 

The longitude of a place is the distance of that place 
east or west from some established meridian, and may 
be reckoned either in degrees, minutes, and seconds, 
or in hours, minutes, and seconds of time. The differ- 
ence of longitude of two places is the difference of 
those distances. In this country longitude is reckoned 
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from the meridian of Washingfon, and sometimes from 
that of Greenwich, England. 

As the sun appears to move aronnd the earth, or 360** 
in 24 hoars, it will appear to move over 15° in each 
hour. It will require 4 minutes to move over 1°. In 
1 minute it will move over J of a degree, which is 15'^ 
In 1 second of time it moves over 15" of arc. 

As the sun appears to move from east to west, it will 
appear on any eastern meridian sooner than on a west- 
em — according to the rate just described. 

As the hours of the day are reckoned from noon, it 
follows that clock time is not the same in two places, 
one east and the other west of a given point ; and the 
difference in the clock time of two places amounts to 
1 hour for each 15° of difference of longitude ; or 1 
minute of time for 15 minutes of longitude, and 1 
second of time for 15 seconds of longitude. 

Latitude is distance north or south of the earth's 
equator, reckoned in degrees, minutes, and seconds, of 
the earth's circumference. A degree of latitude varies 
from 68.72 miles near the equator, to 69.34 miles near 
the poles. The mean length of a degree of latitude is 
reckoned at 69.16 miles. 

A degree of longitude varies from 69.16 miles at the 
equator, to at the poles. 

Miscellaneous Measures of Length. 

The following are sometimes used: 

3 barleycorns make 1 inch. (Used by shoemakers.) 

4 inches make 1 handbreadth. (Used in measuring 
the height of horses.) 
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9 inches make 1 span. 

6 feet make 1 fathom. 

1.15 statute miles make 1 geographical mile. 

3 geographical miles make 1 leagae. 

SECTION II. 

m 

Square Measures, cr Measures of Surf€teem 

The Bui-face contained within the lines which bonnd 
it, is called the area. 

The standard measure for surfaces is a square or 
a surface eqnal in length and breadth. 

A " foot square " means a surface a foot in length and 
the same in breadth. A ^^ square foot " means a sur- 
face of the same amount, but it may have any shape 
whatever. It may have only three sides^ or it may 
have four or any greater number of sides. 

"Two feet square" means a surface two feet in 
length and two feet in breadth ; and it is easy to see 
that from such a surface four equal squares, each con- 
taining a square foot, may be formed. The following 
diagram, Fig. 1, will illustrate the foregoing. 

In like manner a surface '^3 feet 
square '^ contains 9 square feet. 

Figure 2 illustrates a surface " 3 feet 
square," and Figure 3 illustrates "3 
square feet'* 

So 1 foot square contains 144 square 
inches, because it can be divided each 
way into 12 equal parts, forming 12 
rows of 12 small squares, each 1 inch in 






Fie. 1. 

*^ 2 feet square,''^ 

containing 4 

square feek 



length and breadth. 
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A flat surface of uniform length and uniform 
breadth is called a rectangle, and it is easy to see that 
the area of a rectangle is expressed by the product of 
the number of units in length multiplied into the 
number of units in breadth. 



• 




















Fig. 8. 
Three feet gguare. 



Fig. & 
Three square feet. 



Thus, if a rectangle is 2 feet wide and 3 feet long, 
it may be formed into 2 sections one way, and 3 sec- 
tions the other way, so as to form 2 rows of squares, 
and 3 squares in each row, each square being one foot 
in length and breadth. Obviously the whole area 
would be 2 X 3 square feet. And whatever the length 
and breadth, any rectangle could be formed into 
squares of some dimension in a similar manner. 

TtMe of Square Metuures* 

144 square inches (sq. in.) make 1 square foot. . . sq. ft. 



9 " feet 


a 


1 « yard.. 


sq. yd. 


30J « yards 


a 


1 « rod... 


sq. rd. 


40 " rods 


a 


1 rood 


R. 


4 roods 


a 


1 acre 


A. 


640 acres 


ii. 


1 square mile. . 


sq. mi. 
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Surveyors^ Square Measure* 

This is used especially in computing the area of land. 

Table, 

625 square links (sq. Is.) make 1 pole P. 

16 poles " 1 square chain ... sq. ch. 

10 square chains " 1 acre A. 

640 aci^es " 1 square mile .... sq. mi. 

36 square miles " 1 Township Tp. 

A mile square is often called a section of land. 

8ECTION III. 
Measures of Vdums. Ckihic Measure. 

This is used in measuring solid bodies, as wood, 
stone, earth, etc. 

The standard of measure is a cube or body of equal 
length, breadth, and thickness. 

An inch cube is 1 inch in length, 1 inch in breadth, 
and 1 inch in depth. A foot cube is 1 foot in length, 
breadth, and depth. 



I i^ 





Pig. 1. 


Fig. 8. 


Fio. 8. 


li'nehcube. 


%in^che8efuJbe, 


Bock 2 iruheB in heigM, 8 

inches in widths 4 inches 

in length. 
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The cubic or solid contents of a body are found by 
multiplying together the units of length, breadth, and 
depth. 

It is easy to see, from Fig. 2, that a block of 2 inches 
cube would form, by the sections indicated, 8 blocks of 
cubic inches, or 2 x 2 x 2 cubic inches. 

Also the sections indicated in Fig. 3 would form 
2 X 3 X 4 = 24 blocks of cubic inches. 

In each case, the number of cubic units is the pro- 
duct of the numbers of units in length, breadth, and 
depth, multiplied together. 

1,728 cubic inches (cu. in.) make 1 cubic ft ... . cu. ft 

27 cubic feet make 1 cubic yard cu. yd. 

40 cubic feet of round timber, or 60 cubic 
feet of hewn timber make 1 ton or load . T. 

16 cubic feet make 1 cord foot cd. ft 

8 cord feet, or 128 cubic feet make 1 cord 

of wood cd. 

24J cubic feet make 1 perch of stone or 

masonry pch. 

" 40 cubic feet of round timber," means timber that 
will produce 40 cubic feet when hewed or sawed into 
square timber. It is supposed to contain 50 cubic 
feet, but that it will lose 10 cubic feet (•}) in the hewing 
or sawing. Its value is then only that of 40 cubic 
feet of hewn timber, but its weight or volume is equal 
to that of 50 cubic feet of hewn timber. 
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Ihry Measure. 

This is need in measuriDg articles of a dry natnre, 
as ^rain, frait, seeds, salt, etc. 

The bushel is the standard of measure, and the 
other denominations ai*e given in the following 

Table. 

2 pints (pt.) make 1 quart. qt. 

8 quarts " 1 peck pk. 

4 peeks " 1 bushel bu. 

A cylindrical box, 8 inches in depth, and 18| inches 
in diameter, lK)lds a bushel. Such a box contains 
2150.42 cubic inches. Four quarts (which are an 
eighth part of the bushel) contain 268.8 cubic inches. 

Wine Measure. 

Wine Measure, or Liquid Measure, is used in meas- 
uring liquids, as oils, liquors, milk, molasses, etc. 

The gallon is the standard of liquid measure, and 
the other denominations are shown in the table follow- 
ing. 

Taible. 

4 gills ^.) make 1 pint pt 

2 pints " 1 quart qt. 

4 quarts " 1 gallon gal. 

31i gallons " 1 barrel bbl. 

2 barrels or 63 gals, make 1 hogshead . . hhd. 

A gallon contains 231 cubic inches. The difference 
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in the Yolmne of dry and liquid measures of the same 
name, are shown as follows : 

Cttbio inches in 



Dry measure 268f 67i 33f 

Wine measure 231 57f 28^ 

Apothecaries^ Fluid Measure. 

This is used in measuring all liquids for the com- 
pounding of medical prescriptions. 

60 minims (Til)- make 1 fluid drachm. . . f 3 
8f 3 " 1 fluid ounce f 5 

16fS " Ipint O. 

8 O. "* 1 gallon cong. 



CHAPTER IV. 
Weights, or Measiires of Foree. 

Weight is the measure of the force of gravity, but it 
serves to show the quantity of matter contained in a body. 

The United States standard of weight is derived 
from the weight of a cubic inch of distilled water at a 
temperature of 62° Fahrenheit, in a vacuum. This 
weight is reckoned as 252.458 grains. 

Troy Weight. 

This is used in weighing gold, silver, and jewels, and 
the materials used in philosophical experiments. 

The pound is the standard, and contains 5760 grains, 
of which 252.458 measures the weight of a cubic inch 
of distilled water, as already described. 

Other divisions of the pound are shown in the fol- 
lowing 

TtOde. 

24 grains (gr.) make 1 pennyweight. . pwt. 

20 pennyweights " 1 ounce oz. 

12 ounces " 1 pound lb. 

Apothecaries^ Weight, 

This is used in mixing medical prescriptions. In 
other cases drugs are bought and sold by commercial 
weight. 
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20 graios (gr.) make 1 scrapie 3 

3 3 " 1 drachm 3 

8 3 "1 omice I 

12 S "1 pound ft 

The pomid, oance, and grain are the same as those 
of Troy weight 

Avoirdupois, or CovMfnercial Weight. 

This is used for the ordinary purposes of commercial 
transactions in weighing, not inchiduig those mentioned 
for the other tables of weights. 

16 drachms (dr.) make 1 ounce oz. 

16 Qz. " 1 pound *. lb. 

100 lbs. ** 1 hundred weight, cwt 
20 cwt., or 2000 lbs., make 1 ton T. 

A pound avoirdupois weight contains 7000 grains, 
of the kind used in Troy weight, and is, therefore, 
heavier than a pound Troy. The ounce Troy contains 
one-twelfth part of 5760 — that is, 480 grains — while the 
ounce avoirdupois contains one-sixteenth of 7000— that 
is,437i grains. Hence the ounce Troy is heavier than 
the ounce avoirdupois. Accordingly a pound of fea- 
thers weighs more than a pound of gold, but an ounce 
of gold weighs more than an ounce of feathers. 

It should be remarked that the tme weight of a body 
is not usually indicated when weighed in the air, but 
may be computed when the density of the body and 
the density of the air are both known. The error is so 
small, however, in all ordinary cases, that it may safely 
be neglected. 
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Hiscellaneout Tablei. 

12 things make 1 dozen. 
20 things " 1 score. 
12 dozen " 1 gross. 
12 gross " 1 great gross. 

24 sheets of paper make 1 quire. 
20 quires " " 1 realm. 

2 reams " "1 bundle. 

6 bundles " « 1 bale. ' 

Sheets of paper are of several sizes, and these again 
differ in the various branches of business. Paper to 
be used for the printing of books is formed of the sizes 
named in the following table, in which the number of 
inches in the length and breadth of a sheet are stated, 
and the letter x placed between the figures of the two 
numbers. 

Thus 19x24 means 19 inches in breadth and 24 
inches in length. 

Medium sheet measures 19 x 24. 

Super-Boyal sheet measures 22 x 28. 

Medium-and-half sheet measures .... 24 x 80. 
Double Medium sheet measures. ... 24x38. 

Double Boyal sheet measures 26 x 40. 

Double Super-Eoyal sheet measures 28 x 42. 
Double Imperial sheet measures .... 32 x 46. 
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These dimensions, however, being established by 
custom, are liable to change. 

The sizes of books are named according to the num- 
ber of leaves into which the sheets are folded to form 
the pages. 

A sheet folded in 2 leaves forms the folio size. 



A sheet 


(( 


4 


u 


u 


quarto or 4ta 


A sheet 


a 


8 


ti 


u 


octavo, or 8vo. 


A sheet 


a 


12 


a 


u 


duodecimo, or 12mo. 


A sheet 


(( 


16 


u 


u 


16mo. 


A sheet 


ct 


18 


it 


u 


18mo. 


A sheet 


u 


24 


iC 


€i 


24mo. 


A sheet 


li 


32 


a 


u 


32mo. 



Tlius a book is said to be a medium 8vo when one 
leaf is the eighth part of a medium sheet. 



CHAPTER VI. 



Ttae Metric System. 



In the foregoing tables of various kinds, the subdi- 
visions and multiples of the standard units are not 
formed according to any uniform system, but in most 
cases follow the usage which originated in a more 
primitive condition of society. Thus the weight of a 
grain (of which 24 make 1 pennyweight) was derived 
from a grain of wheat. And it is said that the length 
of the British yard was originally estimated by the 
length of the arm of King Henry I. 

In other coimtries, still more diverse systems of 
measures are in use, and the commerce between 
different peoples, as well as the traffic carried on 
among the same people, is often hampered by the in- 
convenience of the complex measures in use. 

Recently, efforts have been made to introduce a 
more simple system, and Congress has authorized in 
the United States the metric system, previously estab- 
lished in France and subsequently adopted by Spain, 
Belgium, and Portugal, and authorized in Great Britain, 
Holland, Norway, Sweden, and other countries. 

The metric system is based upon the length of the 
meter, which was intended, when first established, to 
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be the ten-millioiith part of the quadrant of the earth's 
circumference, estimated from the equator to the pole. 

The length of the meter was established in France 
in 1799, and a platinum bar indicating the length was 
deposited in the national archives. It is now known 
that the meter thus determined is slightly less than the 
ten-millionth part of a quadrant of the earth's circum- 
ference, but it is still retained in use, and answers every 
required purpose. 

The length of the meter, expressed in inches, is 
39.37. 

Multiples of the meter, and of other units of measure, 
are named \>j using prefixes derived from the Greek 
numerals — deka (ten), hecto (one hundred), kilo (one 
thousand), mjria (ten (housand). Thus: 

Dek'ameter (dkm.) = 10 meters. 
Hec'tometer (hm.) = 100 meters. 
KiFometer (km.) = 1000 meters. 
Myr'iameter (myrm.) = 10,000 meters. 

Subdivisions or submultiples of the meter, and of 
other units of measure, are named by using prefixes 
derived from the Latin numerals — decem (ten), centum 
(one hundred), mille (one thousand). Thus : 

Dec'imeter (dcm.) = ^ meter. 
Cen'timeter (cm.) = j^ meter. 
Millimeter (mm.) = Yg'jnr meter. 

The unit of surface is a square dekameter, called an 
are. 

2 
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Gentare (ca.) = f^ are. 

Are (ar.) = 1 square dekameter = 119.6 gq. yd. 

Hectare (ha.) = 100 ares. 

The unit of capacity is the cubic decimeter, called a 
liter {leeter). 

Milliliter (ml.) = j-^ liter. 
Centiliter (cl.) = f^ liter. 

Deciliter (del.) = ^ liter = 0.908 dry qt. or 1.0567 
liquid qt. 
Liter (1.) = 1 cubic dekameter. 
Dekaliter (dk.) = ,10 liters. 
Hectoliter (hi.) = 100 liters. 
Kiloliter (kl.) = 1000 liters. 

Ordinarily the cubic centimeter (c.c.) is used in- 
stead of the milliliter ; and the cubic meter, instead of 
the kiloliter, is used as a unit of measure for solid 
bodies, and is called a stere (pronounced stare). Thus 
we should say a kiloliter or cubic meter of wine, or of 
water, while we should say a stere of sand or a stere 
of hay. 

The unit of weight is the weight of a cubic centi- 
meter of pure water weighed in a vacuum at the tem- 
perature of 4® Centigrade or 39.2° Fahrenheit, the 
temperature of greatest density. This weight is called 
a gramme. 

Milligramme (mg.) = -^^ gramme. 
Centigramme (eg.) = y^ gramme. 
Decigramme (dcg.) = -^ gramme. 
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Gramme (g.) = weight of cubic centimeter of 
water = 15.4322 grains. 

Dekagramme (dkg.) = 10 grammes. 
Hectogramme (hg.) = 100 grammes. 
Kilogramme (kg.) = 1000 grammes. 
Myriagrarame (myrg.) = 10,000 grammes. 
Quintal (Q.) = 100,000 grammes. 
Tonneau (T.) =10,000,000 grammes. 

In practice, the multiples of tens, and the subdi- 
visions of tenths, are but little used, as in the case of 
the reckoning of money ( United States) but little use 
is made of dimes and eagles, but chiefly of dollars and 
cents, and, in accounts, of mills. 

So the following tables show the multiples and sub- 
multiples mostly used. 

Weight. 

10 milligrammes = 1 centigramme. 
100 centigrammes = 1 gramme. 
100 grammes = 1 hectogramme. 

10 hectogrammes = 1 kilogramme. 

JOength* 

10 millimeters = 1 centimeter. 
100 centimeters = 1 meter. 
1000 meters = 1 kilometer. 

Stirfaeem 

100 square meters = 1 are. 
100 ares = 1 hectare. 
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CapaieUy. 

1000 cubic centimeters = 1 liter. 
100 liters = 1 hectoliter. 

The equivalents of the metric measures, expressed in 
common measures, have been stated, but it is often 
convenient to know the values of the common measures 
expressed in the metric system. 

These values may be easily deduced from the fore- 
going tables. 

Thus 1 centimeter = 0.3937 inches, and obviously 1 
ioch = T-TTT-r centimeters = 2.54 centimeters. 

0.S9S1 

In a similar way, the other values named in the fol- 
lowing table may be obtained. 

An inch = 2.54 centimeters. 

A foot = 0.3048 meter. 

A yard = 0.9144 meter. 

A rod = 5.029 meters. 

A mile = 1.6093 kilometers. 

A sq. inch = 6.452 sq. centimeters. 

A sq. foot = 0.0929 sq. meter. 

A sq. yard = 0.8361 sq. meter. 

A sq. rod = 25.29 sq. meters. 

An acre = 0.4047 hectare. 

A sq. mile = 259 hectares. 

A cu. inch = 16.39 cu. centimeters. 

A cu. foot = 0.02832 cu. meter. 

A cu. yard = 0.7646 cu. meter. 

A cord = 3.624 stores. 

A liquid quart = 0.9465 liter. 

A gallon = 3.786 liters. 
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A dry quart = 1.101 liters. 

A peck = 8.811 liters. 

A busUel = 35.24 liters. 

An ounce ay. = 28.35 grammes. 

A pound av. = 0.4536 kilogramme. 

A ton = 0.0072 tonneau. 

A grain = 0.0648 gramme. 

An ounce, Troy = 31.104 grammes. 

A pound, Troy = 0.3732 kilogramma 

The learner should verify the foregoing results by 
making the computations. In one instance an error 
may be found. Can any other error be found? 



CHAPTER VIL 
Money, or Measures of Talne. 

Money, strictly speaking, consists of coin or metal 
stamped by authority of the government, and is used 
to represent the values of commodities exchanged in 
the traflSc of people, one with another. 

Pieces of paper, on which are printed promises to 
pay, also stamped by authority of government, are often 
included under the name money, and are often used 
instead. 

In the United States the dollar is established as the 
unit of value. Other denominations of United States 
money are mentioned in the following 

Table. 

10 mills (m.) make 1 cent ct. 

10 cents " 1 dime. d. 

10 dimes " 1 dollar $ 

10 dollars* " 1 eagle E. 

The mill is only used in computation ; there is no 
coin of the value of a single mill. 

Gold is coined in double eagles ($20), eagles ($10), 
half eagles ($5), and quarter eagles ($2^), three dollar, 
and dollar pieces. 
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Silver ifl coined in dollar, half, and quarter dollars, 
20-cent pieces, and in dimes. 

Nickel and copper are coined in half dimes (or 5 
cents) and cents. 

Gold coin contains 90 parts of gold and 10 parts of 
silver. 

Silver coin contains 90 parts of silver and 10 parts 
of copper. 

Nickel coin contains 25 parts nickel and 75 parts 
copper. 

Usually, United States money is reckoned only in 
dollars and cents. Thus 25 eagles, 7 dollars, 4 dimes, 
and 3 cents would ordinarily be reckoned as 257 doUai-s 
and 43 cents, and written $257.43. As the dollar is 
the unit of value, the cents are reckoned as so many 
hundredths of a dollar, and the decimal point placed 
between the figures of the dollars and cents. 

It will also be noticed that the sign $, which indi- 
cates dollars, is placed at the left of the figures instead 
of at the right This sign is supposed to be a contrac- 
tion of the letters U. S. (for United States), the U being 
placed upon the S. 

The number of cents in any case may be expressed 
as the fractional part of a dollar in hundredths, either 
in the common or in decimal form. Thus 4 dollars 
and 4 cents may be expressed $4.04, or $4y^ ; and 25 
dollars and 15 cents may be expressed $25.15, or $25-^. 

In Canada the denominations of money are in part 
similar to those of the United States. The silver coinB 
are the shilling, or 20-cent piece, the ^ii^^^y ^^^ half 
dime. 
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The valae of the 20-ceiit piece is 18f cents United 
States money, the dime 9^^ cents, the half dime 4f cents. 

The denominations of money used in Great Britain 
are shown in the table below. The pomid sterling is 
the unit. 

JBnglMi Money ^ 

4 farthings (qr.) make 1 penny d. 

12 pence ^^ 1 shilling .... s. 
20 shillings « 1 pound £ 

The value of a pound sterling, in United States 
money, is $4.84, the shilling is $0,242, the penny is 
$0.02V2r9 and the farthing is $0.00i|i. 

In France the unit of money value is the franc, and 

the other denominations may be seen in the following 

table: 

French Money. 

10 millimes make 1 centime. 
100 centimes ** 1 franc. 

The gold coin is the Louis, or 20-f ranc piece ; the 
silver coins are the franc and demi-franc (half-franc). 

1 franc = .$0,192. 
1 centime = $0.00192. 
1 millime = $0.000192. 

The denominations and values of moneys used in 
many other countries will be found in the table in the 
Appendix at the close of the volume. 
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Compound Denominations and their 

It is of ten convenient to use two or more kinds of 
measures to express any given quantity. 

A given ti*act of land may contain 10 acres, 2 roods, 
5 square rods, and such a statement conveys a clearer 
idea of the actual quantity than the statement that the 
field contains 1685 square rods, though the two state- 
ments ai*e Equivalent. The explanation is, that the 
notion of a small number of large magnitudes is more 
easily apprehended tlian that of a great number of 
small magnitudes. 

When the measure of a quantity is expressed in 
two or more denominations, these are called comr 
pound. 

Sometimes the numbere used to enumerate compound 
denominations are called compound, but, strictly speak- 
ing, number is always simple, and there can be no such 
things as "compound numbei-s." 

It is often desirable to change the measure of a 
quantity stated in one denomination to an equivalent 
in some other. This is called a reduction of denomi- 
nations. 

One denomination is said to be higher than another 
2* 
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"when the tinit of that denomination is more than one 
of the other. Thus the foot is of a higher denomina- 
tion than the inch, and the mile is of a higher denom- 
ination than the yard. 

Changing from a higher denomination to a lower 
is called reduction descending ; changing from a 
lower to a higher denomination is called rediectio7i 
ascending. 

To change a number of one denomination to one of 
a lower denomination, multiply by the number which 
denotes the value of a given unit expressed in the 
lower denomination. Thus, to reduce 6 feet to inchesj 
multiply by 12, and the product 72 expresses the num- 
ber of inches equivalent to 6 feet. 

To cliangc a number of a given denomination to one 
of a higher, divide by the number of units of the lower 
denomination contained in one of the higher. 

Thus, to reduce 72 inches to feet, divide by 12 (be- 
cause 12 inches make 1 foot), and the quotient 6 ex- 
presses the number of feet equivalent to 72 inches. 

The above precepts are so evident that they need no 
»pecjal explanation. 

If the lower denomination is separated by one or 
more orders from the higher, we may reduce the 
given denomination successively to each intervening 
denominatiout Thus, to reduce 10 miles" to feet, we 
may reduce them first to furlongs (multiplying by 8), 
then to rods (multiplying by 40), then to yard^ (mul- 
tiplying by 5i), then to feet (multiplying by 3), as 
follows ; 
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10 mi. 
8 

80 fur 
40 



2)3200 rd. 
H 

16000 
1600 



17600 yd. 
3^ 



62800 ft. 

Or we may multiply at once by the number of feet 
contaiued iu a mile, that is, by 5280. 

10 X 5280 = 52800, as before. 

It may be noticed that the first product above ex- 
presses furlongs, the second rods, the third yards, and 
so on, and it is worth while to inquire how the process 
of multiplication is carried on. 

It is not correct to say that 10 miles are multiplied 
by 8 furlongs, because the multiplier only denotes a 
number of times (operations), not a number of objects 
or things. Properly speaking, 8 furlongs are multiplied 
by 10 (not 10 miles), and the reasoning is, '' If tliere 
are 8 furlongs in 1 mile, then in 10 miles there are 10 
times 8 furlongs ; that is, SO furlongs." 

And in the second multiplication the multiplicand 
is really 40 rods ; but the figures are written nnder 
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those of the multiplier becanse it happens to be con< 
venient 
Again, to reduce ^ mile to feet : 

ix8 =2 

2 x40 =80 
5ix80 =440 

3 x440 = 1320fL = ^M& 

Or again, to reduce .0024 miles to feet : 

.0024 
8 



.0192 fur. 
40 



2).7680rd. 
H 



3840 
384 



4.224 yd. 
3 



12.672 ft = Am. 

To reduce 1440 hours to weeks : 

24) 1440 (60 da. 

144 7)60 

84 wk. Ans. 

Substantially the same principles apply when the 
measure of a quantity is expressed in several denom- 
inations. 
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Thns, to reduce 3 lb. 4 oz. 10 pwt 17 gr. to graina. 
The process is as follows : 



lb. OS. pwt. 


sr. 


3 4: 10 


17 


12 




36 oz. 




4:OZ. 




40 OZ. 




20 




800 pwt 




10 pwt 




810 pwt 




24 





3240 
1620 

19440 gr. 
17 gr 

19457 gr.=^7W. 

In this case it is seen that 3 lb. = 36 oz., to which 
4 OZ. are added, because both form parts of one quan- 
tity. For a similar reason 10 pwt are added to 800 
pwt and 17 gr. to 19440 gr. 

If it is required to reduce a given denomination to 
higher denominations, then any remainder that occurs 
at the end of a division may be left to repi'esent that 
particular denomination. Thus, to reduce 1445 feet to 
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higher denominations. First divide by 3 to reduce to 
yai-ds, then by 5J, and so on. 

3)1445 ft 

5^)481 yd. + 2 ft. remaining. 
2 2 



11)962 

40)87 rd. + 5 half yds. = 2^ yd. remaining. 

2 fur. 7 rd. 2i yd. 2 ft. 
or 2 fur. 7 rd. 3 yd. ft. 6 in., since i yd. is equal to 

1 ft. 6 in. 

It may be remarked that in dividing by 5^ it is con- 
venient to multiply dividend and divisor by 2, and thus 
the dividend 481 yd. becomes 962 half yards, and the 
remainder 5 denotes half yards, and equals 2^ yd., or 

2 yd. 1 ft. 6 in., to which adding 2 ft., the result is 

3 yd. ft. 6 in. 

If it is required to reduce a given denomination to 
any single higher denomination, then any remainder at 
the end of a division is expressed as a fractional quo- 
tient, either common or decimal. 

For example, to reduce 1445 feet to miles, or to some 
part of a mile, divide first by 3, as in the previous case, 
then by 5^, and so on. 

3)1445 



5i)481f yd. 
2 2 



ll)963i 



87f ^ = 87i| rd. 
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40)87tf rd. 

8)2^ fur. 

Bat it would be easier to divide at once by the num- 
ber of feet in a mile ; that is, by 5280. 

if f I = -f^^j the same as before. 

If there are several denominations required to be re- 
duced to the fractional part of a higher denomination, 
it will be best to reduce the given denominations to 
the lowest one of these, and then divide by the num- 
ber of units of this denomination contained in a unit 
of the higher denomination required. 

For example, to reduce 5 fur. 21 rd. 4 yd. 2 ft. to 
the fractional part of a mile : 

5 fur. 21 rd. 4 yd. 2ft 
40 

2)221 
H 

llOi 
1105 



1219i 
3 



3660i ^^yv^ = .^yw.. 

The total number of feet in the given quantity is 
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thus found to be 3660J, and dividing this by the num- 
ber of feet in a mile, the result is 

This can be changed to the decimal form, or the 
operation could be performed as follows : 



40 
8 



2.0000 



4.6666+ 



21.848484+ 



5.5462121 + 



.6932745 + 



Again, to reduce 3 pk. 5 qt. 1 pt. to the decimal 
fractional part of a bushel : 



2 
8 



1.0 
5.5 



3.6875 



,921875. = 



EXERCISES IN REDUCTION. 

(1). Eednce 8 mi. 5 fur. 25 rd. 4 yd. 2 ft. 10 in. to 
inches. Ana. 551608 in. 

(2). Eednce 6 S. 22° 48' 48" to seconds. 

Am. 730128. 

(3). Reduce 15 A. 1 R. 29 sq. rd. 4 sq. ft to square 
inches. Ana. 96795252 sq. inches. 
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(4). Eeduce 148 A. 5 sq. chi 10 P. to square links, 

Ans. 14856250 square links. 
(5). Eeduce 4 cd. 4 cd. ft. 4 cu. ft. 4 cu. in. to cubic 
inches. Ana. 1002244 cubic inches. 

(6). Beduce 15 bu. 1 pk. 6 qt to pints. 

Ans. 988 pints. 
(7). Eeduce 40 gal. 3 qt. to gills. Ans. 1304 gills. 
(8). Eeduce 10 cong. 7 0. 12 f. | , 6 f. 3 to minims. 

Ans. 674280 minims. 
(9). Eeduce 48 lb. 10 oz. 15 pwt 20 gr. to grains. 

Ans. 
(10). Eeduce 24.10 1 , 6 3 , 23, 10 gr. to grains. Ans. 
(11). Eeduce 11 T. 78 lb. 10 dr. to drachms. Ans. 

(12). Eeduce 10 lb. Troy weight to grains. Ans. 

(13). Eeduce 57600 gr. to pounds and ounces avoirdu- 
pois. 

(Since there are 437i grains in an ounce avoir- 
dupois, then in 57600 grains there will be W:^>^ 
ounces avoirdupois ; but ^Wh* =^ 131||. Divid- 
ing again by 16, because 16 ounces in a pound, 

we have i« ^ii oz. = 8 lb. 3|f oz.) 

(14). Eeduce 35 lb. Troy to pounds and ounces avoir- 
dupois. Ans. 

(15). Eeduce 20 lbs. avoirdupois to pounds and ounces 
Troy weight. Ans. 

(16), Eeduce J lb. avoirdupois to ounces. • Ans. 

(IT). Eeduce | lb. Troy to ounces. Ans. 

(18). Eeduce ^ yd. to inches. Ans. 

(19). Eeduce .12 ton to pounds, Ans. 

(20). Eeduce .9 bushel to pints. Ans. 
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(21). Reduce 17J lbs. Troy to pennyweights. An^, 

(22). Reduce .125 pound Troy to ounces and penny- 
weights. Ans, 
(23). Reduce .125 lb. avoirdupois to ounces. Ans. 
(24). Reduce .175 ton to pounds. Ans. 
(25). Reduce 1 township to square inches. Ans, 

(26). Reduce 1 sq. mi. to acres, also to square rods. 

An9. 

(27). Reduce .01 section to square chains. Ans, 

(28). Reduce 1 circumference to seconds. Avs, 

(29). Reduce 5 yd. 2 ft. 10^ in. to the decimal of a rod. 

Ans. l.OSf rodsw 
(30). Rednce2885sq. ft.tothedecimalof anacre» Aiis. 
(31). Reduce 187 pints to gallons. Ans, 

(32). Reduce 2100 inches to yards. Ans, 

(33). In 1000 cu. ft. how many cords t Ans, 

(34). In 1457i ^w- ft. liow many cords ? Ans. 

(35). Reduce 5 lb. 10 oz. 10 pwt. to poimds and the 
decimal of a pound. Ans. 

(36). Reduce 39 rd. 5 yd* 1 ft. 6 in. to the fractional 
part of a mile, also to furlongs. Ans, 

(37). Reduce 1285 in. to the fractional part of a mile. 

Ans, 
(38). Reduce 20 kilometers to miles and feet. Ans, 
(39). Reduce 85.12 meters to feet and inches. Ans, 
(40). Reduce 40 hectares to acres. Ans. 

(41). Reduce 163.9 cu. centimeters to cu. inches. Ans. 
(42). Reduce 94.65 liters to gallons. Ans. 

(43). Reduce 1225 liters to dry quarts. Ans. 

(44). Reduce 45.36 kilogrammes to pounds avoirdu- 
pois. Ans. 
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(45). Seduce 52.86 liters to bushels. Ans. 

(46). Reduce 8000 kilogrammes to pounds Troy. Ans. 
(47). Reduce 1800 square meters to square rods. Aha. 
(48). Reduce 10 cd. 60 cu. ft. to steres. Ans. 

(49). Reduce 8 rd. 3 yd. 2 ft. to meters. Ans. 

(50). Reduce 10 gaL 3 qt. 1 pt to liters. Ans. 



CHAPTER IX. 

Addition of Compound Benomlnationi. 

The operation of adding numbers of compound de- 
nominations is essentially the same as in any other case, 
as will appear from a few examples. 

Let it be required to add 50 hhd. 32 gal. 3 qt. 1 pt., 
17 hhd. 27 gal. 1 qt., 22 hhd. 10 gal. 1 pt. 

Since only things of the same kind are counted to- 
gether, it becomes convenient to write the numbers 
expressing the same denomination in a vertical order, 
one under another, placing above each column the 
abbreviation of the denomination denoted by the num- 
bers expressed below ; thus : 



hhd. 


gal- 


qt. 


pt. 


50 


32 


3 


1 


17 


27 


1 





22 


10 





1 



90 7 1 

Adding first the numbere of the lowest denomination, 
which in this case is that of the pint, the sum is 2 pints. 

As this is just equal to 1 quart, with nothing over, 
we write a zero underneath the column, and reserve 1 
quart to be added with the numbers of quarts expressed 
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in the next column. The sum of the quarts is found 
to be 5, and reserving 1 gallon (that is, 4 quarts) there^ 
remains 1 quart, which is written underneatli. Then 
adding the 1 gallon with the others the sum of the gal- 
lons is found to be 70, and as 63 gallons make a 
hogshead, there remain 7 gallons after reserving 1 
hogshead to add with the others. Finally, having 
written the 7 gallons as a part of the result, the sum of 
hogsheads is found to be 90 ; and the entire sum is 
90 hhd. 7 gals. 1 qt. 

Again, let it be required to add 2 mi. 132 rd. 4 yd. 
2 ft., 3 mi. 240 rd. 3 yd. 1 ft., 4 mi. 302 rd. 1 yd. 1 ft. 
Writing as before the numbers of the same denomina- 
tion in a vertical order, we have 

mi. rd. yd. ft. 



2 


132 


4 


2 


3 


240 


3 


1 


4 


302 


1 


1 


11 


35 


34 


1 

1 6 in. 


mi. 


Id. 


yd. 


ft. in. 


11 . 


35 


3 


2 6 



In this case the foot is the denomination of smallest 
measure. 

Adding fii'St the feet, the sum is found to be 4 feet, 
or 1 yard and 1 foot, since 3 feet make a yard. Writ- 
ing down 1^ foot and counting 1 yard with the other 
yards, the sum is 9 yards, or 1 rod and 3^ yards, since 
5^ yards make 1 rod. 
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Writing down 3^ in the column of jaras, 1 rod is 
counted with the other rods, making the Bum 675 rods, 
or 2 miles 35 rods, since 320 rods make a mile. Writ- 
ing down 35 nnder the column of rods, the 2 miles are 
counted with the others, making the sum 11 miles. 
Finally the i yard (a part of 3^ yards which appeara 
in the result) may be expressed as 1 foot 6 inches, and 
1 foot counted with the other, making 2 feet, so that 
the entire sum may be written 11 mi. 35 rd. 8 yd. 2 ft. 
6 in. 

In any case of the addition of numbers of compound 
denominations, numbers of the same denomination are 
added together^ and when this sum is enough to form, 
one or more of the next higher denomination^ such 
number of the next denomination is reserved to be 
added with others of the same kind, and the balance 
written down. 

Beginning with numbers of the lowest deTurniinor 
tiony each kind is added in a similar way. 







EXERCISES. 








(1.) 






O.) 




T. 


U). 


0*. 


lb. 


OS. pwt. 


gt 


2 


723 


13 


6 


6 6 


16 


4 


842 


10 


1 


2 14 


7 


8 


1175 


11 


5 


9 


4 



Ans.lO 742 2 13 6 
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(3.) 








(4.) 








A. 


sq. rd. 


■q. yd. 


sq.ft. 




od. 


od.fk 


<m.tt. 




50 


50 


20 


6 




5 


5 


6 






10 


144 


16 


7 




8 


7 


6 






25 


87 


25 


4 




3 


6 


12 






39 


1 





8 




4 


2 


8 






125 


124 


H 





22 


5 


15 




or 






















A. 


■q. id. 


■q. yd. 


aq. ft 


sq. in 


B 










125 


124 


2 


4 


72 




<«.) 








wk. 


da. hr. 


m. 


cec. 














8 


5 17 


25 


13 




12" 


45' 


55" 






5 


4 10 


19 


39 




45 


30 


25 






1 


2 


45 


50 




28 


15 


40 






5 


6 21 


24 


28 




37 


25 


45 








(7,) 






(8.) 








on. yd. 


, on. ft. 


en. In. 




bo. 


I*. 


qt 


Pt 






10 


20 


844 




10 


1 


5 


1 






12 


12 


U9A 


. 


7 


3 


7 


1 






5 


25 


1264 




8 





6 









2 


18 


675 




. 6 


2 





1 








(».) 






<10.) 






Id. 


yd. 


ft. ia. 




mi. 


far. 


Id. 


yd. 


ft. 


in. 


4 


i 


1 10 




10 


6 


35 


3 





4 


10 


2 


2 8 




2 


3 


14 


4 


2 


8 


5 


5 


2 4 




3 


5 


28 


5 





9 



CHAPTER X. 
Snbtraction of Componnd Denominations* 

This will present little difficulty when the foregoing 
is iinderetood. A few examples will serve to illustrate. 

As in addition, it is found convenient to write num- 
bers of the same denomination in a vertical order, and 
as in other cases of subtraction, the subtrahend is writ- 
ten under the minuend. 

Let it be required to subtract 6 lb. 7 oz. 17 pw^t 
18 gr. from 18 lb. 2 oz. 14 pwt. 22 gr.. Writing these 
numbers in order we have 



lb. 


OIL 


pwt. 


gr- 


18 


2 


u 


22 


6 


7. 


17 


18 



11 6 17 4 

Beginning with the lowest denomination, grains, the 
difference is easily found to be 4 grains. In the case 
of the pennyweights 17 cannot be taken from 14 ; that 
is, nothing can be added to 17 to make the sum 14, but 
1 ounce may be taken from the number expressed in 
the next column, and reckoning it as 20 pwt., and, 
counting it with 14 pwt. first given, the sum is 34, 
from which 17 may be taken, leaving the difference 
17 pwt. 
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Then 1 ounce remains in the minuend, and 7 ounces 
in the subtrahend. In this case we take 1 pound, or 
12 ounces, from the 18 pounds, and add to 1 ounce, 
making 13 ounces, from which subtracting 7 ounces, 
the difference 6 ounces is found and written down. 
Finally, from the 17 pounds which i-emain in the minu- 
end, subtracting 6 pounds, the difference is 11 pounds, 
which is written down, and the work is complete. 

It is obvious that the principle of taking from a 
higher denomination is just the same as that already 
explained in the case of subtraction in Chap. V., Part I. 

In the example just considered the minuend may be 
written as below, where the operation would appear 
more simple and the result be the same : 



lb 


oz. 


pwt. 


gr- 


17 


13 


34 


22 


6 


7 


17 


18 



11 6 17 4 

But with a little practice the method, as first explained, 
becomes easy to apply, and there will be no need to 
write the minuend in the second form. 

From 10 mi. 2 fur. 15 rd. yd. 2 ft. 4 in. subtract 
2 mi. 7. fur. 39 rd. 6 yd. 2 ft. 10 in. 

Writing these numbei'S in order we have : 



or 



mL 


far. 


rd. 


yd. 


ft. 


in. 


10 


2 


15 





2 


4 


2 


7 


39 


5 


2 


10 


7 


2 


14 


5 


2 


6 


. 7 


2 


15 





1 





3 
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In this case it is found necessary to take 2 rods, or 
11 3'ard8, and then using 1 yard, or 3 feet, to count with 
the 2 feet, there remains 10 yards from which 5 yards 
may be subtracted, leaving the difiFerence 5 as written. 

It should be noticed that in the subtrahend there 
appears 5 yards 2 feet, which is more than 5^ yards, 
and hence more than 1 rod. 

This rod, counted with the 39 rods, makes 40 i-ods, 
or 1 furlong, and this again counted with 7 furlongs 
makes 8 furlongs, or 1 mile, and this with 2 miles 
makes 3 miles. So the subtrahend might be written 
3 mi. fur. rd. yd. i ft. 10 in., or instead of the 
last two numbers, 1 ft. 4 in., and the subtraction might 
then be performed as follows : 

mi. far. rd. yd. ft in. 

10 2 15 2 4 
8 14 

7 2 15 1 

In the case of finding the difference between two 
dates, there is in practice an error which is usually 
neglected, but which should not be misunderstood. 

Suppose it were required to find the interval between 
June 13, 1871, and August 4, 1872. The operation 
would usually be as follows : 

1872 8 4 

1871 6 13 

1 1 21 

and the result is 1 yr. 1 mo. 21 da. 

In this case 30 days are reckoned to each month, 
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while, in fact, there are 31 days in one of the months 
between June 13th and August 4th. 

In cases where greater accuracy is required, the num- 
ber of days of each month is counted. 

In all cased the opemtion of subtraction may be 
proved by adding subtrahend and difference together, 
and the sum should equal the minuend. 



EXERCISES IN SUBTRACTION. 







(1.) 








(a.) 




wk. 


da. 


h. 


min. 


sec. 


T. 


lb. 


oz: 


10 


3 


14 


23 


19 


10 


725 


7 


5 


4 


10 


33 


17 


4 


1245 


12 


4 


6 


3 


50 


2 


6 


1479 


H 



(8.) (4.) 

lb. oz. pwt. gr mi. fur. rd. yd. ft. in. 

24 666 800000 

10 888 35 15 326 



13 9 ir 22 4 2 24 IJ 6 
or 4 2 24 1 2 

(5). From 10 da. 10 nun. subtract 2 da. 2 h. 2 min. 
2 sec. Ans. 7 da. 22 h. 7 min. 58 sec. 

(6). From 60 gal. subtract 15 gal. 2 qt. 1 pt. 1 gi. 

Ans. 34 gal. 1 qt. pt. 3 gi. 

(7). Wliat is the difference between 8 cd. 2 cd. ft. 4 
cu. ft. and 3 cd. 5 cd. ft. 10 cu. ft. ? Atis, 
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(8). What is the difference between 10 mi. 10 rd. and 
2 mi. 2 fur. 2 rd. 2 yd. 2 ft. 2 in. i Arts. 

(9). From 18 sq. yd. 2 sq. ft. 10 sq. in. subtract 3 sq. yd. 
6 sq. ft. 100 sq. in. Ana. 

(10). From 10 mi. 100 rd. 4 yd. 2 ft. subtract 275 rd 
5 yd. 1 ft. 6 in. 

(11). From lOO'' 20^ 20'' take 10° 45' 45". Ans. 

(12). From 120° 55' 15" take 75° 34' 38" Am. 

In each of the foregoing examples the learner should 
prove the accuracy of the result by adding together sub- 
trahend and diffei'ence. 




CHAPTEE XL 
. MaUiplication of Compound ]>eiioiiiiiiatlons. 

In multiplying numbers of compound denominations^ 
the number of each denomination is multiplied sepa- 
rately, and the sum of the partial products constitutes 
the entire product, according to the general principle 
of multiplication. 

Let it be required to multiply 7 gal. 2 qt. 1 pt. by 5. 

Multiplicand and multiplier may be written in any 
convenient order — ^for instance, as follows : 



gaL 


qt. 


pt 


7 


2 


1 

5 



38 1 

Beginning with 1 pint the product is 5 pints, equal 
to 2 quarts 1 pint. Writing 1 underneath, the number 
of quarts, 2 is reserved to be added to the product of 
quarts. This product is 10 quarts, to which adding 2 
quarts the result is 12 quarts, or 3 gallons and nothing 
over. Writing underneath the number of gallons, 3 
is reserved to be counted with the product of gallons, 
which is 35. Adding 3 to this gives the result, 38 
gallons, which is written underneath, and the work is 
complete. 
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In any other case the process is equally simple, and 
we may say in general, to multiply nurabera of com- 
pound denominations, vhultiply each denomination 
aeparatdy^ beginning with the lowest^ and when any 
partial product is suffidentiy large to form one or 
more of the next higher denomination^ such numier 
of the 'next denoinination is reserved to be added into 
the product of the next denomination^ and the balance 
is written down. 

EXERCISES. 

(1). Multiply 5 gal. 3 qt. 1 pt by 8. Ans. 47 gal. 

(2). Multiply 5 cd. 7 cd. ft. 10 cu. ft. by 6. 

Ans. 35 cd. 5 cd. ft 12 cu. ft 

(3). Multiply 17 mi. 4 fur. 25 rd. 12 ft by 33. 

Ans. 580 mi. 1 fur. 9 rd. 

(4), Multiply 7 cu. yd. 18 cu. ft 144 cu. in. by 12. 

Ans. 92 cu. yd. 1 cu. ft. 

(5). Multiply 8 oz. 5 pwt. 10 gr. by 18. Ans. 

(6.) Multiply 5 h. 15 min. 15 sec. by 30. Ans. 

(7). Multiply 2 sq. m. 21 A. 10 sq. rd. 50 sq. ft by 8. 

Ans. 

(8). Multiply 6 T. 127 lb. 8 oz. by 16. Ans. 

(9). Multiply 1 cong. 5 O. 6 f § . 6 f 3 . 25 m. by 7. 

Ans, 

(10). Multiply 24 bu. 3 pk. 7 qt 1 pt by 64. 

Ans. 1594 bn. 



k. 



CHAPTER XIL 
IHvislon of Compound ]>enoinlnatlons. 

It will be easy ro divide the numbers of compound 
denominations if we remember tliat division is the re- 
verse of multiplication. 

Let it be required to divide 38 gal. qt. 1 pt by 6. 

The figures of dividend and divisor may be arranged 
as follows, and the quotient written below : 

gal. qt. pt. 

5)38 1 



Beginning with the highest denomination, gallons, 
the quotient of 7 divided into 38 gallons is 7 gallons, 
with a remainder 3 gallons. This remainder 3 gallons 
is equal to 12 quarts, and 5 divided into 12 quarts 
gives the quotient 2 quarts, with a remainder 2 quarts. 
This remainder 2 quarts is equal to 4 pints, whicli 
added to the 1 pint given in the dividend, make 5 pints. 
This divided by 5 gives the quotient 1 pint. 

If the foregoing be compared with the process in the 
first example given as an illustration in Multiplication 
of numbers of compound denominations (page 53), it 
will be seen that one is the reverse of the other. 

In any case, when the divisor is a single whole num- 
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ber, to divide numbers of compound denominations^ 
divide the number of each denomination separately, 
beginning with the highest If there be a remainder 
after the division of any denomination, reduce that re- 
mainder to the next lower denomination, and add it 
to the number of this lower denomination given in the 
dividend, using this sum as the dividend of that denom- 
ination. . So continue till the lowest denomination is 
divided. Of course, if there be a remainder after the 
division of the lowest denomination, the quotient will 
be expressed fractionally. 

If, in the last example, 38 gal. 1 pt. be expressed in 
pints, the result is 305 pints. . This divided by 5 gives 
the quotient 61 pints, and this reduced to higher 
denominations gives 7 gal. 2 qt. 1 pt, the same as 
before. 

This process may be used in all cases where the divi- 
sor is a single number. 

It may happen that the divisor consists of numbers 
of compound denominations. In this case it will be 
necessary to reduce the divisor and the dividend to a 
single denomination of the same kind. 

For example, to divide 10 mi. 50 rd. by 3 ft. 5 in. 
The divisor expressed in inches becomes 125 inches. 
The dividend expressed in inches becomes 634425 
inches, and the quotient is easily found to be 5075.4 
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JSXEBCI8ES. 

(1). Divide 15 A. 3 R 20 sq. rd. by 10. 

Ans. 1 A. 2 R 14 sq. rd. 
(2). Divide 8 A. 60 sq. rd. by 15. 

Ans. 2 R 9^ sq. rd. 
(3). Divide 8 hhd. 42 gal. 2 qt by 7. - Ans. 

(4). Divide 25 T. 1200 lb. by 8. Ans. 

(5). Divide 184 lb. 6 oz. 12 pwt 21 gr. by 24. Ans. 
(6). Divide 15 A. 3 R 20 sq. rd. by 1 A. 2 R 
14 sq. rd. Ans. 

(7). Divide 8 hbd. 42 gal. 12 qt by 1 hhd. 15 gaL Ans. 

(8). Divide 25 T. 1200 lb. by 5 T. 200 lb. Ans. 

(9). Divide 224 lb. 8 oz. 8 pwt. 20 gr. by 28 lb. Ans. 

(10). Divide 1900 lb. 10 oz. 16 pwt by 10 lb. 10 oz. 
10 pwt Ans. 

8* 
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PART III. 



PRACTICAL APPLICATIONS. 



CHAPTER L 



Introdnetorjr. Nature off Problemi. 

The applications of the foregoing principles appear 
in the consideration of problems. A problem is a 
question, the answer to which becomes apparent 
through a coarse of reasoning called a solution. 

Problems are met with in all departments of knowl- 
edge, but arithmetical problems require numerical pro- 
cesses in their solutions. 

In some cases these solutions are quite simple, while 
again others require careful study. Sometimes a large 
class of problems may be solved by the same rule or 
method, but in many instances the student will need to 
use ingenuity, and rely upon sound judgment in seek- 
ing the best solution of problems. 

A consideration of the several conditions upon which 
the solution of a problem depends, and of the processes 
of reasoning, is called an analysis ofajproblem. XJsu- 
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ally a person makes an analysis in whole or in part as 
a preliminary to a solution^ though when the solution 
is easy, one may scarcely be conscious of it. 

In practice it is found that a formal statement of the 
analysis of a problem often serves to make the solution 
seem quite simple. 

Problem. — ^If ^ of an acre of land are worth $25, 
what are 3^ acres worth } 

Analysis. — The value of a number of things may be 
found by multiplying the value of one thing by the 
number. Or the value of one thing may be found by 
dividing the value of a number by die number of 
things. 

Hence, in the problem before us, we divide $25 by 
4 to find the value of 1 acre, then multiply by 3^ to 
find the value of 3^ acres. 

Solution, — $25 -i- ^ = 25 x J = value of 1 acre. 
$25 X Jx8i = $25 X JxJ = $JLiyLi = $153i = value 
of Si acres* 

Prohlem^^li f of a barrel of flour cost $8, what 
will Si bairels cost } 

The analysis is nearly the same as in the preceding 
problem, and need not be repeatefl. 

Solution.— $8 -7- 1 = $3 x f = cost of 1 barrel. $8 x 
I X Y- = $60 = cost of 3i, or ^ barrel. 

Problem. — How many bushels of com, wortli -j^ of a 
dollar a bushel, will pay for f of a barrel of flour, at 
$8i a barrel ? 

Analysis. — ^The whole value of the flour, divided by 
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the value of 1 bnshel of oats, would express the num- 
ber of bushels required. 

Solution.— %Si X f = value of flour. $8^ X f -J- $| 
= ^'^xfx| = 10 Ans. 

Problem. — If f of a bushel of oats are worth f of a 
bushel of corn, and com be worth f of a dollar a bushel, 
how many bushels of oats can be bought for $12 i 

Solution. — $fxf = value of f bushel of com = 
value of f bushel of oats. 

Hence |xf-7-| = |x|xf = i = value of 1 bushel 
of oats. 

$12 -^ $J = 48 = number of bushels sought 

(1). A farmer wishes to buy an equal number of cows, 
sheep, and pigs, paying $22.25 for each cow, $3.50 for 
each sheep, and $1.75 for each pig. Having $110 to 
expend, what is the total number of animals he can 
purchase? Ans. 12. 

(2). A dealer in lumber bought 12500 feet of lumber 
at $12,375 per M. and sold it at $1,625 per C. How 
much did he gain ? Ans. $48.4375. 

(NoTB. — Lnmber inercbants use M. and C, aooording to the 
Boman notation, in reckoning lumber.) 

(3), At $37.50 per acre, how many acres of land may 
be bought for $4,706.25 ? Ans. 125^. 

(4). If I yard of cloth cost $4.20, what will 5 yards 
cost ? . Ans. $24.00. 

(5). A man bought a stack of hay at the rate of 
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$15.50 per ton, and it was found there were 4575 
pounds of hay. What was the whole cost ? 

Ans, $35.45625. 

(Note. — This wonld nsaally be reckoned as $35.46, since that 
expresses the value, to the nearest cent, the smaUest denomination 
of money in nse in this conntry. In what f oUows the answer wiU 
usuaUy be given only to the nearest cent.) 

(6). A lady bought f yard velvet for $4.50. Another 
lady wished to buy J yard at the same rate. What 
would it cost ? Ana. $5.25. 

(7). A merchant bought 12 pieces of muslin, each 
piece containing 48 yards, at $0.1 2i per yard. What 
was the cost of the whole ? Ans. $72. 

(8). A farmer took 4 loads of hay to market. The 
loads (each with the wagon) weighed respectively 
3,284 lb., 3,516 lb., 3,214 lb., and 2,812 lb., the 
wagon alone weighing 1,080 lb. At $14.75 per ton 
what did he receive for the hay ? Ans. $62.81. 

(9). John Brown received the following bill from his 

grocer : . 

Lawrence, Kansas, July 4, 1876. 
John Brown, 

Bought o/* George Ford. 



1876. 




Feb. 


29 


<( 


«( 


u 


(( 


MutTftTi 


13 


«( 


(I 


May 


81 



601b. Soap @ 5i^ 

SOfl). Starch @ 6i^ 

15 1b. Sngar @ 12i^ 

181b. Coffee ; @ 23 ^ 

121b. Cheese. @ 141^ 

25 lb. Butter. @ 31 

Beeeived Payment, 



$3.30 
1.95 
1.87^ 
4.14 
1.77 
7.25 

$20.28-5 
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Upon examination an error was found. It is re- 
quired to correct the error. 

(10). It is required to verify the following bill : 

St. Louis, Mo., March 15, 1877. 
MooBB & Bennbt, 

To J. ScoMP & Co. Dr. 



To 35 bbl. Flour. . . , @ $4,75 

" 23 bbl. Flour @ 5.25 

** 150 lb. Dried Apples @ 12i^ 

*' 15bz8. Lemons @ $8.25 

" 7bxs.Baisins @ 4.85 



$166.25 
120.75 

18.75 
123.75 

33.95 

$463.45 
Beeeked Payment^ 

J. SoOMP & Co. 

(11). It is required to make a bill of the following 
named items : 

A. F. Bates & Co. bought of Broker, Steele & Co., 
Kansas City, August 20, 1877, 4: doz. inkstands, at 
$1.87i ; 12 boxes steel pens, at $1.12^ ; 10 reams note- 
paper, at $3.25 ; 6 reams legal cap, at $$.50 ; 5 doz* 
blank-books, at $1.45. 

(12). It is required to make a bill of the following 
named items : 

John Smith bought of Ridenour & Baker 6 lb. choc- 
olate, at 17 cts. ; 25 ]b. flonr. at 6 cts. ; 3 pairs boots, 
at $4.50 ; 5 lb. tea at S5 cts., 3 boxes raisins at $3.25. 



CHAPTEE 11. 
Problemi of Ratio and Proportion* 

SECTION I. 
Matio* 

In comparing one number with another, or in com- 
paring one quantity with another, we may state the 
difference between the two, or we may state how many 
times one is greater than another. Thus we may say 
12 is 4 more than 8, or we may say 12 is IJ times 8. 

In this chapter we shall consider the relation ex- 
pressed by the quotient of one number divided by 
another, or of one quantity divided by another. The 
quotient expTressing the relation of one number or one 
quantity to another number or quantity, is called ratio. 

The ratio fnay be indicated by the fractional sign of 
division, or by a colon placed between the figures of 
the numbers. Thus the ratio of 2 to 3 may be indi- 
cated by f , or 2 : 3. Some writers place the terms in 
an inverse order ; that is, would write 3 : 2 to express 
f , but usage seems to favor the order first stated. 

It is probable that the symbol of the colon is derived 
from the ordinary sign of division by omitting the line 
from between the dots. 

The fii*8t term of an indicated ratio is called the ante- 
cedent^ the second term is called the consequent. 
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Thus in the ratio f , or 2 : 3, 2 is the antecedeut and 
3 the consequent ; and again, in the case of f , or 8 : 6, 
8 is the -antecedent and 6 is the consequent. 

The two numbers together are often cflklied s^couj^t 

As in division so in an indicated ratio, the two num« 
bers must express things of the same kind, or else, in 
forming a ratio, they must be regarded merely as num« 
bers of things. Illustrations of this pi'ecept will occur 
as we proceed. 

From the foregoing it seems that the antecedent, the 
consequent, and the ratio are in effect in the relation to 
each other of dividend, divisor, and quotient. 



SECTION II. 
JProportian. 

An expression of two equal ratios is called a propor* 
tion. It is indicated by placing a double colon, or a 
sign of equality, between the symbols of the ratios. 
Thus 2 : 3 : : 4 : 6, or f = f^, expresses a proportion, and 
the numbers themselves are said to be in proportion^ 
or they form a proportion. 

The above expressions are read, ^' 2 is to 3 as 4 is to 6," 
or "the ratio of 2 to 3 equals the ratio of 4 to 6," or 
"2 divided by. 3 equals 4 divided by 6." 

The four numbers which form a proportion are called 
the terms of the proportion. The firat and last are 
called the extremes^ the second and third are called tlie 
means^ and it is easily shown that the product of tlie 
extremes is equal to the product of the means. 
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Thus, in the proportion f = |^, if the ratio expressed 
by each couplet be multiplied by the product of the 
consequents (or divisors), that is, by 3 x 6, the result 
would be |x3x6 = f x3x6,or 2x6 = 4x3. And 
in any other case, multiplying each of the indicated 
ratios of a proportion by the product of the consequents, 
would cancel the consequents and leave the product of 
the means equal to the product of the extremes. 

(But these products must be understood as of ntim- 
hers of things.) 

This principle is conveniently applied in the solution 
of many problems in which the number sought forms 
the fourth terra of a proportion, of which three are 
known. If we have three terms given — for example, 

2 : 3 : : 4 : , the last not known-^this can be found, 

for the product of the means, 3x4 = 12, equals the 
product of the extremes, of which one is known to be 
2, and the other must be such that, multiplied by 2, 
will produce 12 ; that is, it must be -^ = 6. In any 
case when the fourth term of a proportion is unknown 
but required, the pi'oduct of the second ahd thii-d may 
be divided by the first Or if the third term is want- 
ing, as 2 : 3 : : — : 6, it may be found by multiplying 
together the firat and fourth and dividing by the second. 

The method of solving problems by means of finding 
the fourth term of a proportion of which three are 
given, is called the Bule of Three. 

Problem. — If a pole 5 feet in height has a shadow 
7i feet long, how high is a pole, the shadow of which, 
at the same time, is 20 feet long } 
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Here are given the height of one pole and the length 
of two shadows, and it is evident that the ratio of tlie 
lengths of the shadows must equal the ratio of the 
heights of the poles, considered in the same orden 

The required pole is longer than the given pole, since 
its shadow is longer, so we say, " As the length of the 
shadow of the given pole is to the length of shadow 
of the required pole, so is length of given pole to length 
of reqiiired pole." That is, 7i : 20 : : 5 : — , or ^f^ = 
13^. Ans. 

In the case of any problem which is to be solved by 
the rule of three, determine by inspection which of the 
given numbers is compared directly with the number 
sought, and use that for the third term. Of the two 
remaining numbers use the smaller for the first or 
second term, according as the number sought is to be 
greater or less than the third. 

By practice the application of this rule becomes easy 
in the case of any problem solvable by this method. 

The problem which follows will serve for further 
illustration. 

Problem, — ^A fanner meeting another says : "I have 
sold 25 pigs and 40 sheep." The' other replies: "I 
have sold 24 horses, and a number of cows which forms 
the same ratio with the number of horses, as the ratio 
of the number of pigs to the number of sheep which 
you have sold." Required the number of cows. 

As the number of horses is compared with the num- 
ber (of cows), sought, it is therefore selected for the 
tliird term. 
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* An inspection of the statement shows the number of 
cows is less than the number of horses as the number 
'of pigs is less than the number of sheep. Hence the 
larger of the two remaining numbers is selected for 
the first, and we have three terms of the proportion. 

40 : 25 : : 24 : — , or ^*f «- = 15. Ans. 

It should be remarked that the ratios here are not 
between pigs and sheep, cows and horses, but between 

numbers of things. Thus it is not ^^^, but 35^^* 

40 Aiiiixi&ls 

or 25^5^5^" -^"d ^^ general, in comparing numbere 
of different kinds of things, the ratio will be understood 
merely as between individual things. 



mOBLEMS. 

(1). If 3 men can do a piece of work in 10 days, how 
long will it require 6 men to do the same ? 

Ane. 6 days. 

(2). If 24 men can do a piece of work in 10 days, 
how long will it take 5 men to do the same 2 

Ans. 48 days. 

(3). If 2 bushels of com are worth 3 bushels of oats, 
how many bushels of com are worth 28 bushels of 
oats 1 Ans, 18f bushels. 

(4). A man makes a profit of $1500 in 4 months. 
At the same rate what profit will he make in 10 
months? Ans. $3760. 

(5). A man gains $193 on goods that cost $650. At 



k 
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the same rate what value of goods must he bny in order 
to make a profit of $1000 ? Am. $3367.87. 

(6). If f bushel of peaches cost $0.37i, what pai*t of 
a bushel can be bought for $0.80 ? A718, 

(7). If $800 be the annual profit of a farm worth 
$3500, what, at the same rate, should be the annual 
profit of a farm worth $6500 ? Ans, 

(8). If 15 head of cattle require 18 A. 3 R. of pas- 
ture, it is required to find how much pasture will be 
needed for 50 head of cattle. Ans. 

8ECTIOK III. 
Compound Proportion* 

The expression of tlie product of two or more ratios 
equal to a single ratio, is called a corripound jfroportioii. 

2*3) 
Thus f X I = 11, or g ; g > : : 25 : 45, is a compound 

proportion. There are many problems whose solutions 
may be obtained by finding the last term of a compoimd 
proportion of which the other terms are given. 

Problem. — If 10 men, working 12 hours a day, per- 
foi*m a task in 24 days, in how many days can 18 men 
perform an equal task, working 8 hours a day? 

It is evident from the statement that the number of 
days sought is to be compared with the 24 days named, 
and hence 24 will be selected for the third term. 
Again, in the task done, 10 men were employed, while 
in the task to be done 18 men are to be employed. 
Hence the time sought will be less on this account, and 
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the greater number 18 is made the first term of the 
ratio 18 : 10. 

Further, working only 8 hours a day more days will 
*be required, and hence, in the ratio of hours, the smaller 
number is used for the first, that is, 8 : 12. 

Arranging the terms in order, we have 

^glJa}--^*:— or«AJiMll=20days. An8. 

In general, in the solution of any problem to which 
the method of compound proportion is applicable, 
select that number for the third term which is to be 
directly compai*ed with the number sought. Of the 
remaining numbers form couplets of those which are 
to be compared together, as in the method of simple 
proportion. Then multiply the product of the conse- 
quents by the number selected for the third term, and 
divide this result by the product of the remaining ante- 
cedents. 

rBOBLEMS. 

(1). If it requires 10 horses to plough 8 hectares in 
4 days, how many horses will be required to plough 20 
hectares in 10 days i Ana. 

(2). If a cistern 4 meters long, 2^ meters wide, and 
8 meters deep holds 410 barrels, what will be the capa- 
city of a cistern which is 5 meters long, 2 meters wide, 
and 6 meters deep? Ans. 

(3). If there are 86 steres of wood in a pile 15 meters 
long, 1 meter wide, and 2.4 metera high, how many 
steres of wood will there be in a pile 20 metera long, 
4 meters wide, and 3.6 meters high t Ana. 2884 
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CHAPTER m. 



Inirolation. 



The process of finding any power of a number is 
called involution. 

As already explained, the second, third, fourth, or 
any higher power of a number, may always be obtained 
by sunple multiplication. Thus the third power of 4 
is 4 X 4 X 4 = 64, the fourth power of f is t x f x f x f 
= ^, and the fifth power of .02 is .02 x .02 x .02 x .02 
X .02 = .0000000032. • 

In the remaining part of this chapter we shall con- 
sider only the second and third powers of numbers. 

It is worth noticing that the square of any whole 
number expressed in the Arabic notation requires twice 
as many figures, or one less than twice as many, as the 
figures of the given number. 

This is easily seen by inspecting the list that follows : 



I 



i» =1. 

9" = 81, 



j 10» = 100. 
I 99» = 9,801. 

jlOO» =10,000. 
I 999* =998,001. 

( 1000* = 1,000,000, 
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The squares of the greatest and least numbers ex- 
pressed by first oue figure, then by two figures, then by 
three figures, and so on, are seen to conform to the 
principle above stated. 

In a similar way the figures of the cube of any whole 
number are thi'ee times as many as those of the given 
number, or lack not more than two of that number. 

Thus 

103 _ 1000. 

100* =1,000,000. 

1000» = 1,000,000,000. 

It is evident that the cube of 99 will be less than tlie 
cube of 100, and will, therefore, require 6 figures ; and 
in a similar way the cube of 999 will require 9 figures, 
and so on, according to the principle stated. 

It will also be useful to trace the effect of each of 
two parts of a number in forming the square of that 
number. 

For example, in squaring 54. Multiplying and re- 
taining each partial product distinctly, we have 

54 50+4 

or 

64 50+4 



16 


200+16 


200 


2500+200 


200 
2600 


. 2500+2x200+16 


2916 




and this result may again be written 




60»+2x4x50+4:». 
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That is, we have in the square of this number, com- 
posed of tens and units, the square of the tens, + twice 
the product of the tens x units + the square of the 
units. An inspection of the operation indicated above 
will make it evident that a similar result would take 
place in squaring any other number composed of tens 
and units. Indeed a similar result would take place 
if a number were separated into any other two parts. 
Suppose 7 be taken as the sum of 4+3, and find the 
square by multiplying the parts separately. 

4 + 3 

• 4 + 3 



12 + 9 
16 + 12 

16+2xl2 + 9 = 4' + 2x3x4+3» = 49=7«. 



And here again we find the 

(Ist part)* + 2 X 1st part x 2d part + (2d part)*. 

Suppose we find the cube of 54 by multiplying tJie 
separate parts of the square. First we may write 

(54)* = 50* + 2x4x50 + ^ 
and indicating the multiplication of the part8> 
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60» + 2x4x50 + 4» 

50 + 4 

4x50» + 2x4»x50+4» 
60* + 2x4x50* + 4»+50 

have 60» + 3x4x50* + 3x4» + 60+4« 

125000 

. 80000 

2400 

64 



157464 



the Bame as obtained by the nenal method of direct 
multiplication. 

ThoB the cabe of any number composed of tens and 
units contains (tens)* + 3 (tens)* x units + 3 tens x 
(units)* + (units)*, since the cube of any number may 
be found in a similar way by multiplying tlie parts 
separately. And it is also clear that were a number 
separated into any two parts a similar statement would 
be true. 

For illustration, 7* = 7x7x7 = 343. 

But 7 = 3 + 4, and 7* = 3* + 2x3x4 +4* 

3-f 4 

3*x4 + 2x3x4* + 4» 

multiplying again by 3* + 2x8'x4+3x4* 

3+4 we have, 3*+3x3*x4+3x3x4*+4». 

In adding the partial products above indicated it is 
evident that 2x3x4*, added to 3x4*, gives 3xdx^, 
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since 2 times and (1 time) once make 3 times, and simi- 
larly in adding 3* x 4, and 2 x S' x 4, the sum is 3 x 3' x 4. 

But 3»= 27 

3x3»x4 = 108 

3.x8 x4' = 144 

3»= 27 

entire sum = 343 

' Note. — ^tt is aoaiedy neoeaaaiy to lemadc, that tiie Minaie of a 
fntctioual number is obtained by aqnaring both nnmeiatoc and 
denominator. 

JBXEBCI8E8. 

(1). Find the square of 36 first by direct multiplica- 
tion, then as the snm of 3 tens and 6 units. 

(2). Find the value of (83)» and (80+3)». 

(3). Find(16)»and(7+9)». 

(4). Find value of (100-f-4)». 

(5). Find value of (25+3y. 

(6). Find value of (90-hl)«. 

(7). Find value of (60+3)*. 

(8). Find value of (9+ 7)». 

(9). Find value of (100+1)». 
(10). Find value of (1000 + 1)». 
(11). Find value of (20+ 40y. 
(12). Find value of (8+6)«. 



CHAPTEE IV. 
ETOlntlon of Rooti. 

The nninber used as a factor to produce a given 
power is called the root of that power, and the i^oot is 
named the 2d, or 3d, and so on, according to the degree 
of the power. Thus if any number is the 3d power of 
a root, the root is called the 3d or cube root of that 
power, and in a similar way the 4th root, and so on. 

The process of finding the root of a given power is 
called evolution^ but in this treatise we shall only con- 
sider the evolution of the 2d and 3d roots, called re- 
spectively the square root and the cvbe root. 

8ECTLON I. 
The Square Moot. 

In finding the square root of any number it is only 
necessary to retrace the method used to find the square 
of the sum of two numbers. Some larger portion of 
the root is first estimated by inspection and the balance 
found by trial. 

Suppose it were required to find the square root of 
4096. The figures of the square root will not exceed 
two ; that is, the root will be less than 100. It is easy 
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to fiod that the reqnired root is more than 60 and less 
than 70, because 60^ = 3600 is less, and 70» = 4900 is 
more than the given number. Then we may consider 
60, or 6 tens, as the tens part of the root. But in the 
last chapter it was found that the square of a number 
of tens and units consists of three parts : I'', the square 
of the tens ; 2°, 2 x tens x units ; 3°, square of units. 
If the first part be taken away the other two will re- 
main, and it is obvious that the second part, that is, 
2 X tens x units, is much the larger of the two portions. 
Then from 4096 subtract 60* = 3600 and there re- 
mains 496. 

Thus 4096 

3600 



remainder = 496 

Since this remainder is chiefly composed of 2 x 60 x 
units = 120 X units, we shall find the number of units 
very nearly by dividing by 120 ; that is, by 2 x tens. 

Dividing 496 by 120, the integral part of the quo- 
tient is 4. Consider 4 as the number of units in the 
required root, and find by trial whether it be the exact 
part required. 

We have 2 x tens x units = 2 x 60 x 4 = 480, and 
Square of units = 4x4= 16, and 

496 
thus find that 4 fulfiUs the condition. 

The different parts of the operation may then be in- 
dicated more briefly as follows : 
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• 


4096 ( 


60 


= Ist part of root 


Subtract 60» = 


3600 


4 


= 2d part of root. 


n8or=2 X 60 = 


120)496 




= 1st remainder. 


2 x60x4 = 


480 




• 


4x4 = 


16 
496 







= 2d remainder. 

Again, to find the square root of 1444. Proceeding 

as before, we have 

1444 1 30 = Ist part 

900 9 = 2d part 
2x30 = 60)544 



« ^* ^»^« 



2x30x9= 540 
9»= 81 

621 

In this case, using 2 x 30, or 60, as the trial divisor, 
we obtain 9 as the second part of the root Bat on 
completing the square, find that this is too large a num- 
ber. Therefore trying the next smaller number, 8, the 

result is as follows : 

1444 1 30 + 8 = 38 

900 

2 X 30 = 60 ) 544 = 1st remaindSr. 

2x8x30= 480 
8«= 64 

544 
= 2d remainder. 
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It may happen that the given number has no exact 
square root 

Let it be required to find the square root of 500. 

500 I 20 + 2 
400 

2x20 = 40)100 

2x2x20= "so 
2«= 4 

84 

The second part of the root is evidently more' than 
2 and less than 3, and we may find the number of deci- 
mal tenths in the root by regarding 2 as a part of the 
root, aud proceeding as in the first instance. 

500 I 20 + 2 + .3 i- .06 = 22.36. 
400 

2 X 20 = 40 ( 100 = 1st remainder. 

2x2x20= "so 
2«= 4 

84 





2x22 = 


44 ) 16 = 2d remainder. 




2x.3x22 = 
.3» = 


13.2 
.09 




" 


13.29 




2 X 22.3 = 


44.6) 2.71 = 3d remainder 


2 


X 22.3 X .06 — 
.06* = 


2.676 
.0036 




2.6796 



.0304 = 4th remainder. 
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Adding together the partial roots found so far, we 
have 22.36, with a remainder, and the procesB could be 
carried on indefinitely without ever reaching the exact 
root, for the square of the lowest decimal would not be 
zei-o, while all the decimal ordera of 'the given number 
are zero, and hence there must always be a remainder. 

Let it be required to find the square root of 64756. 
We first find by trial the highest number of hundreds 
whose square is less than the given number. This is 
at once found to be 200, and we then proceed as fol- 
lows: 

54756 1200+30+4 





40000 


1st remainder. 


2x200 = 


400)14756 = 


2x200x30 = 


12000 


■ 


30* = 


900 






12900 


2x230 = 


460 ) 1856 = 


: 2d remainder. 


2x230x4 = 


1840 


" 


4» = 


16 
1856 


1 
1 

1 



= 3d remainder. 



It should be observed in this case that in the first 
subtraction we subtract the square of 200, in the fii-st 
two subtractions together we subtract the square of 
230, and in the three subtractions the square of 234 is 
subtracted, and nothing remains. 
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From the. Beveral preceding illustrations it will be 
easy to deduce the following 

• » 

Mule far Extracting the Square Moot. 

Find hy trial the highest number of the highest order 
the square of which is less than the given number^ and 
regarding this as apart of the root^ subtract its square 
from, the given number, ■, 

Use twice the first part of the root as a trial divisor^ 
andfind^ as a second part of the root^ the highest num- 
her of the next lower order y suck that the sum of its 
square^ and twice the product of the two parts^ shall 
not exceed the first remainder. 

If there be a second remainder in subtracting this 
sum from the first remainde}*, use the sum of the two 
parts of the root found as one part^ and proceed as 
before to find the highest number of the next lower 
order in the root^ and so continue until there is no re- 
unaiivder^ or untU tlie root is extended to as low an 
order of decimals as m^ay be desired. 

The symbol used to indicate that the square root is 
required is formed as follows, 4/ , and is placed above 
the figures of the number whose square root is re- 
quired, and is called the " radical sign." 

The form of this sign was derived from the use of 
the initial letter of the word root^ r , followed by a 
straight line. 

The indicated root of a number whicli cannot be ex- 
actly expressed is often called a " surd." 

The roots of a higher order are indicated by using 

the same symbol, with the addition of a Hgure called 

3- 



26 EVOLUTION OF £OOT& 

an index, to show the order of the root. Thus v' 8 
means the cube root of 8. 

The square root is always understood when no index 
is written. 

EXERCISES. 

(1). Show 4/12321 = 111- 
(2). V16499844 = 4062. 
(3).\/4=|. 

(5)- VlOOO = 31.4 + 

(6).. \/6205081 = 2491. 

(7). V.008i = .09. 

(8). ^.451584 = .672. 

(9). i/f= V}| = ^ 4/42; = .92682+ 

(10). Find the value of \/f 

(11). V:049, V.I45 ^2:891 

SECTION II. 
Cube Bod. 

Remembering that the cube of any number which is 
composed of tens and units consists of the sum of 
(tens)'* -1-3 X (ten^)^ x (units)+3 x tens x (units)* 4-(units)^, 
it will be easy to find the cube root of any given num- 
ber by retracing the steps thus indicated in forming 
the cube. 
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For illustration, let it be required to extract the cube 
root of 373248. 

The required root is more than 10 and less than 100, 
and by successive trial it is found to be more than 70 
and less than 80. 

Consider 70 as one part of the root, subtract its cube, 
and proceed as follows : 

373248 1 70+2 
343000 

3 X 70» = 14700 ) 30248 = 1st remainder. 

3x70»x2= 29400 

3x70x2«= 840 

2»= 8 



30248 



Here we use 3 times the square of the first part of 
the root as a trial divisor to find the second part, be- 
cause it is evidently the lai^gest factor in the remainder. 

Having obtained 2 as the second part of the root, we 
proceed to ascertain, by completing the cube, whether 
it is the exact root sought. By this means it is found 
to fulfil the exact conditions, and hence 72 is the com- 
plete root sought. 

Again, to find the cube root of 160,103,007. Nine 
figures of the given number show that the cnbe iXK»t 
will be expressed by three figures and that the highest 
order will be hundreds. A little further examination 
shows the root sought is more than 500 and less than 
600. Using 500 as one part of the root, the work that 
follows will be easily underatood. 



23 SyOLUTlON OF BOOTS, 

1601030Q7I 500+4r0f3 
500* = 125000000 



3 X 500» = 750000 ) 35103007 = Ist remainder, 

3 X 500« X 40 = 30000000 

3 X 500 X 40^ = 2400000 

40»= 64000 



32464000 



3 X 540» = 874800 ) 2639007 = 2d remainder. 
3 X 540* X 3 = 2624400 
3x640x3*= 14580 
3»= 27 

2639007 



= 3d remainder. 

A caref al examination will show that this is merely 
a retracing of tlie method of forming the cube of the 
snm of two numbers. 

Fi*om the foregoing it will be easy to deduce the 
following 

Buie far Finding the Cube Root of any Number. 

Find by trial the highest number of the highest order^ 
the cvhe of which is contained in the given number^ 
and regarding it as a first part of the root sov^ht, sub- 
tract its cvhe from the given number. 

Dhride the ranainder by 3 times the square of the 
first part founds as a trial divisor^ and by this means 
find the highest number of the next lower order ^ such 
that its cubej added to 3 tim^es its square multiplied 
into the first part of the rooty plus 3 tiines the product 
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of this number multiplied into the square of the first 
part^ shall not exceed the first remainder. 

Stibtract this sum from the first remainder^ and if 
there he a second rernaiiider^ use the sum of the two 
parts of the root found as one party and proceed as 
hefore to find the highest number of the next lower 
order that may be contained in. the rooty and so con- 
ti7iue until there is no remai?idery or.untU the root, is 
ascertained to a sujfiGiently low order of decimals* 

To illustrate the case of a decimal root wliich can 

never be exactly found, let it be required to find the 

cube root of 10000. 

100001 204-l-h.54-.04 
8000 



3 X 20^ = 1200 ) 2000 = Ist remainder. 

3x202x1= 1200 

3x20x1^= 60 

1« = 1 



1261 



3 x 21» = 1323 ) 739 = 2d remainder. 

3x21«x.5= mJ 

3 X 21 X .52 = 15.75 

.5«= .125 



677.375 



3x21.5^ = 1386.75)61.625 = 3d remainder. 

3 X 21.52 X .04 = 55.4700 

3 X 21.5 X .042 = .10320 

.04* = .000064 



55.573264 



6.051736 = 4th rem. 



1 
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So far, then, the root is fonnd to be 21.54 +, with a 
remainder from which lower orders of decimals could 
be found without end, and the exact root never be 
obtained. 

The symbol of the cube root has been previously ex- 
plained, and is formed by placing the index 3 at the left 
and above the radical sign under which the figures of 
the immber are written. 

Ill finding the cube root of a fractional number we 
take the cube root of the numerator and the cube root of 
the denominator, because each is cubed in cubing a 

fractional number. Thus V^ = f , because (f )' = -^j 

and similarly V^ ^^ = ^. 

If it happen that the denominator is an exact cube, 
or has an exact cube root, while the numerator has not, 
the cube root of tlie numerator can be found approxi- 
mately in decimals, and this result divided by the cube 
root of the denominator. Thus the cube foot of ^ is 

<^\^ = J VlO = i-ifi^ = .718 +. 

If it happen that the denominator is not an exact 
cube, then both terms of the fractional number may 
be multiplied by some number which will change the 
denominator to a perfect cube, and then proceed as in 
the last case. For example, to find the cube ix)ot of \ 

we have V^|^= ^^^ = J V^ 12, and the operation may 

be completed as in the preceding exaniple. 

Of conree the cube root of numerator and of denom- 
inator in the given form could be obtained approxi- 
mately in decimals, but it would require much more 
labor than the method just explained. 
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EXERCISES. 



(1). 1^13824 = 24. 

(2). i^ImF. 
(3). <^2um. 

(4). V3Q48626. 
(5). <^15625. 
(6). ■^80. 
(7). V^ 

(8). <^5^r 

(9). <^20, to the 4th decimal place. 

(10). i^25. 

(11). ^1:25. 

(12). V'075. 

(13). ^.00125. 

(14). ^4096. 



(15). -^1167.625. 



CHAPTER V. 
P e r c e n t a 8 e • 

SECTION I. 
First JPrincipies. 

Peboentaoe is an allow^ance by the hundred. The 
custom of reckoning by the hundred is of ancient 
origin, and at the present time prevails in a large share 
of the transactions of ordinary business. 

Per cent is derived from the Latin per centurrij 
meaning by the hundred. Rate per cent means simply 
rate by the hundred. Six per cent means six of every 
hundred. 

If it be said that in a school of 180 scholars. 5 per 
cent are absent, it is meant that y|^ of the whole num- 
ber are absent ; that is, y|^ x 180 = 9 are absent. 

Or if it be said that a nmn receiving an inheritance 
of $2000 wasted 20 per cent in one year, it is under- 
stood that he wasted $2000 x^ = $400. 

In the first case it is said i\\Q percentage of absentees, 
reckoned at 5 per cent, is 9 ; in the latter case the per- 
centage of $2000, reckoned at 20 per cent, is $400. 

The rate per cent, divided by 100, expressed the rate 
per unit. Thus, if the rate per cent is 5, the rate per 
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unit is y^, or .05, and when the rate per cent Is 20, 
the rate per unit is ^% or .20, or simply .2. 

If the rate per cent is ^ or .5, the rate per unit is 
.005. Again, for a rate per unit .004 the rate per cent 
is ^, for a rate per unit of .084:f the rate per cent is 
8.4f , or 8f , and ^^ per cent is equivalent to .004^ per 
unit. 

In business transactions the symbol ^ is used for the 
words per cent, and accordingly 6 per cent is expressed 
6^, and 2i per cent 2J^. 

Problem.— A drover started for market with 600 
sheep, but on .the way lost 4:^ of them. How many 
were lost and how many remained i As 4^ is equiva- 
lent to yfjy of any number, then j^^ of 600 = 24, the 
number lost, and 600 — 24 = 576, the number re- 
maining. 

In this, as in the previous examples, the percentage 
is found by multiplying the number (of which the per- 
centage is required) by the rate per unit. 

It may be remarked that 100^ is \^ of a number, or 
the number itself; 200j^ is twice a number; 300j^ three 
times, and so on. 

Problem.— A man has a salary of $2400 per year ; 
he pays 12^ for board, 8^ for clothing, lOji for books 
and periodicals, 10^ for miscellaneous expenses ; the 
balance is deposited in bank. How much is thus de- 
posited. 

Solution.— 12^ + 8^ + 10^ + 10^ = 40^. $2400 x 
.40 = 960. $2400 - $960 = $1440. Ana. 

2* 
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rMOBLEMS. 

(1). A man had $5000 in bank, bat drew out firet 20jf, 
and then 25jif of what remained. Afterwards he re- 
placed 20^ of all he had di-awn oat ; how much then 
remained in bank ? Ans. $3400. 

(2). Find 16%^ of 240 sheep. Am. 40 sheep. 

(3). Find 18^ of 15 gallons. Ana. 2^^ gallons. 

(4). Find ^^ of $7.50. Ans. $0.33|. 

(5). Find 6^ of $18. 

(6). Find 8*^ of $24.36. 

(7). Find 75^ of $0.13. 

(8). Find 180^ of $25. 

(9). Find 500^ of $1000. 

(10). Find .5^ of $1300. 

(11). Find U of $1000. 

It is often required to find the rate per cent when 
the percentage is known. Thus, a man had $48, bat 
lost $4 ; it is required to find the rate per cent of his 
loss. 

Since the product of a number multiplied by the rate 
per unit gives the percentage, the quotient of the per- 
centage divided by the number will give the rate per 
unit. (That is, a product divided by one of two factors 
must give a quotient equal to the other factor, which 
in this case is the rate per unit.) The rate per unit, 
nuiltiplied by 100, gives the rate per cent. Hence 
^y = rate per unit, and -^ x 100 = 8^, the rate per 
cent. 
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rMOBLEMS. 

(1). Fourteen cents is what rate per cent of $2 ! 

Ans. 7. 
(2). Two dollars is what rate per cent of $0.14 i 

A718. 1428f 
(3). Twenty-five cents is what rate per cent of 10 
cents ? 

(4). Ten cents is what rate per cent of 25 cents I 
(5). What rate per cent of $5 is 37^ cents? 
(6). What rate per cent of $150 is $23.10 ? 
(7). What rate per cent of $8775.50 is $25 ? 
(8). What rate per cent of 1 cent is 16f cents ? 



SECTION II. 
Commission. 

A person who transacts business for another is called 
an agent, sometimes a factor or broker. 

A commission merchant is an agent who buys or sells 
goods or property for another, receiving therefor a fee 
or allowance, called a commission. 

It often happens that goods are sent from one place 
to an agent in another. In such case the one who 
sends goods is called the consignor ; the one who re- 
ceives the goods, or to whom they are sent, is called the 
consignee^ and the goods sent are called a consignment. 

The commission is reckoned at some rate per cent 
of the money used in the transaction for which the 
commission is allowed. It is important to understand 
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clearly in each case on what value the commission is 
to be computed. Thus, an agent sells a house for $8500 
at a commission of ifi, and the commission is computed 
on the whole amount. In this case the whole commis- 
sion is $42.50. Again, an agent receives $5000 with 
which to purchase goods, aftei* deducting a commission 
of Ifi. In this case the commission is allowed on ac- 
count of purchasing, and must be computed, not on 
$5000, but on what was actually used in purchasing; 
that is, on what i*emained after deducting the com- 
mission. 

Again, an agent is employed to collect taxes enough 
to leave $10,000, after paying his own commission of 
2^. In this case the commission is computed not only 
on the $10,000, but on $10,000 + commission, because 
the work of collecting the portion of money used for 
the commission was of the same nature as for any 
other portion. 

Again, a nian sends 10,000 bushels of com to an 
agent, who sells it on a commission of 1^^. He also 
pays expenses of freight and drayage, but no commis- 
sion is computed on these expenses, because the skill 
for which commission is allowed is supposed to be used 
in selling com. 

By the phrase " net proceeds " is meant the amount 
of receipts left after paying all expenses of commission, 
freight, and drayage, or whatever other expenses there 
may be. 

Problem, — An agent received $5000 with which to 
purchase goods after deducting his commission of 1^» 



-00HMIS6I0N. 37 

What was the amount of his commisBion, and how 

much remained for purchasing goods ? 

For each dollar used in purchasing goods 1 cent is 

used for commission, making $1.01 expended for each 

dollar's worth of goods bought. As many dollars' 

worth of goods can be bought as the number of times 

5000 
that $1.01 is contained in $5000, or as many as — --- 

= 4950.50 ; nearly $4950.50 expended in goods, 
of which 1^ = 49.50 = cominission. 

$5000.00 = whole amount. 

Proilem. — It is required to know what sum must 
be assessed in order that $10000 shall remain ' after 
paying a commission of 2^ for collecting the whole 
amount. In this case for each dollar collected only 
$0.98 remains after paying the commission. 

There must, then, be as many dollars collected as the 
number of times $0.98 is contained in $10000. 

'^^^ = 10204.081 +. 2^ of $10204.081 = $204,081 
.98 

nearly. The whole amount then to be collected is 

$10204.08- 

This problem may also be solved readily by the 
method of the Rule of Three. Thus, if it requires $1 
to be collected so that $0.98 shall remain, how much 
must be collected that $10000 shall remain ? 

$0.98 : 10000 : : $1 ; ^^^ = 10204.08 +. 

. 98 



38 rBBOKMTAGS. 

PrtMem. — A oommission merchant sells lOOOO 
bushels of corn at 62^ cents a bushel on a commission 
of If^. He also pays $187 for freight and $125 for 
drayage. Bequired to find the net proceeds. 

10000 X .624 = 6250 

$6250 X .0175 = $109,375 = commission. 
Add freight = 187.000 
Add drayage = 125. 

Total expenses = $421,375 

$6250-421.375 = 5828.625. Ans. 

mOBLEMS. 

« 

(1). An agent sells 150 barrels of flour at $9.25 ; 19 
barrels of molasses, of 32 gallons each, at 75 cents per 
gallon. Hequired to find the commission at If ^ and 
the net proceeds. 

(2). A farmer sends the veal of 6 calves to market, 
weighing respectively 133 Bb., 145 ft., 128 ft., 163 ft., 
150 ft., 142 ft. ; also 25 cheeses, weighing altogether 
743 ft. The agent pays $5.85 for freight and $1.75 
for drayage. He sells the veal of 4 calves, whose 
weights were named first in order, at 10 cents per ft., 
the balance at 11^ cents per ft. He sells the cheese at 
124 cents per ft. Allowing a commission of 2i^, what 
should the fanner receive as the net proceeds ? 

(3). A farmer hired a man to harvest his wheat, allow* 
ing him \0^ for his services, and received 468 bushels. 
How much did the harvester receive ? 

(4). A commission merchant received $1640 with 
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which to bnj corn, after deducting a commission of 
2^^. How many boshels of corn could he buy, and 
what the amount of his commission i 

(5). An agent sells a consignment of pork for $2164. 
He pays $16. 50. for freight and storage. A commis- 
sion of 1 J^ being allowed, what are the net proceeds ? 

(6). A house and lot were eold for $1570, of which 
$1546.45 were the net proceeds. Kequired the rate 
per cent of commission. 

(7). An agent received $31.50 for collecting $2520. 
Required the rate per cent of the commission. 

(8). The net proceeds of a sale are $34.50, the com- 
mission being $11.50. Required the rate per cent of 
the commission. 

(9). A commission merchant sells 10000 lb. of pork 
at 6i cents per fc., on a commission of 2^^. He also 
receives $800 to be invested with the net proceeds of 
the pork in a stock of dry goods, the commission for 
buying and selling each at 2^. What is the whole 
commission } 

(10). An agent sells a consignment of 14000 ft. of 
cotton at 15 cents per ft. He pays $25.15 for freight, 
$8.35 for drayage, and resemng his commission, remits 
$2024.77 as the net proceeds of the sale. Required to 
find the rate per cent of his commission. 

(11). An agent collects 85^ of a note of $175 and 
charges 3^ conimission. What are the net proceeds ? 

(12). A commission merchant sells a consignment of 
500 tons of hay on a commission of 5f^, He remits 
$3650 as the net proceeds, after paying $150 for freight 
and drayage. What was the price of hay per ton ? 
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SECTION III. 
Stock and Brokerage. 

Stock 18 the capital employed in business conducted 
by an organized company. It is usually reckoned in 
shares of $100 each. The ovvnei-s of the shares are 
called stockholders. The original cost of a share is 
called its par value, while the market value is that for 
whicli it sells, which may be more or less than its par 
value. 

When a share sells in market for less than its par 
value, the stock is said to be below par^ or at a discount ; 
when the market price is more than its par value, it is 
said to be above j^ar^ or at a premium. 

A dealer in stocks, or one who negotiates the loan of 
money, is called a broker j and the commission in either 
case is called brokerage. In the case of stocks, the com- 
mission or brokerage, unless otherwise agreed upon, is 
computed on the par value of the stock, and not on the 
price actually paid. Thus a broker buys a share (whose 
par value is $100) for $90, and receives 2j^ for broker- 
age ; that is, 2ji of $100, not 2^ of $90, the money really 
used. Or if he pays $105 for a share he would receive 
2^ only on $100, not on $105. 

Problem, — A man has $1500 to invest in stocks sell- 
ing at a discount of Q^% (that is, below par), paying ^ 
brokerage. How many shares (par value being $100) 
can he purchase ? 
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For one share he pays $93.50, and brokerage $0.25, 

or altogether $93.75 for each share, v^ir^^r = 16. 
^ $93.75 

Ans. 16 shares. 
mOBLEMS. 

[NOTB. — In the following qnestions each share will be reckoned 
at (100 each, onless otherwise stated.] 

(1). A broker sells 75 shares of stock at 18^ below 
par, charging f ^ brokerage. What are the net proceeds ? 

(2). A broker bxiys 25 shares of stock, paying a pre- 
ininm of 11^, and charges a brokerage of J^. Required 
the total cost. 

(3). A broker sells 25 shares of stock at a premium of 
11 ji, charging i^ brokerage. What are the net proceeds ? 
. (4). A broker received $2000, with instructions to 
invest in mining stock, remitting any unexpended 
balance less tlian the cost of one share. Shares were 
at a premium of 1^% and brokerage J^. How many 
shares did he purchase, and what balance was remitted ? 

(5). Bought 84 shares of stock at 2^^ discount, and 
sold at a premium of 2j^, paying in each case \^ bro- 
kerage. What was my gain ? 

(6). How many shares of bank stock, at 4j^ premium, 
can be bought for $8340, allowing \^ brokerage ? 

(7). A broker receives $1480 to invest in sto(;k selling 
at 92 J^. He purchased 16 shares. Required to find 
the rate per cent of brokerage. 

(8). An agent is instructed to buy 50 shares, the 
market price being 15^^ discount, brokerage IJji^. How 
much money is required? 
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SECTIOIf IV. 
Profit and Loss. 

The profit of a business transaction is the excess of 
the selling price above the cost of an article ; the loss 
is the excess of cost above the selling price. 

Profit and Loss are usually reckoned at a rate per 

cent on the cost of the article. Thus a drover buj's 

sheep at $2.50 a piece and sells at $3.25. He gains 

75 cents on each one, but it is required to iind the rate 

per cent of the gain ; that is, to find what rate per cent 

75 cents is of $2;50. 

75 
-f— X 100 = 80. Ans. 30^. 
2.50 ^ 

Problems of profit and loss, and of the rate per cent 
in any case, do not involve any new principle of per- 
centage. 

The rate per cent of gain or loss may be found by 
dividing the gain or loss by the cost price, and multi-^ 
plying the quotient by 100. 

rnOBLEMS. 

(1). A grocer buys butter at 25 cents per pound and 

sells at 30 cents. What rate per cent does he gain ? 

05 
.30— .25 = .05, gain on 1 fc., ^ x 100 = 20. Ans. 20^. 

(2). A grocer gains 5 cents on a pound of butter, and 
thereby makes a profit of 20ji. What did the butter 
cost ? 
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(3). A grocer sells butter at 30 cents per ponnd, and 
makes a profit of 20ji^. What did the butter cost? 
[To make a profit of 20^ he must sell for 120^, If 30 
cents is 120^, what is 100^ ?] 

(4). A man bought a hoi-se for $96, and afterward 
sold him for $120. What was the rate per cent of gain ? 

(5). A boy bought a knife for 50 cents and after- 
ward sold it for 25 cents. What was die rate per cent 
of loss ¥ 

(6). A merchant bought 30 gallons of vmegar for 
$12, and sold it out at 45 cents per gallon. At what 
rate per cent did he gain or lose ? 

(7), A grocer buys eggs at 25 cents per dozen and sells 
at 22 cents. What was the rate per cent of loss ? 

(8). A merchant buys cloth at $3.00 per yard, and 
wishes to make a profit of 25^. What must be the 
selling price ? 

(9). The same merchant (mentioned in the last ex- 
ample) finding the cloth injured, decides to sell at 15^ 
less than the first asking price. What is the price ¥ 

(10). A dealer in real estate sells a house for $8400, 
gaining 12fi. What did the house cost ? 

(11). The same dealer sold another house for $6600 
and lost 12^. What did it cost i 

SECTION V. 
Insurance. 

Insurance is a partial indemnity guaranteed by one 
party for loss or injury of life or property which may 
be incurred by another, as the loss or injury of property 
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by fire, or storms at sea, and the loss of life uuder 
various cix'cnmstances. 

The party giving the guarantee is called the insurer j 
or underwriter ; the party receiving the guarantee is 
said to be insured. 

The jpolicy is the written contract between the par^ 
ties. The premium is the sum paid for insurance, and 
is reckoned as some per cent of the value insured. 

Insurance on property is distinguished as Mre In* 
Burcmce and Marine Insurance. The first provides for 
losses by fire, the second for losses at sea. 

The value of property provided for by insurance is 
not often more than two-thirds of the full vahie, as 
otherwise the owner might be induced to cause the de^ 
Btruction of property in order to secure its value. 

When property which is insured is injured less than 
tlie amount guaranteed, the insurers pay the full value 
of the estimated loss. 

Insurance on life is a contract on the part of a com- 
pany to pay a certain sum, on the death of a person, to 
his heirs, or it may be a contract to pay the person in 
case he survives a certain number of years, in consider- 
ation of an annual premium, to be paid either during 
life or for a certain number of years. There is so 
much variance in the details of the computations re- 
quired in different cases, and the explanations furnished 
by insurance companies are so ample, it is not deemed 
necessary to occupy space here on this branch of tlie 
subject. Tables on which such computations are based 
will be found in the Appendix at the close of the 
volume* 
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mOBLJEMS. 



(1). A house, valued at $4500, is insured for $3000, 
the premium being reckoned at 2\^, What is the cost 
of insurance ? Ans. $67.50. 

(2). A house, being worth $16000, is insured in one 
company for $4000 at 2^, and for $8000 in another 
company at 2^^. What rate per cent of premium is 
paid on the whole amount insured ? Ana. 2^^. 

(3). If it cost $93.50 to insure a store for half its 
value, at If ^, how much is the store worth ? 

Ans. $13,600. 

(4). A company insured a house at 2^', but reinsured 
one-half the same amount in another company at 2Jj^, 
when it appeared they had $87.50 remaining of the 
premium first received. What was the amount due the 
owner of the house in case of the loss by fire? 

Am, $10,000. 

(py. A library is insured at a premium of 3^^ for 
two-thirds its value, paying $403. What is the whole 
value of the library ? Ans. $18,600. 

SECTION VI. 
IhUies or CvMotns. 

Duties or customs are taxes paid to the agent of the 
government by a person importing goods from a foreign 
country. 

Duties may be ad valorem^ that is, a certain per 
cent of value in the country from which they ai*e im- 
ported, or specijlOy which is a specified sum for each unit 
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of weight or measui'e, without regard to value. In 
all cases allowance is made for waste, loss, or damage. 

Tare is an allowance for the weight of the box or 
covering that contains goods. 

Leakage is an allowance on liquors impoited in casks 
or barrels. 

Breakage is an allowance for the loss by the break- 
ing of bottles. 

Gross weight and value are reckoned before any 
allowance is made ; net weight and value are reckoned 
after all allowances have been deducted. 

All duties taken at the United States custom houses 
are now ad valorem. 

Goods are weighed by the British ton of 2240 pounds, 
or 112 pounds to the hundred-weight. 

The bill showing the quantity and price of each kind 
of goods is called the invoice. 



JPBOBLEMS. 

(1). A merchant imported 65 casks of wine, of 32 
gallons each, at $2.25 per gallon. Freight cost $1.25 
per cask, duty 30ji, 2^ being allowed for leakage; 
drayage cost $10.50. What was the whole cost of the 
wine? Ans. $5675.58. 

(2). An importer paid $750 for an invoice of silks . 
but damages at 15^ were allowed at the custom house, 
the duty being 24j^. What was the entire cost of the 
goods ? Ans, 

(3). Paid $108 duty on a lot of goods which had 
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been damaged, the allowance for damage being 20^, 
and the duty being also 20^. What was the invoice 
price of the goods ? Arts. 

(4). Paid $680.40 duty on 150 hhd. of molasses, each 
containing 63 gallons, at 30 cents per gallon. Wliat 
was the rate per cent of duty. Afis. 



SECTION VII. 
Simple Interest. 

Interest is an allowance made for the use of money 
or its equivalent. 

The money, for the use of which interest is allowed, 
is called the principal. Interest is called simple when 
reckoned only on the principal. It is called compound 
when reckoned on interest added to principal. The 
interest is usually reckoned as some rate per cent, of the 
principal, for each year or for paiii of a year in the 
same proportion. 

The amount is the sum of the principal and interest. 

The rates of interest are established by law in the 
different States, and vary from h^ to 10^. Six ^ is 
established in most States and 7^ in several others. 

When no rate is mentioned in a contract, only the 
legal rate in the State where the contract is made can 
be exacted. In some States any rate may be agreed 
upon, higher than the legal rate, but in other States 
higher rates are prohibited by law. Any rate of inter- 
est higher than the legal rate is called usury. 



48 FBRCENTAOK. 

General JPrebietn* 

To compute simple interest on any principal^ for 
any time and at any nUe per cent of interest. Mul- 
tiply the principal by the rate per unity and this pro- 
duct by the number cf years. 

Thus, to find the interest of $8 for three years at 8^. 
Since 8^ of $8 is $8 x yl^ = $.64, and is the interest 
for one year, tlien for three years the interest will be 
three times as much, or $.64 x 3 = $1.92. Suppose the 
time were 2 years 8 months, this would be reckoned as 
2f years. Usually days are reckoned as 30 to a 
month ; for instance, 6 days, ^ month ; 12 days, ^ 
month, and so on. 

As sometimes there are 31 days in a month, and again, 
in the case of February, only 28 or 29, there is fre- 
quently au error in this reckoning, but it is small, and 
is generally neglected. When it is required to be more 
exact, any portion of time less than a yeai* will be 
reckoned in the exact number of days, and 365 days to 
the year. Thus, $100 being on interest from April 1, 
1876, to July 4, 1877, the time is 1 year 94 days, and 
interest, at 7j^, would be computed $100 x -j-J^ x 

In wliat follows it will be understood, unless other- 
wise specified, that a month is reckoned as 30 days and 
the year as 360 days. 

Froblem.— Find the interest of $37.50 for 2 yr. 9 
mo. 15 da. at 6^. 2 yr. 9 mo. 15 da. = 2f| yr. = f J yr. 
Hence, $37.50 x JJ x ^J^ = $.09375 x 67 = $6.28125 = 
$6.28 nearly. 
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Another method of finding interest is to find the in- 
terest on $1 for the given rate and time, and mnltiply 
tliis by the principal. Thus tlie interest of $1, at 6^, 
for 

2 years is $. 12 

6 months '* .03 

3 months " .015 

15 days, or i month " .025 

or for 2 yr. 9 mo. 15 da. " $.1675 

Multiplying this by the number of dollars in the 
principal, the result is the same as before. It is pi-oba- 
ble that this method is more often used in practice than 
the other, but either method is so simple that it only 
needs moderate care to insure correct results. 

Problem. — ^Find the interest on $1040 for 5 yr. 11 
mo. 29 da., at 7^. 11 mo. 29 da. = 359 da., and 5 yr. 
11 mo. 29 da. = 5f f| yr. = ^^ yr. Hence $1040 x 
i^x^h= $^W(fiP = $436,597 = $436.60 nearly. 

Again, it is well to notice that the time given lacks 
but a single day of being 6 years, and hence it would 
only be necessary to deduct 1 day's interest from 6 years' 
interest. Bat 1 day's interest is $1040 x yj^ x yi^y = 
$iU = $-20|, and 6 years' interest is $1040 x y^ X 6 = 
$436.80, and the difference is $436.60 nearly, as before 
obtained. 

Oftentimes much labor of computation may be 

avoided by taking advantage of considerations which 

only require thoughtful attention to discover. 

It may be remarked that many computers habitually 
8 
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find the interest first for 6fi, then add to or deduct, 
according as the rate is more or less. 

Thus for 7fi, first find interest at 6fi and then add | ; 
for 8^ add f, or i ; for 5fi deduct ^; for 8fi divide by 
2y and so on. 

When a person has become familiar with the method 
of finding the interest at 6fij no doubt this maj seem 
the easier way to do. 

The following considerations make it a simple thing 
to compute interest at 6^ : 

The interest of $1 for 2 months, at 6^, is $.01 
« <* $1 fori month, ** "" .005 

« « $1 for 6 days, « « .001 

" ** $1 fori day, " " .000^ 

Or, for any number of days less than 6, the interest will 
be so many 6ths of a mill. 

To illustrate this, consider the following 

Problem. — ^Find the interest of $15.25, at 6fi for 1 
yr. 9 mo. 21 da. 

Interest of $1 for 1 year, at 6^ $.06 

" $1 for 8 months, " 04 

" $lforlmonth, " 005 

" $1 for 18 days, " 003 

" $lfor3days, " OOOi 

Interest of $1 for 1 yr. 9 mo. 21 da.. . $.108^ 
and $.1084 x 15.25 = $1.654625 = $1.65 -f. 



V 
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By the general method the operation would be as 
follows : 

1 yr. 9 mo. 21 da. = 1 yr. 9^ mo. = f J J yr. 

$15.25 X rb X fi* = $^^^(?*^ = $"^y^ = $1.65 + , 
the same as before. 

The students should become familiar with both meth- 
ods and decide each for one's self which is preferable. 

Problem. — A man pays $10 as intei'est on $90 for 
1 yr. 3 mo. Eequired to find the rate per cent per 
annum. 

If we knew the interest of $90 at 1^ for the same 
time, we should obviously only need to divide the given 
interest by the interest at 1^. This is easily found. 

$90x^xi = $iM = $1,125. |^^ = ¥ = H- 

Ana, 8-|j^. 

Problem. — A man pays $10 interest on $100, at the 
rate of 6^. Eequired to know the time. 

Interest of $100 for one year, at 6^, is $6, and divid- 
ing the given interest by the interest for one year will 

$10 
evidently give the number of years. -^ = If. 

Ana. 1 yr. 8 mo. 
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rBOBLEMS. 

[The rate of infcexest is anderstood to be 6^ per annum, unless 
otherwise specified.] 

(1). Find the interest of $1200 for 1 yr. 3 mo., and 
also the amount. 

Ans. Interest is $90 and the amount is $1290. 

(2). Find the amount of $75.15 for 2 yr. 9 mo. 15 da. 

(3). Interest of $824.36 for 5 yr. 5 da ? 

(4). Interest of $15,625 for 10 days ? 

(5). Interest of $.01 for 1 day ? for 10 days ? 

(6). Interest of $95.95 for 19 mo. 19 da. at 5^ ? 

(7). Interest of $1000 for 2 yr. 6 mo. at 4^ ? 

(8). Amount of $1475 for 5 yr. 5 mo. 5 da. at 10^ ? 

(9). Interest of $375,375 for 13 days at 6i^ ? 

(10). Interest of $1250 for 63 days at 12^ ? 

(Jl). Interest of $95.05 for 119 days at 12ij^ ? 

(12). Amount of $25.50 for 17 days at 15^ ? 

(13). Amount of $2550 for 34 days at 15^ ? 

(14). Interest of $150.49 for 10 mo. 10 da. at ^^ ? 

(15). Interest of $157.85 from March 1, 1869, to 
July 5, 1872, at 8^ ? . 

(16). Amount of $2100 from Dec. 4, 1871, to Feb. 
4, 1872, at 7-fii^, reckoning 365 days to the year? 

(17). Amount of 99 cents for 99 days at 6j^? 

(18). Interest of $137.75 for 1 yr. 11 mo. 13 da. 
at 8i^ I 

(19). Amount of $185.85 for 3 yr. 5 mo. 15 da. at 3i^ ? 

(20). Interest of $28145.30 for 5 yr. 11 mo. 25 da. 
at 11^ ? 
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SECTION nil. 
Nates J wUh Indorsemenia. 

A promissory note is a written statement of an 
obligation to pay money on demand, or at some 
future time. The form of a note often varies in 
the details, but the following will answer for illus- 
tration : 



$2500. 



New York Crrr, June 1, 1877. 



Ttoo years after date I promise to pay to John Jones^ 
or order ^ twenty-five hundred dollars^ with interest at 
Q^^for value received. Richard Doe. 

An indorsement is a written acknowledgment on the 
back of a note, stating the time and amount of a partial 
payment made on account of the note. 

According to decisions of the United States Supreme 
Court, when a partial payment exceeds the interest 
then due, the excess is applied to diminish the principal 
of the note. If the payment falls short of the inter- 
est due the principal of the note is not disturbed, no 
interest is reckoned on the payment, but the former 
principal of the note continues to draw interest until 
subsequent payments are made, such that the sum 
shall exceed the interest^due on the principal of the 
note. 

These decisions are embodied in the following 
United States Kulb; 
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I. Mnd the amount of the given principal to the 
time of the first payment J and if this payment exceed 
the interest then due, subtract the paym£nt from the 
amount obtained, and treat the remainder as a new 
principal. 

IL But if the interest he greater than the payment, 
compute the interest on the sams principal to a time 
when the sum of the payments shaU equal or exceed the 
interest due, and subtract the sum of the payments 
from the amount of the principal / the remainder 
will form a new principal, with which proceed as 
before. 

The above rule is used in nearly all the States. 
There are slight variations established in Vermont, 
New Hampshire, and Connecticut, but they present no 
special difficulties. 

Problem. — ^A note was given as follows : 



^^^^tVit St. Louis, Jannary 4, 1870. 

Eighteen mxmths after date I promise to pay Andrew 
JoAikson, or order. One hundred fifty and -^ dollars, 
wilh interest at lOj^, vcdus received. 

J. B. WmTBiAN. 

It was indorsed as follows: Nov. 4, 1870, $10^. 
Nov. 1, 1871, $25^^. March 10, 1872, $75. How 
much was due June 1, 1873 } 



k. 
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OpertUian. 

Fixst principal, Jan. 4,1870. $150.75 

Interest to Nov. 4, 1870, more than the payment $10. . 12.562+ 
Interest from Jan. 4, 1870, to Nov. 1, 1871 27.512 

Amount $17a262 

Deduct sum of payments, $10+$25 = 35.00 

*tl43.262 
Interest from Nov. 1, 1871, to March 10, 1872 5.133 

Amount $148,395 

Deduct third payment 75.00 

973.395 
Interest from March 10, 1872, to June 1, 1873 8.991 

Ans. Amount $82,386 

rBOBLEMS. 

%^^^^' Boston, Mass., Oct 1, 1870. 

(1). Value received. I promise to pay John Bond, or 
order, one thousand dollars on demand, with interest, 
at 6^. RiCHABD Blakb. 

Indorsed as follows: June 4, 1871, $50. May 10, 
1872, $36. Oct. 4, 1872, $80. April 1, 1873, $50. 
Oct. 4, 1873, $100. What remained due Dec. 1, 1874 ? 
Ans. $922.08+. 

$1850-rV\r' Lawrencb, Kansas, May 1, 1864. 

(2). Six months after date, I promise to pay A. New- 
man, or order, eighteen hundred fifty and yVir dollars, 
with interest at %i>. Value received. John Doe. 

Indorsed as follows : Sept. 20, 1865, received $250.50. 
Oct. 25, 1867, received $300.90. July 11, 1869, re- 
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ceived $85.70. Sept. 20, 1870, received $212.10. Dec. 
5, 1871, received $400. How mucli was due May 1, 

1872? 



i^^'^^- St. Louifl, November 4, 1870. 

(3). On or before May 4, 1871, I promise to ^ pay 
George Evans, or order, thirty-four hundred seventy- 
live dollars, with interest after said data at 6^. Yalue 
received. Augustus Tompkins. 

Indorsed as follows: May 4, 1871, received $475. 
Nov. 1, 1871, received $200." Dec. 15, 1872, received 
$100. Dec. 18, 1873, received $200. June 4, 1874, 
received $575. May 4, 1875, received $1200. How 
much was due May 4, 1876 ? 

SECTION IX. 
Compound Interesi. 

Interest computed on principal and accrued int.ei*est 
is called compound. 

When interest becomes due and is not then paid, it 
is in some cases added to the principal, and thus be- 
comes a source of compound interest 

It is usually regarded as illegal, but is allowed in 
some cases. 

Usually, when it is allowed, the interest is reckoned 
as annually due, and the interest is then added or com- 
pounded at the end of each year. 

Thus, what is the compound interest of $100, for 4 
years, at 6^ ? 
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Interest of $100 for 1 year $6.00 

Amount for Ist year and principal for 

2d yeai- $106.00 

$106 X 1.06 = amount for 2d year 112.36 

$112.36 X 1.06 = amount for 3d year. . 119.10 + 
$119.10 X 1.06 = amount for 4th year. 126.247+ 

100.00 

26.247 

Deduct the first principal, $100, and there remains 
$26.25, nearly, as the compound interest 

The method requires the amount at the close of one 
year to become the principal for the next year. 

If the interest were payable semi-annually, or quar- 
terly, as is sometimes the case, then the amount due at 
the end of six months, or at the end of the quarter, 
would become the principal for the next period. 

The difference between the firet principal and the 
amount finally due is regarded as constituting the com- 
pound interest 

rBOBLEMS. 

(1). What is the interest of $500, for 5 years, at 5j^, 
compounded annually ? Ans, $138.14+. 

(2). What is the interest of $500, for 5 years, at 5^, 
compounded semi-annually ? Ans, $140.04+. 

(3). What will $250 amount to in 5 years, at 7^, 
compound interest? Ans, $350,638 + . 

(4). What will $250 amount to in 5 years, at 7^, 
compounded semi-annually } Ans. $352.65, nearly. 

8* 



58 FEBOENTAGB. 

(6). Fiiid the compound interest of $188 for 3 yr. 8 
mo. 15 da., at 6^ annually. [In this case the amount 
is found for 8 mo. 15 da., as in any case, and the first 
principal deducted.] Ans. $45.42. 

Tables to facilitate the computation of compound 
interest, showing the amount of $1 at various rates of 
interest and for various periods of time, are easily pre- 
pared, but seldom used. 

SECTION X. 
Discount* 

Discount is an allowance made for the payment of 
a debt before it becomes due. 

The present worth of a debt is such a sum as, placed 
at interest, will amount to the given debt when it be- 
comes due. 

Problem. — A man owes $100, to be paid in one year, 
but wishes to discharge the debt at once. What is the 
present worth of this debt, reckoning interest at 6^? 

Since the present worth would amount to $100 if 
placed at interest, it must be such a sum that, multi- 

plied by 1.06, it would produce $100. Hence t-tz = 

$94.34 nearly, is the present worth, and the discount is 
$100 -.$94.34 = $5.66. 

It is dear, in any case, that the present worth may 
he found by dividing the debt by the amount of $1 for 
the given rate and time. The discount is the differ- 
ence between the given debt and the present worth. 
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rBOBLEM.8, 

(1). What is the present worth and the discount at 
7^ of $2875, due in 1 yr. 4 mo. 20 da. ? 

(2). A man owes $5000, due in 9 months, and $5000 
due in 15 months. Money being worth 10^, what is 
the present worth of the two debts t 

(3). A man bought a house on May 1st, agreeing to 
pay $1200 in 4 months and $2000 in 9 months. Were 
he to make payment at once, 10^ discount of the whole 
sum would be allowed. Supposing he could borrow 
money at 6j^ per annum, how much would he thereby 
save ? 

(4). A man bought 100 bales of cotton, each reckoned 
at 500 pounds, at 9 cents a pound, on 6 months* credit, 
and at once sold the cotton for $4950, and paid the 
debt, at a discount of 10^ per annum. How much did 
he realize % 

(5). A man can borrow money at S^ per annum, and 
wishes to buy flour, which is offered at $6 per barrel cash, 
or $6.50 on 9 months' credit. Which should the man do ? 



SECTION XI. 
Banking. 



A hank is an institution, authorized by law, for the 
pui-pose of receiving and loaning money, and in some 
cases to issue notes (called bank-notes) to circulate as 
money. 

A promissory note has been defined (Section VIII.) 
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as a written statement of an obligation to pay a certain 
sum of money, on demand, or at some future time. 

The one who signs the obligation is called the maker 
or drawer of the note, and the person to whose order 
the note is made payable is called the payee. 

The face of a note is the sum specified in the note to 
be paid. 

Days of grace are three days usually allowed for the 
payment of a note after the expiration of the time 
mentioned in the note. 

A note matures when it is legally due / that is, when 
days of grace are allowed, at their expiration ; or, in 
States where no grace is allowed, at the time specified 
in the note. 

BarJc discount is an allowance made, according to 
the usage of banks, for the payment of a note before 
it becomes due. It is reckoned as the interest on the 
face of the note, computed from the date of the note 
to the date of its maturity. 

The proceeds of a note is the sum received for it 
when discounted, and is found by deducting the bank 
discount from the face of the note. 

A note is said to be discounted when taken at a bank 
in exchange for its computed value. 

As a matter of custom, banks do not often discount 
notes running more than 6 months, and the actual 
number of days in any calendar month is usually 
counted in making up the reckoning. 

If the date of maturity falls on Sunday, or on a 
legal holiday, a note must be paid on the day preceding. 

To indicate when a note is due, the date specified in 
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the note is written at the left, the date of maturity on 
the right of a vertical line ; thus, May 4 | 7- 

Problem. — ^Required to compute the date of maturity 
and the proceeds of the following note, discounted at 6^. 



$1000. 



Albany, March 10, 1872. 



Ninety days after date, we promise to pay to tlie 
order of John Smith, one thousand dollars, at the Ex- 
change Bank. Value received. Bakbb & Co. 

Eeckoning the days in each month, it is easily seen 
that 90 days extend to June 9th, and 93 days extend to 
June 12th. 

The interest of $1000, for 93 days, at 6^, is $1000 x 
^6^ X ii^ = IV- = $15.50, the discount, and $1000 — 
$15.50 = $984:.50, the proceeds. 

An%. Due June 9 | 12 ; proceeds, $984.50. 

Problem,. — ^Required to compute the date of maturity 
and the proceeds of the following note, discounted at 6j^. 



ll^^Q' Albany, March 10, 1872. 

Three months after date, we promise to pay to the 
order of John Smith, one thousand dollars, at the Ex- 
change Bank. Value received. Bakeb & Co. 

In this case three months extend to June 10, although 
tliis includes 91 days, and the note matures June 13th. 

Hence $1000 x rJff x AS = $¥ = $15.66f, the dis- 
count, and $1000 — $15.66| = $984.33^, the proceeds. 
Aris. Due June 10 | 13 ; pi-oceeds, $984.33J. 
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Problem. — ^Required to find the face of a note dis- 
counted at 6^y for 90 days, whose proceeds are $1000. 

Here it is understood that the note was due in 93 
days. 

First let us find the discount on $1^ for the same rate, 
and for the same length of time. 

$1 X -j-Jir X JW— ^'^l^^- ^® discount, and the proceeds 
$.9845. Here it seems that 98^/\j^ cents, as^ the pro- 
ceeds, require $1 on the face of a note. It is clear that 
$1000, as proceeds, would require as many dollars on 
the face as J^o^ = $1016.74-}-. Ans. $1015.74 -f. 

• 9846 

A proportion would also express the relation in a 
similar manner : 

$.9845 : $1000 : : $1 : ^^???= $1015.74+. 

That is, the pi*oceeds of a dollar are to the required 
proceeds as the face $1 to the required face. 

In any case, to find the face of a note whose proceeds 
shall equal a given sum, divide the given sum by the 
proceeds of $1 for the same time and rate. 

Problem. — A man has a 30 days' note for $100 dis- 
counted at the bank, receiving therefor $99,45. It is 
required to find the rate per cent per annum of inter- 
est paid on the sum actually received. In this case the 
borrower received $99.45, and at the end of 33 days 
pays the amount $100, or 55 cents interest for the use 
of $99.45 for 33 days. The interest of $99.45 for 33 

days, at 1^ per annum, is $99.45 x xk X ijVV = IHIiift^ 
= $J-iy^JiA = %JL&^LL = $.0911625. 



L 
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The true rate per cent will then be the quotient of 
the actual interest, divided by the interest at 1^ ; that 
is, . ooAV ry = 6.03 -f, or a little more than Gji^^. 

Problem. — A banker is o£Fered a note of $100 which 
matures in 33 days. He wishes to discount the note at 
such rate per cent that he will realize an interest of 
10^ per annum on his investment. 

As the rate will be the same, without reference to 
the face of the note, let us suppose the face to be such 
that the proceeds shall be $1. In 33 days, at 10^, this 
will amount to $1,009^. Hence this must be the face 
of the note, and the discount is $.009^, and $.009^ is 
the interest of $1,009^ at some rate per cent to be 
found. 

But the interest of $1,009^, at the rate of Ifi per 
annum for 33 days, is $*-4^f J-^, and dividing the given 
interest by this, we shall evidently have the rate re- 
quired ; that is, 

.009i X :TtttT = 4f X ttHIt = t:Ht = 9Hf f 

A718. 9|}f 1^. 

In any case, then, to find the rate per cent of dis- 
count that shall secure a given rate of interest upon 
the proceeds of a note : 

Mnd the interest and amount o/'$l, at the required 
rate^foT the gi/oen time. 

Find the interest on this amount for the same time 
at l^j and by this divide the interest of $1 before 
found. 
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PBOBLEM8. 

(1). Find the date of maturity and the proceeds of 
the following note, discounted on the day given, at 2^ a 
month, or 24^ per annum : 



$1^^^' Brooklyn, Januaiy 81, 1872. 

Value received. One month after date, I promise to 
pay William Brown, or order, twelve hundred fifty 
dollars, at the Globe Bank. Peter Trusty. 

Due Feb. 28 | Mch. 3. Proceeds, $1224.16|. 

(2). Find the proceeds of the following note, dis- 
counted the date at which the note was given, at 6^ : 



$853.45. CmCAGO, June 15, 1871. 

Sixty days after date, value received, I promise to pay 
Ezekiel Jones, or order,, eight hundred fifty-three yV^ 
dollars, at the Union Bank. Charles Scribner. 

(3). Wliat are the proceeds of a 90 days' note for 
$1305, discounting at 8^ 8 

(4). What is the face of a note at 90 days, of which 
the proceeds, discounted at 7^, are $1000 ? 

(5). For what amount must one draw a note at 40 
days, discounting at 1^ a month, that the proceeds shall 
be" $175 ? 

(6). For what amount must I draw at 60 days to 
obtain $500 proceeds, when discounted at 2j^a month? 

(7). What rate of interest doefs tiie borrower pay on 
the sum used, when a note for 30 days is discounted at 
10^, and what at 12^ i 
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(8). What rate of interest does the borrower pay, dis- 
counting a note of 90 days, at 8^ ? 

(9). What is the rate of discount when tlie banker 
realizes 1251^ on a note of 30 days ? 

(10). What must be the rates of discount to realize 
on notes of 60 days 8^, 9jif, and 10^ respectively ? 



SECTION XII. 
Exchange. 

Exchange is a method of obtaining money in one 
place, by means of written orders, in consideitttion of 
money deposited in ^another place. 

A hiU of exchange^ or a drafts is a written demand 
by one person, upon a second person, to pay a specified 
sum to a specified person, at a specified time. 

A draft requiring payment " at sight " is called a 
sight draft, or bill. In other cases, the time specified is 
a certain interval, usually a number of days after date. 

The one who signs an order or draft is called the 
drawer or maker. The one to whom the order is ad- 
dressed is called the drawee. The one to whom the 
money is directed to be paid is called ihe payee. 

The payee may be the drawer, but is usually a third 
person, and the bill is said to be drawn " in favor of " 
the payee. 

A bill may be made payable to " A J?, or bearer," 
or it may be made payable " to bearer," and in either 
case, whoever presents the bill to the drawee is entitled 
to receive the specified sum. 
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Usually, however, a bill is made payable " to A B, 
or order," in which case A B (the payee), writing his 
name apon the back of the bill, and presenting it to 
the drawee, is entitled to receive the specified sum. 

The payee having written only his name upon the 
back of the bill, the drawee is obligated to pay it, by 
whomsoever presented. 

The payee may transfer his interest in a bill by 
writing an order on the back of the bill directing pay- 
ment to be made to some other person. 

The signature of the payee upon the back of the bill, 
whether with or without an order, is called an indorse- 
ffient. 

Each one who indorses a draft becomes separately 
responsible for the amount of the bill, in case the 
drawee fails to make payment. 

A bill is accepted when the drawee writes the woi-d 
^' accepted," with his signature, across the face of the 
bill, and he thereby promises to pay the bill when it 
becomes due. 

The c<yiir8e of exchange is the price paid in one place 
for drafts or bills of exchange on another place. This 
price depends upon the prevailing current of traffic 
between the two places. If the imports to New York 
from Liverpool exceed in value the exports from New 
York to Liverpool, then bills of exchange on Liverpool 
will command a higher price in New York, because ^ 
specie must be shipped from New York to pay for the 
balance of trade. 

In domestic or inland exchangee only one kind of 
money is considered, and the coui*se of exchange is ex- 
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pressed by a certain rate per cent of premium or dis- 
coant In case of a draft on time, the usual bank 
discount is allowed for the interval of time. 

In the case of foreign exchange, two (or more) kinds 
of money are considered, and the course of exchange is 
expressed by stating a certain value of the coin of one 
country, in some denomination of the other country, as 
the rate at which exchanges are to be eflEected. Thus, 
if exchange on Loudon is quoted at 4.87^, it means 
that £1 is reckoned as equivalent to $4.87^. If the 
exchange on Paris is quoted at 5.18, it means that 
' S^VV francs are reckoned as equivalent to $1. 

Three copies of a bill of exchange, called a set of 
exchange, are usually made in the case of a foreign 
remittance, and sent at different times or by different 
means, as security against miscarriage. Any one hav- 
ing been paid, the others become void. 

The intrin-sic par of exchange expresses the compara- 
tive value of the coins of two countries, as determined 
by the actual weight and purity of the metal. The 
cormnercuil par of exchange expresses the comparative 
value of the coins of two countries as reckoned in com- 
mercial transactions. 

The intrinsic par of exchange is constant so long as 
the coin is unchanged, but the commercial par is liable 
to frequent changes. 

Exchange is said to be direct when only one bill, or 
one set of exchange is used in one remittance. 

Exchange is "arbitrated" when it is effected by 
using an intermediate bill or set of exchange. 

Thus one may remit from Boston to Paris direct by 
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sending a draft payable in Paris ; or one may remit 
by arbitration, sending a bill payable in London to an 
agent there, and direct him to send a bill payable in 
Paris to the payee there. 

Sometimes the exchange is effected through two or 
more intermediate points. 

In any case, if -4. is to receive money from B, A may 
draw upon B and sell the bill, or B may remit a bill 
made in favor of A. 

English money was formerly called " sterling" money, 
and bills of exchange on cities of England, Ireland, or 
Scotland are called sterling bills, or sterling exchange. 
(The name sterling is supposed to be derived from 
Easterling, a name once given in England to German 
traders, whose money was supposed to be of the purest 
quality.) 

By an enactment of 1873 the weight and fineness of 
United States coins were established as follows : 

Coins. Weight. Fineness. 

Eagle, gold 258 graiii& .900. 

Dollar, gold 25.8 " .900. 

Trade doUar, silver. ... 420 '' .900. 

Half doUar, silyer 12^ grammes. .900. 

Five cents, nickel 17.16 grains. | '^ n^^L* 

Three cents, nickel. .. . 80 " { i^ Sl 

One cent, bronze 48 " {j^ tT£^d «na 

According to the above the gold dollar weighs 25.8 
grains, but of this only 23.22 grains are gold, the bal- 
ance, 2.58 grains, being silver. The value of this silver 
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18 not included in the worth of the dollar, the gold itself 
being worth the dollar. It would follow from the 
foregoing that an ounce (480 grains) of pure gold 
would be worth $20,672. The half dollar does not 
contain half the amount of silver contained in the trade 
dollar, and the relative value of silver fluctuates accord- 
ing to the relations of demand and supply. 

The commercial values of foreign coins may be 
found in a table of the Appendix. 

Exchanges with Europe are usually made through 
some of the following-named cities : London, Paris, 
Antwerp, Berlin, Bremen, Hamburg, Frankfort, and 
Amsterdam. 

In bills of exchange on Paris and Antwerp the money 
specified is named in francs ; for Berlin, Bremen, Ham- 
burg, and Frankfort, in marks ; and on Amsterdam, in 
guildere. 

The computation of direct inland exchange is accord- 
ing to simple principles of percentage, and requires no 
special rules. 

In the computation of arbitrated exchange it is rec- 
ommended that the operations of reduction be first 
indicated, so that cancelling may be advantageously 
used. 

The following examples will illustrate : 

Problem, —What must be paid in Boston for a draft 
on Baltimore, at 30 days, for $2500, exchange being at 
i^ premium, and bank discount reckoned at 6^ ? 
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Let US first find what must be paid for $1. 

$l+.005 = ^1.005 course of exchange. 

.0055 bank discount for 33 days. 

$0.9995 
$0.9995 X 2500 = $2498.75 is the cost required. 

Problem. — Required to find the cost of a bill of ex- 
change on London, the course of exchange being 4:.87| 
as follows : 



^^^' New Yobk, Augnsfc 20, 1877. 

At sight of this first of excliange (second and third 
of same date unpaid), pay to the order of A. Livings- 
ton, New York, five hundred pounds, value received, 
and charge the same to account of 

Back & Beboer. 
To John Abebnatht & Co., ) 
London, England. ) 

As £\ would be $4.87, of course £500 would cost 
$4.87 X 500 = $2435. 

Problem. — ^What will it cost to send a bill of 5000 
marks to Hamburg, first sending a bill of the proper 
amount to an agent in Paris, the exchange in New 
York on Paris being 6.15 francs per dollar, and the 
exchange in Paris on Hamburg being 1.24 francs per 
mark? 

If one mark is worth 1.24 francs, then 5000 marks = 
1.24 X 5000 f r. = 6200 francs. If 1 franc is worth -\-r 
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of a dollar, then 6200 francs =± $U^ = $1203.88 + . 
Or the whole operation may be indicated at once. 

• 1-2^x5000^1^03.88+. 
5.15 

Problem. — What must be paid in St. Louis for a 
sight draft of $100 on Boston, exchange being at ^^ 
premium ? 

Let us first find the cost for $1.00, then multiply by 
the number of dollars required. 

The cost of $1.00 is $1,005. The cost of $100 is 
$1,005 X 100 = $100.50. A718. 

Problem. — What must be paid in Albany for a draft 
on Minneapolis, drawn 90 days, for $1200, at a pre- 
mium of If^, reckoning bank discount at 7^ ? ' 

Course of exchange of $1 = $1.01375 
Discount of $1, 93 days, = .01808 J 

Cost of $1 = $0.995661 

$0.99566i X 1200 = $1194.800 



PBOBLEMS. 

(1). What is the cost of a draft for $275.00 for 30 
days, reckoning bank discount at 12^, and the course 
of exchange being 1^^ di8(K)unt ? 

(2). What is the cost of a draft for $965.00 for 60 
days, bank discount at 8^, and the course of exchange 
i^ premium ? 
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(3). A sight draft cost $506.63f , exchange being at 
a preminm of 1^. What was the face of the draft ? 

(4). A banker in New York remits $4000 to London 
as follows : first to Paris, at 5.32 francs per dollar ; 
thence to Hamburg, 1.8 francs per mark ; thence to 
London, at 14 marks per £1 sterling. What is the 
amonnt of available funds in London, and how much 
would be gained by this means over direct exchange at 
$4.87 per £1 sterling? 

Am. £844 8s. lOfd. in bank ; a gain of £23 Is. 9^yd, 

(5). A merchant in New Orleans wishes to remit 
$5000 to New York. The direct exchange is 1^^ pre- 
mium, but the exchange on St. Louis is i^ premium, 
and between St. Louis and New York is 1^ discount. 
What will it cost to remit by the way of St. Louis, and 
hov much will be saved ? 

(6). What must be paid in Savannah for a draft on 
Boston, at 60 days, for $850, exchange at f^ discount, 
and bank discount reckoned at S0 

(7). A banker in New York, wishing to remit to his 
correspondent in Paris, directs his agent in London to 
draw on him for $1000 and remit to Paris. Exchange 
in London was at the rate of £1 per $4.86, and 25 francs 
per £1. Allowing the agent IJ^ commission, both for 
drawing and remitting, to be deducted, how much did 
the correspondent receive in Paris? 

(8). A resident of Vienna wishes to remit 1000 florins 
to his son in New York ; buys a draft on Berlin at 1.8 
marks per florin and sends to the son. He sells this at 
the rate of 4 marks per $1. What does he realize ? 



CHAPTER VI. 
Equation of Payments. 

When a debtor has to make several payments, due 
to the same creditor at different dates, he may wish to 
pay the whole amount at one time, such that no loss 
shall result to either party. 

The method of finding the date at which the amount 
of several debts may be paid at once, without loss to 
debtor or creditor, is called the "Equation of Pay 
raents," or sometimes the " Average of Payments." 

Different methods are used for this purpose, and 
there is some difference of opinion as to the absolute 
accuracy of these methods, according to what is re- 
garded as the basis of equity. But generally these 
errora are so small that they may be neglected. 

A simple method in common use will be understood 
fi-om the following illustration : 

A owes B $500.00, to be paid June Ist ; $800.00, to 
be paid October 1st, and $700.00 to be paid on the 1st 
of December. Required to find the average date of 
payment. 

Beckoning from the earliest date, June 1st, for con- 
venience, we may consider that A is not entitled to the 

use of the $500.00 any longer, but is entitled to use 

4 
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$800.00 for four months (to Oct. Ist), and entitled to 
the use of $700.00 for six months (that is, to Dec. Ist). 
But the use of $800.00 for 4 months is equivalent t9 
the use of $800 x 4 = $3200 for 1 month, and the use 
of $700 for 6 months is equivalent to the use of 
$700 X 6 = $4200 for 1 month. In other words, 

$500 X = $00.00 
800 X 4 = 3200.00 
700 X 6 = 4200.00 



Whole amount = $2000, ) $7400.00 (3^^ 

That is, A is entitled to the equivalent of the use of 
$7400 for I month, and the question is, how long may 
he have the use of $2000 in order that such use shall 
be equivalent to this i 

This is evidently expressed by the quotient of 7400-f- 
2000 ; that is 3j\ months, or 3 months and 21 days, 
because the use of $2000 for 3^ months is equivalent 
to the use of $2000 x Sj\ = $7400 for 1 month. 

The above computation is based upon the supposi- 
tion that the use of $500 for 1 month, after it is due, is 
balanced by the payment of $500, 1 month before it is 
due. This would be true, if bank discount were a true 
discount. 

But, as before stated, the error may be neglected. 

The above reckoning was made in months, but it 
will often be more convenient to reckon in days. If 
a fractional part of a day appears in the result, it will 
be neglected if less than J, or it will be counted as 1, 
if i or more than ^. 
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The method deduced from the foregoing may be de- 
Bcribed as follows : 

Reckoning froTn the earliest date at which any debt 
becomes dicey multij^ly each debt by tlie number of 
months {or days) which elapse before it becomes due. 
Divide the sum of the products by the sum of the debtSy 
and the qicotient eapresees the interval of time to elapse 
before tJie average date of payments. 

Problem. — On the 4th Mardi I purchase a bill of 
goods for $200, to be paid in 30 days, and another bill 
of $150, to be paid in 60 days. On the 20th March I 
purchase a bill of $300, to be paid in 30 days. Re- 
quired to find the date of average payment. 

Alls. April 17th. 

Problem. — Bought, May 4th, on 60 days' credit, a bill 
of $250 ; May 20th, on 90 days' credit, a bill of $300 ; 
and on June 1st, 30 days' credit, a bill of $500. Re- 
quired to find the average date of payment. 

Ans. July 15th. 

The balance of an account, containing both debits 
and credits, may be settled on the same principle as the 
foregoing. 

Suppose A bought goods of B on the 1st of May, on 
30 days' credit ; on the 15th of May, at cash rates, a bill 
of $400 ; and on the 25th of May, on 60 days' credit, a 
bill of $600. Suppose on the 20th of May he pays 
$200 cash, June 1st $250^ and on the 15th of June 
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$250. Bequired to find the time at which he may 
equitably pay the balance. 

In this case $400 are due May 15th, which is tlie 
earliest date ; $300 are dae May 3l8t, and $600 due 
July 24th. Whence we have 

$400 X = 00.00 

300 X 16 = 4800.00 

600 X 70 = 42000.00 

t 

$1300 $46800.00 

• 

That is, he was entitled to the equivalent of the use 
of $46800 for 1 day. 

But reckoning from the same date to the dates of 
payments, and multiplying the sums by the respective 
numbers of days, we have 

$200 X 5 = $1000.00 
250 X 17 = 4250.00 
250 X 31 = 7750.00 



$700 $13000.00 

And it seems he has paid $700, which, however, he re- 
tained long enough to be equivalent to the use of $13000 
for 1 day : 

$1300 $46800.00 

700 13000.00 

$600 $33800.00 

There remains, then, $600 to pay, which may be re- 
tained long enough to be equivalent to the use of 
$33800 for 1 day ; that is ^^ = 56^, or omitting i, 
56 days, to be reckoned from May 15th ; that is, the 
balance of tlie account should be paid Jjaly 10th. 
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rBOBLEMS. 

(1). Eequired to find the proper date for paying the 
balance due on the following account : 

George Ford, in cuxount mth Bidenour & Baker. 



Dr. 



Cr. 



10T8. 




April 


10 


ti 


15 


(( 


!^ 



To Mdae. (Cash price) 
" ♦• 30 days.... 
" " 30 days... 




By cash. 



$100 

200 



00 

00 



Ana. May 29, 1878. 

(2). Required to find the equitable date for paying 
the balance of the following account : 

BiDENOUB & Baker in account with George Lewi& 
Dr, Cr. 



1877. 
May 


24 

2 

15 


To Mdse., dOdays... 
" " Cash rates. 
" « 80 days.... 


$86 00 
100 00 
200 00 


1877. 
May 
Jane 
July 


31 
2 
1 


By cash 


$100 00 


June 


it 


100 
100 


00 


it 


<t 


00 



[Note. — For ooavenience, reckon the dates from May 3l8t.] 

Am, Sept 5, 1877. 



CHAPTER Vn. 

Alligation* 

It 18 sometimes required to find the value of a mix- 
ture of several ingredients of different values ; or, 
again, it may be required to make a mixture of a 
deiiiiite value from ingredients of known values. In 
either case, the process is known as Alligation, which 
means, in a literal sense, a " linkitig together,'^ and the 
process, in this case, is probably so called from the 
manner in which problems of this class are frequently 
-wrought, as may be seen in some of the examples that 
follow. 

CASE J. , 

To find the value of a mixture when voXues and 
qiiantities of the ingredients are known. 

Problem. — A grocer mixes 3 pounds of sugar, worth 
10 cents per pound, with 2 pounds of sugar worth 15 
cents per pound. It is required to find the value per 
pound of the mixture. 

It is evident that 

3 pounds, @ 10 cents, cost 30 cents. 
2 " @15 " " 30 " 

and 5 pounds of mixture cost 60 cents. 
Or 1 pound of the mixture cost 12 cents. 
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In any such case, then, divide the entire cost of the 
mixture by the entire number* of measures used^ to find 
the cost of one measure of the rnixtui*e. 



JPROBLEMS. 

(1). A merchant paid $1 per bushel for 20 bushels 
of wheat, $1.20 per bushel for 15 bushels, and 90 cents 
per bushel for 40 bushels. What is the average cost 
per bushel of the whole amount ? Ans, 98f cents. 

(2). A grocer mixed 10 pounds of dried leaves, which 
cost 5 cents a pound, with 10 pounds of tea at 60 cents 
and 8 pounds of tea at 75 cents per pound. Hequired 
to find the value of 1 pound of the mixture. 

Ans. 44^f cents. 

(3). If 1 lb. 9 oz. of gold, 23 carats fine, be com- 
pounded with 2 lb. 4 oz. of 21 carats, 1 lb. 10 oz. 10 
pwt at 20 carats, and 1 lb. 1 oz. of alloy, what will be 
the fineness of the composition ? Ans. 18 carats. 



CASE II. 

Given t/ie values of the ingredients and the required 
value of the mixture — to find the quantity of each in- 
gredient. 

Problem, — A grocer has sugars at 10 cents and at 15 
cents per pound, and wishes to malce a mixture wortli 
12 cents a pound. It is required to find how much of 
each kind mav be used. 

For each pound of 10 cent sugar used the mixture 
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would lack 3 cents ; for each 2 pounds nsed the mix- 
tare would lack 4 cents, and for each 3 pounds used 
the mixture would lack 6 cents of the required value. 
Again, for each pound of 15 cent sugar used, the mix- 
ture would exceed the required value by 3 cents, and 
for each 2 pounds used the value would be 6 cents in 
excess. In other woi*ds, in mixing 3 pounds at 10 cents 
with 2 pounds at 15 cents, the excess of the requii*ed 
value will just balance the deficiency. Thus 

3 poimds @ 10 cents cost 30 cents. 
2 " @15 " " 30 " 

5 pounds of mixture cost 60 cents, 
or 1 pound " " 12 " 

And it will be noticed that the difference between each 
given price and the required price indicates the num- 
ber of parts to be used of the other kind. 
This is illustrated by tlie following diagram : 

f 10-j 3 at 10 cents. 
Required value = 12 -( 

( I5J 2 at 15 cents. 

It is evident that a mixture of more or less than 5 
pounds may be made, provided the kinds be used in 
the same proportion. Thus, if 2 or 3 times as much of 
one kind be used, then 2 or 3 times as much of the other 
kind must be used. In this last problem, for instance, 
if 4 ponnds instead of 2 pounds, at 15 cents, be used, 
then 2 times 3 pounds, at 10 cents, must be used. Or 
if i pound (i of 2), at 15 cents, be used, tlien i of 3 = 
i pound, at 10 cents, must be used ; and it is easy to 
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Bee that the price of the mixture will still be 12 cents 
per pound. 

Again, it may be required to make a specified amount 
of the entire mixture. In the same problem, for instance, 
it may be required to make a mixture of 40 pounds. 
Dividing 40 by 5 (the sum of the proportional parts 
found), the quotient 8 sliows that 8 times each of the 
propoi*tional parts will be required ; that is, 8 times 
2 = 16 pounds at 15 cents, and 8 times 3 = 24 pounds 
at 10 cents. Or if 24 pounds of the whole mixture 
were required, then -^x2 = 9f pounds at 15 cents, 
and ^ X 3 = 14| pounds, at 10 cents, would be used. 

Further, there may be three or four or more kinds to 
be mixed, but the average price will be fcrund by com- 
paring 2 at a time, one less and the other p^i*eater than 
the required price. 

Thus, if the grocer had sugar at 14 cents to mix with 
the other two named, the comparison would be made 
as indicated in the following : 



'10=ri 3 + 2 = 5 at 10 cents, = 50. 



12 H^ 






14 
15-J 



2 = 2 at 14 cents, = 28. 
2 = 2 at 15 cents, == 30. 



Or 9 at 12 cents = 108. 



Here it appears that comparing 10 cent with 14 cent 
sugar, 2 pounds of each may be used to give the aver- 
age of 12 cents, and at the same time nsing the parts 
previously found, 2 pounds at 15 cents^ with 3 pounds 
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at 10 cents, the result is as seen above : 5 ponnds, 2 
pounds, and 2 pounds respectively. 

Suppose, further, the grocer had sugar at 11 cents, 
making 4 kinds altogether, still requiring a mixture 
worih 12 cents per pound. 

The comparisons indicated in the following will be 
evident : 



12 



10 



14J 



3 at 10 cents cost 30 cents. 
2 at 11 '' " 22 «' 



latU " « 14 



u 



15_J2atl5 " " 30 « 



8 of mixture cost 96 cents 
Orl ^' " 12 " 



Or as follows : 





10 




12- 


11- 
14- 






.15- 





2 at 10 cents cost 20 cents;. 

3 at 11 " " 33 " 



-12atl4 " « 28 



a 



latl5 « " 15 « 

8 of mixture cost 96 cents, 
audi « " 12 « 

Whenever, then, it is required to make a mixture ot 
a certain value, compare the value of each ingredient 
of leas than the required, value with one greater^ and 
use as viany pcLrts of each as indicated hy the differ- 
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ence between the other value and the required vali^, 
taking care^ ifdny value is compared with more than 
one other ^ to use the sum of the differences, 

Kemember, also, if the amount of the entire mixtni-e 
is limited, or if the amount of one ingredient is limited, 
in either case it i& necessary to use the different ingre- 
dients in the same relative proportion as first JbuiuL 

PROBLEMS. 

(1). How much each of teas, worth respectively 30, 
36, 40, 50 cents per pound, may be used to obtain a 
mixture worth 42 cents per pound ? 

How much to make a mixture of 100 pounds ? 

Ans. 24 pounds at 50 cents, and 8 of each of tlie 
others. For 100 pounds in all, use 50 pounds at 50 
cents, and 16f pounds of each of the othera. 

(2). A farmer mixes com at 40 cents with oats at 30 
cents, barley at 50 cents, and rye at 80 cents, to make a 
mixture worth 48 cents per bushel. In what propor- 
tion may he arrange the parts, having only 20 bushels 
of rye ? Ans. 80, 5, 45, and 20 bushels. 

(3). It is required to find how much gold 20 carats 
fine must be compounded with 10 pounds of gold 1 ' 
carats fine, to obtain a compound 18 carats fine. 

Ans. 20 pounds, 

(4). Alcohol, 96^ strong, contains 4^ of water and 
96^ of pure spirits. It is required to find how much 
water must be mixed with 1 gallon of alcohol, 96^ 
strong, so that tlie mixture shall contain 80^ of pure 
spirit. Ans. \ gallon. 
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(5). A trader bought 100 bushels of com at 48 cents, 
200 bushels at 50 cents. Required to find how much 
he must buy at 40 cents that the average price of the 
whole will be 45 cents per bushel. Ans. 260 bushels. 

(6). Eequired to find how much pure gold shall be 
mixed with 1 oz. gold 12 carats fine and 2 oz. of 16 
carats to obtain a compound of 18 carats fiAe. 

Ana. If oz. 



CHAPTER VIII. 

Arittateetlcal and Geometrical Series or 

Progressions. 

A BERiBs is a set of numbers, increasing or decreasing 
in a regular manner, so that any number of the series 
may be deduced from one or more of those that pre- 
cede, by some rule. 

An increasing series is sometimes called ascending, 
and a decreasing series descending. 

There are many kinds of series, but only two will be 
considered here. 



J. AN ABITHMETICAL 8EBIE8 

Is one in which the numbers increase or decrease by a 
constant (or common) difference. 
. Thus, 5 • • 8 • • 11 • •14, etc., is an increasing arithmeti- 
cal series, in which the common difference is 3. 102 • • 
98 • • 94 • • 90 • • 86, etc., is a decreasing arithmetical series, 
in which the common difference is 4. 

The numbers which form a series are called terms, 
and there are five elements of a series that may be sub- 
ject to computation. These are : the first term, tlie 
common difference, the number of terms, the last term, 
and the sum of the terms. It will be seen that any 
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three of these being known, the other two may be 
found. The iirst and last terms are often called the 
extremes. 

Suppose it were required to find the last term in the 
series of which the first term is 5, the common differ- 
ence is 3, and the number of terms is 10. 

It is obvious that 



1st term 


= 5 






2d 


i( 


= 8 = 


5+3 




3d 


a 


= 11 = 


5+2x 


3 


4th 


a 


= 14 = 


5+3x 


3 


5th 


u 


= 17 = 


5+4x 


3 


etc 




etc. 







And it is evident that any term is equal to the firat 
term + the common difference multiplied by the num- 
ber of terms that precede. Hence the 10th term = 5 H- 
9x3 = 32. 

In general, to find the last term in an increasing 
arithmetical series, mvltiply the common difference hy 
one leas than the number of terms^ and to the product 
add the first term. 

In a decreasing series the product of the common 
difference multiplied by one less than the number of 
terms, mvst he subtracted from the first term. 

Suppose, again, it were required to find the sum of 
ten terms of the same series. 

5. .8 -.11. -14. .17 ••20. -23.. 26. .29. .32. 

It is evident from inspection that 1st term + last 
term = 5-1-32 = 37. Term following 1st -h term pi-©- 
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ceding last = 8 -f 29 = 37. 2d tenn after 1st + 2d term 
before last = 11 4- 26 = 37, etc. 

It is easy to see that the sum of the iirst and last 
term is equal to the sum of any two othere, one follow- 
ing the fii-st, the other preceding the last in the same 
order, because one is more than .the first, and the other 
is less than the last by the same number of common 
diiferences. It is further evident that the number of 
such sums is half the number of terms. In case of an 
odd number of terms the middle term forms half 
a sum. 

In the present case there are V- = ^ such sums, each 
equal to 37, and the sum of the ten terms is therefore 
(5+32)xJ^ = 37x5 = 185. 

As the same considerations apply to al} similar cases, 
it follows that the sum of the te^vns in any arithmetic 
col series is equal to the sum, of the first and last termSj 
multiplied hy half the number of terms. 

Since the last term is found by adding the first term 
to the product of the common difference multiplied 
into one less than the number of terms, it follows that 
the difference between the first and last terms must 
always be the product of those tw?) factors, the common 
difference and the number of terms less one. Since 
either factor may be found by dividing the product by 
the other factor, it follows, to find the common differ- 
ence, we may divide the difference of tlie extremes by 
one less than the number of terms^ or to find the 
number of terms, divide the difference between the ex- 
trefines by the common difference^ and increase tlie 
quotient by 1. 
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BBOBLJEMS. 

(1). In the series of odd nnmbere 1-3-5-7--9 — 
etc., required to find the 47th term. Ans. 93. 

(2). In the Berie8i-2-3i--5-6f --etc., required to 
find the 20th term, and the sum of the 20 terms. 

Ans. 29, 295. 

(3). In the series 101-.98..95-92-etc., required to 
find the 30th term, and the sum of the 30 terms. 

Ans. 14, 1726. 

(4). A farmer sold 30 sheep as follows : - the first one 
for 25 cents, the second one for 50 cents, the third for 
75 cents, and so on. Seqnired to find what he obtained 
for the lot Ans. $116.25. 

(5). ^Required to find the sum of the first 100 whole 
numbers in the natural order, 1, 2, 3, etc. ; also the 
sum of the first 100 odd numbers, 1, 3, 5, 7, etc. ; also 
the sum of the first 100 even numbers, 2, 4, 6, 8, etc 

Ans. 5050, 10000, 10100. 

(6). In a series, of which the first term is 15, the 
number of terms is 15, the last term is 57, it is required 
to find the common diffei'ence. Ans. 3. 

(7). In a decreasing series, of which the first term is 
50, the common difference. 5, the last term 10, it is re- 
quired to find the number of terms. Ans. 9. 

(8). A laborer laid aside $150 of his wages, at the 
close of each year, for 10 years, at 85^ per annum, sim- 
ple interest. Seqnired to find the amount of his sav- 
ings at the end of 10 years. Ans, $2040. 
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II. A GEOMETRICAL SERIES^ 

Ib one in which the nuinberB increase or decrease in a 
constant ratio. 

Thus 1, 2y 4, 8, 16, etc., is an increasing geometrical 
series in which the ratio is 2, and 1, i, ^, ^, etc., is a 
decreasing series in which the ratio is i. 

There are five elements in a geometrical series which 
may be considered in computation : the first term.j the 
ratio n the numher ofterms^ the last term^ and the 8U7n 
of the terras^ any three of which being known the other 
two mav be found. 

The number of terms may be infinite ; that is, con- 
tinue without end ; and if the series is increasing the 
tenns must finally become infinite. If the series be 
decreasing the terms must finally become zero. 

Thus, in the series 1, i, J, -^^ etc., if extended J;o in- 
finity, the terms must evidently become smaller and 
smaller, and finallv reach the limit zero. 

Let it be required to find the last term in a geomet- 
rical series of which the first term, the ratio, and the 
number of terms are known. 

For instance, to find the 10th term in the series 8, 16, 
32, 64, etc 

From inspection it appears that 

1st term = 8. 
2d " =8x2. 
3d " =8x21 
4th " =8x2«. 

and it is evident that any term is eqital to the product 
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of the first term viuUvplied hy the ratio raised to a 
power less hy 1 than the number of terms. 

In the present case the 10th tenu = 8 x 2" = 8 x 512 
= 4C96. 

Or again, to find the 8th term in the series 1, ^9 \^ \t 
etc., in which the ratio = -J, it is easy to find 8th term = 

If the last term were known, and it were reqnired 
to find the first term, it would only be necessary to in- 
vert the order of the terms, and consider the last tenn 
of the given series as the fii'st term of a new series, in 
which the ratio would be the reciprocal of the given 
ratio. 

Thus, if the number of terms is 10, the last term 
4096, and the ratio 2, to find the first term ; we mlaj 
invert the order, regarding 4096 as the first term of a 
new aeries, of which the ratio is \. 

Then the 10th term = 4096 x (i)« = 4096 x ^i^ = 8, 
tlie first term of the given series which was sought. 

Suppose, again, it were required to find the ratio 
when the extremes (the first and last terms) and the 
number of terms are known. 

It is evident from what precedes that the quotient of 
the last term, divided by the first, is equal to a power of 
the ratio of an order less by^l than the number of 
terms. Hence, to find the ratio, divide the last tenn hy 
the first, andfi^d the root of tlis qicotie?ity of an order 
1 less than the number of terms. 

Again, if the extremes and the ratio are known, to 
find the number of terms, it is evidently sufiicieut to 
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divide the last term by the firsts and then find hy trial 
what power of the ratio is equal to this quotient. 

Snppofie, finally, it were required to find the sum of 
the terms of a geometrical series. 

For instance, to find the sum of 6 terms in the series 
8, 24, 72, etc.— 1944. 

It is evident that if each term be nmltiplied by the 
ratio 3, the sum of all the products would be 3 times 
the sum of the given series. 

Performing the multiplication, the result may be 
written as below : 

Sum of series = 8 + 24 + 72 + etc. • • + 1944. 

3 times sum of series = 24+72 + etc. •• +1944+5832. 

It appears from inspection that the terms of ekch are 
the same, excepting the first term of the first series and 
the last term of the other. 

Subtracting one series from the other, there would 
remain 2 times sum of series = 5832 — 8 = 5824, or 
the sum of the series = -M^ = 2912. 
* As the same kind of reasoning may be applied in 
other like cases, it follows that the sum of any number 
of terms of an increasing geometrical series may be 
found by multiplying the last tenn by the ratio, from 
this product subtracting the first term, and dividing the 
difference by the ratio less 1. 

If the series is decreasing, subtract the product of 
the last tenn multiplied into the ratio, from the first 
term, and divide this by I less the ratio. 

That is, in either case, divide the difference between 
thefi/rst term and the product of tlie last tenn muUi- 
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j>lied into the ratio j by the difference between i/ie ratio 
and\. 

Thus to find the sum of 10 terms of the series, 3, -^^ 
7^, etc-T^nnnftFTrmnr, in which the ratio is ^tr- The 
foregoing precept gives the sum of 

10 terms = (3— ioooo?ooooo )-^(l— ^)=fMMHHH-^ 
^ = feHMM*.= 3.333333333. 

Tlie same method is applicable when the series ex- 
tends to infinity. In that case the last term is 0. 

Suppose we have the series l + i+i+etc, extending 
to infinity, the ratio being i. 

Then the sum of the series = (1 — 0)-^(l — i) = 
l-r-i = 2. 

rBOBLEMS. 

(1). Find the 10th term in the series 64, 32, 16, etc. 

Atis, ^. 

(2). Find the 8th term in the series, of which the 

first term is 3 and the ratio 3. Find the sum of the 

• 

same terms, Ans. 6561, 9840. 

(3). The extremes are i and 40^, and the number of 
terms 5 ; to find the ratio. Ans. 4. 

(4). The first term is 5, the last term is 244|^J, the 
number of terms is 7 ; to find the ratio. A718. 2^-. 

(5). Given the first term 4, the ratio 2^, the last 
term. 976^ ; to find the number of terms. Ans. 7. 

(6). Required to find the sum of 12 terms of the 
series 4, 6, 9, etc. Ans. 1029|f J. 

(7). Find the value of .555, regarded as an infinite 
series, the first term being ^ and the ratio ^(^. A7i8, |. 
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(8). Find in a similar way the value of .03, .27, .108. 

Ans. iff, ^, T^V 

(9). An annuity (a sum of money due annually, or 

at regular intervals) of $500 has not been paid for 6 

yeare. Allowing compound interest at 8^ per annum, 

what is the entire sura due for 6 years ? 

Ans. $3667.95. 

(10). A man travels a journey in 10 days, traveling 

10 miles the first day, 15 miles the second day, 20 miles 

the third day, and so on, increasing the distance each 

day by 5 miles. How far did he travel in the 10 days ? 

Ans. 325 miles. 



CHAPTER IX. 
Bfensuratlon. 

SECTION I. 

Definitions* 

Mensuration is the process of measaring the size or 
extent of bodies, and relates to measures of lines, sur- 
faces, and volumes, and includes all necessai-y compu- 
tations therefor. 

It forms a part of Geometry, which extends over a 
wider field of research. 

Lines, surfaces, and volumes have been previously 
defined. 

Direction is the tendency of a point moving along a 
line. 

A point is regarded in mensuration as place or posi- 
tion, without magnitude or extent. 

This position is often indicated by a visible dot, in 
the same manner that the place of a line which has no 
width is represented by a visible mark made by pen, 
pencil, or crayon. 

A straight lifie is one that lies wholly in one direc- 
tion, and, properly speaking, there . p. 
are two straight lines between any 
two points, A and B, for instance, as a line fi'om 
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A to B, and a line from B to A, one opposite to the 
other in direction, 

A plane is a flat surface extending without limit. 

An angle is the difference of direction of two lines, 
and when the lines meet the point of meeting is called 
the vertex of the angle. 

A right angle is half the angle of opposite directions. 
When one line meets another so that the divergence on 
one side equals that on the other, each of the two equal 
angles is a right angle. 

An angle less than a right is called actite ; one 
greater than a right is called obtuse. 

Acute and obtuse angles are both called oblique. 
An angle is pi'ojx)rtioned to thearcof acircumfei-ence, 
included between its sides, in case the center of the cir- 
cumference is at the vertex of the angle. 

Thus, in the figure, if the arc AC is twice the arc 
AB, then the angle AOC is twice 
the angle AOB. 

As the arc of a circumference is 
measured in degrees, so the angle, 
because it is proportional to the 
arc, is also reckoned in degrees. 
The right angle being half of 
opposite directionsj or one-fourth 
the angle of the entire circumference, is counted as 
90°, or one-fourth of 360°, the circumference. 

A vertical line is one whose direction is that of a 
plumb-line, freely suspended and at rest. 

A horizontal line is one at right angles to a vertical 
one. A horizontal line is represented on the page of a 
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book by a line extending from: left to right, while a 
vertical line is represented by a line from the top to- 
wards the bottom of the page. This is often called a 
vertical line, as the pictnre of a horse may be called a 
hoi*se ; but a line is truly vertical only when it has the 
direction of a plumb-line. 

Two straight lines are said to be parallel when they 
have the same direction. They cannot meet, however 
far they are produced, for in that case they could not 
have the same direction at the point of meeting. They 
must continue at the same distance apart, since they 
can neither converge nor diverge, and it may be shown 
that they must both be in one plane. 

A plane figure is a portion of a plane surface bounded 
by straight or curved lines. 

A polygon is a plane figure bounded by straight 
lines. Polygons may have any number of sides greater 
than two, but in this book those of three sides and those 
of four sides will only be considered. 

A polygon of three sides is called a tnangle, a poly- 
gon of four sides is called a quadrilate7*al. 

A triangle having a right angle is called a right- 
angled triangle, or simply a right 
triangle. Thus, in Fig. 1, ABC is 
a right-angled triangle, the vertex 
of the right angle being at A. The 
longest side of a riijht-ana^led tri- 
angle is opposite the right ajigle, 
and is called the /lypothenuse, as in BC in the figure. 

The base of a triangle is the side on which it is as- 
sumed to i^st, but any side may be taken for the base. 
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In the figure, CA would be regarded as the base and 
AB the perpendicular. 

A triangle of three equal sides is called equUate^Hd, 
as ABC in Fig. 2. 

A triangle of only two equal sides is called isosceles. 
as in Fig. 3, where AB = BC. 

A triangle of which no two sides are equal is called 
scaleney as ABC in Fig. 4. 

The altitude of a triangle is the length of a line 
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Fig. 4. 



drawn from the vertex of the triangle (that is, the ver- 
tex of the angle opposite the base) to the base. 

The dotted line, BD, in each of the last three figures, 
represents the altitude. 

A quadrilateral may have its opposite sides parallel, 
when it is called a pardUelograrR / it may have two 
sides only parallel, when it is called a tra'pezoid ; or it 
may have no two sides parallel, when it is called a 
trapeziuTifi. 

5 
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Figures 5 and 6 represent pai*allelograms ; Fig. 7 a 
trapezoid ; Fig. 8 a trapezium. 

A right-angled pai*alIelogittin (Fig. 5) is called a 
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rectangle ; an oblique-angled parallelogram is called a 
rhombus (see Fig. 6). 
A rectangle of equal sides is called a square (see 
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Fig. 9), and a rhombus of equal sides is called a rhom- 
boid (see Fig. 10). It is also shown in Geometry that 
the opposite sides of a parallelogram are equal as well 
as parallel. 

A circle is a plane figure bounded by a curve, called 
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the circumference, every point of which is equally dis- 
tant from a point within, called the center. 
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The diameter of a circle is a straight line passing 
through the center, terminating at each end in the cir- 
cainference. 

The radius of a circle is any line extending from 
the center to the circumference, and is equal to half the 
diameter. 

SECTION 11. 
Areas of Quadrilaterals and Triangles* 

The area of a rectangle (as stated in Chapter III., 
Part II.) is expressed by the product of the units in 
length multiplied into the units in breadth. 

It is easily shown that the area of any oblique paral- 
lelogram is equal to that of any rectangle of the same 
base and equal altitude. 

Thus, suppose ABCD, Fig. 11, to be a parallelogram, 
and ABIK to be a rectangle 
M'ith the same base and equal 
altitude. It is easy to sec that 
KI = J)C, since each is equal to 

AB, and that KD = IC, and A" ^B 

that the area AKD = area BIC 

since one triangle conld be placed upon the other so as 
to coincide with it. If from the whole figure, ABCK, 
the triangle AKD be taken away, there remains the 
parallelogram ABCD ; while if the equal triangle BIC 
be taken away f I'om the same figure, there remains the 
rectangle ABIK. If equals be taken from equals, tlie 
reinaindere must be equals, and the area of the paral- 
lelogram is equal to that of a rectangle of the same 
base and equal altitude. 
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♦ 

It may also be shovrn that tlie area of a triangle is 
half that of a parallelogram whoee base and altitnde 
are respectively the same. 

For let ABC, Fig. 12, be any triangle, and form the 
triangle CBD so that CD = AB, and BD = AC, the 
side BC being common, we shall then have the paral* 
lelogram ABDC, composed of two equal triangles of 
the same base and altitude as the parallelogram, and 





C 

V 


7^, 


C^ 


-^"^0 


i\ 


\. 


/ 


^N 


^ * 

\ ) 

^. • .^ 

Fio. 18. 


y 


^A 


A 


B 

Fxo. 12. 



of course the area of one triangle will be half that of 
the parallelogram. 

Hence, if the number of units in the base of a trianr 
gle be multiplied by half the units in the altitude, the 
product will express the area of the triangle. 

The same thing is often stated more briefly : " The 
ai'ea of a triangle is equal to half the product of tlie 
base multiplied into the altitude." 

To find the area of any trapezium, as ABCD (Fig. 1 3), 
it is necessary to measure a dfiagonal as AC, and the 
perpendiculars dropped on this diagonal from the other 
coraers of the figure, as DE and BG in Fig, 14. Then 
the areas of the triangles may be found separately, and 
added together. This will be the product of the diago- 
nal into half the sum of the perpendiculare. 
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To find the area of a trapezoid. Let A BCD be any 
ti'apezoid, AB die longer base, CD the shorter base. 
Draw CP pai'allel to the side AD", forming tlie paral- 
lelogram APCD, and PB 
will be the diflFerence in 
the length of the two bases 
of the trapezoid. Draw 
CI to the middle of PB, 
and draw IG equal and 
parallel to CP, and extend 
DC to G, making CG equal and parallel to PI. Then 
the parallelogram PIGC equals the triangle CPB iu 
area, and the parallelogram AIGD equals the trapezoid 
in area. But AI, the base of this parallelogram, equals 
half the sum of the two bases. Hence the area of the 
trapezoid is equal to the product of half the sum of the 
two bases into the altitude. 

The following proposition of Geometry has frequent 
applications iu problems of mensuration : 

Tlie area of the square constructed on the hypothe- 
nuse of a ri^fht-angled triangle is eqtial to the sum of 
the areas of the sqicares constructed on t/ie other two 
sides. 

In Fig. 15, let ABC be any right triangle, right 
angled at A, and BC the hypothenuse. On the line 
AC take AE equal to AB, and construct the square 
ABDE ; this will be one of the squares. Then prolong 
AC to H so that CH shall equal AE, and EII will equal 
AC. Prolong ED to G so that EG will equal Ell, and 
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form the square EGKH, each side of which will be 
equal to AC, and we have the equal of the second 
squai-e described in the proposition. 

Now the right-angled triangle, BDL, has the side 
BD, the right angle at D, and the side DL, equal re- 
spectively to the side BA, the right angle at A, and the 
side AC of the triangle BAC, and one can be placed 
upon the other so that they will coincide, and their 




areas must be equal. In a similar way LGK can be 
shown to be equal to CHK. 

If, then, from the figure IIABDGK, two triangles, 
BAC and CIIK, be taken away, and then two equal 
triangles, BDL and LGK, be added, the resulting area 
will be the same ; that is, the area CBLK will equal 
the area HABDGK, the sum of the two squares. But 
each side of CBLK is equal to BC, the given hypothe- 
nuse, because each is the hypothenuse of an equal 
right-angled triangle, and CBLK is a square constructed 
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on the hypothenuse whose area is eqnal to the sum of 
the areas constructed on the other two sides of the 
given triangle. 

The area of a square is expressed by the square of 
the number of units in one side. Hence the square of 
the number of units in the hypothenuse of a right-an- 
gled triangle is equal to the sum of the squares of the 
numbers of units in the two sides. 

For example, suppose the two sides of a right triangle 
to be respectively 3 and 4 feet in length, and it is re- 
quired to find the length of the hypothenuse. We 
have 32 = 9, and 4^ = 16, and the sum 9 -+- 16 = 25. 
Hence the square of the number of feet in the hypoth- 
eimse is 25, and therefore the hypothenuse itself is 
5 feet. 



PBOBLEMS. 

(1). Required to find the number of square feet in a 
triangular board 18 feet long, 15 inches wide at one 
end and tapering to a point at the other. 

ixl8xiJ = ^ = lli. 

Ans. 11 J square feet. 

(2). How many acres in a triangular piece of land 
of which the base is 100 rods, and the length meas- 
ured in a line perpendicular to the base, 320 rods? 

An8, 200 acres. 

(3). The base of a triangle is 9 feet 6 inches, its alti- 
tude is 18 feet 4 inches. Required tlie area. 

Ans. 87^5 square feet. 
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(4). A triangle has an area of 87^^ sqnare feet ; the 
base is 9 feet 6 inches. What is the altitude ? 

(5). The area of a triangular field is 1 A. 2 R 10 sq. 
rd. ; the base of the field is 124 rd. What is the 
length ? Ans. 40 ixxis. 

(6). The altitude of a trapezoid is 15 feet, the bases 
measure respectively 23 and 37 feet. Kcquired tlie 
area. Ans. 450 square feet 

(7). A field in the form of a trapezoid jneasures, in a 
perpendicular between the parallel sides, 86 ixxis, the 
length of one base is 157 rods, the other 87 ixds. He- 
quired the area. Ans, 65 A. 2 K. 12 rd. 

(8). The two sides of a right triangle are 6 feet and 
8 feet respectively. What is the length of the hypoth- 
enuse ? 

(9). The length of the hypothenuse is 10 feet, the 
length of one side is 8 feet. What is the lengtli of the 
other side ? 

(10). A ladder 39 feet in length is placed obliquely 
against a veilical wall so that the top reaches to a 
height of 36 feet from the foot of the wall. Required 
to find the distance of the foot of the ladder from the 
foot of the wall, the line being horizontal. 

(11). Required to find the altitude and area of an 
isosceles triangle, whose equal sides are each 13 feet, 
and whose base is 12 feet in length. 

(12). The diagonal of a quadrilateral measures 80 
feet, and the perpendiculai-s, dropped from the other 
two vertices upon the diagonal, measure respectively 
19 and 25 feet. Required the area. 

Ana. 1760 squai*e feet. 
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It is dennonstrated 'in G^metry that the area of a 
triangle, of which the three sides are known, may be 
found by the following method : 

Divide the sum of the three sides hy 2. 'From this 
quotient subtract each side separately^ and m,vltiply to- 
gether the quotient and tlie three remainders^ and taJce 
the square root of the product. 

Thus the sides of a triangle are respectively 13 feet, 
20 feet, and 21 feet ; it is required to find the area. 

13+20+21 =54, V = J^7, 27-20 = 7, 27-21=6, 27-13^14. 
27 X 7 X 6 X 14=81 x 14 x 14=9* x 14«. y/¥^^^=^ x 14=12«. 

Alts. 126 square feet 

Problem,. — ^Required the area of a triangle whose 
sides are respectively 24, 82, and 40 feet. 

Ans. 384 square feet. 

SECTION III. 
• The Circle. 

To find the ratio of the diameter of a circle to the 
circumference is a problem that occupied the attention 
of mathematicians for a long time, and the student, 
when further advanced, will no doubt find the account 
of the matter very interesting. Here we must be con- 
tent with a statement of the result. It has been proved 
that the exact value of this ratio cannot be expressed 
in numbers, but the approach to accuracy may be made 
as near as any difference that c^n be named. 

6* 
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If the diameter of a circle he 1 foot in length, the 
circumference will measure 3.1416 feet nearly ; or if 
the diameter be 2 feet the circuniference will measure 
2 X 3.1416 feet nearlv, and so on. The value 3.1416 is 
the one commonly used, and is true within 1 of the 
fourth decimal order, and answere all practical pur- 
]X)ses, tliough a value ha& been ascertained true to the 
sooth decimal order. 

To find the circumference of any circle, multiply the 
diameter by 3.1416 ; to find the diameter of a circle 
when the circumference is known, divide the circum- 
fei'ence by 3.1416. 

To find the area of a circle we may suppose radii 
drawn from the center, so near together that the arc 
between any two consecutive ones would seem like a 
straight line ; then the portion of the circle between 

the same radii (which is called a sector) 
would become almost a triangle. The 
area of one such triangle would be tlie 
product of its base multiplied by half its 
altitude (that is, by half the radius) and 
^'®* * the sum of all such triangles, which would 

be the whole circle, would be the sum of all the bases ; 
that is, the whole circumference multiplied by half the 
radius. This, indeed, expresses the area of the circle, 
lialf the jproduct of the circumference multiplied hy the 
radius. 

Or since the radius is half the diameter, we may say 
one- fourth the product of the circumference multiplied 
by the diameter ; or again, as the circumference equals 
the diameter X 3.1416, the area of a circle equals one- 
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fourth the square of the diameter x 3.1416 = diameter 
X .7854. 

Problem, — ^What is the area of a circle whose diame- 
ter is 5 feet % 5^ x .7845 = 19.636. Am. 19.635 sq. ft. 

Problem, — The ai*ea of a circle is 19.635 square feet. 
"What is the diameter ? 

, Since the square of the diameter is multiplied by 
.7854 to obtain the area, then dividing the area by .7854 

must give the square of the diameter. Hence —z—r = 

. T oo4 

25 = square of diameter, and i''25 = 5 = diameter. 

Ans, 5 feet. 

Problem, — The area of a circle is 490.875 sq. rods. 

What is the radius ? 

490 875 

-^^^ = 625. i/625 = 25 = diameter, and ^- = 

12i == radius. 

Problem,. — A circular field contains 10 acres. Ile- 
quired to find the diameter. Aiis, 46. 136+ rods. 

SECTION IV. 
Similar Figures. 

Two figures, having the same form, and whose sides, 
taken in the same order, are proportional, are said to be 
similar. 

Thus 2 rectangles, one 2 feet wide and 6 feet long, 
the other 8 feet wide and 24 feet long, are similar, 
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since the length of each is 3 times the width. The 
area of the first is 2 x 6 = 12 sqnare feet, that of the 
second 8 x 24 = 192 sqnare feet ; that is, 16 times the 
first, becanse in multiplying together the length and 
breadth of the second, 4 times the length of the first is 
mnltiplied by 4 times the breadth ; that is, 16 times 
the product of the first length and bi'eadth. 

In general, the surfaces of similar figures are to each 
as the squares of the corresponding sides. For another 
illustration : suppose a triangular field has 10 acres in- 
closed ; another field of the same shape, but each side 
3 times as long, will contain 3x3 = 9 times 10 acres. 

All squares are similar, all circles are similar, all 
cquikteral triangles are similar. 

rBOBLEMS. 

(1). A triangular field, whose base measures 20 rods, 
contains 5 acres. How many acres does a similarly 
shaped field contain whose base measures 60 rods t 

(2). A triangular field, whose base measures 20 rods, 
contains 5 acres ; another similar field 45 acres. What 
is the length of its base i What the base of a similar 
field which contains 80 acres ? 

SECTION r. 
Solids. 

A solid is a body which occupies some volume. 
When it is bounded by plane surfaces these are called 
faces, and their intersections are called edges. 

Aj>ris7n is a solid, two of the faces of which, called 
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bases, are equal polygons, in parallel planes, the other 
faces being parallelograms. 

Prisms are named from the figures of their bases, as 
a triangular prism, a quadrangular prism, and so on. 

The altitude of a prism is the perpendicular distance 
between the bases. 

A paraUdopvpedon is a prism of six faces, the oppo- 
site ones, two by two, being equal and in parallel 
planes. 

A cube is a parallelopipedon whose faces are all 
equal squares. 

A cyUnder is a body such as would be described by 
a rectangle revolving about one side. The ends are 
circles equal and in parallel planes, and any sections 
made by parallel planes are equal circles. 

A pyramid is a body whose base is a polygon, and 
whose other faces are triangles meeting in a common 
vertex. 

A cone is a body such as would be described by a 
right triangle revolving aboiit one side. One end would 
be a circle, the other would be a point called the ver- 
tex, and any section made by a plane parallel to the 
base would be a circle smaller than the base, according 
to the distance of the section from the vertex. 

The frustum of a pyramid, or of a cone, is the por- 
tion included between the base and any section parallel 
to the lower base, the section in each case being called 
the upper base. 

The altitude of a pyramid or cone is the perpendicu- 
lar distance from the vertex to the plane of the base. 

A right pyramid is one whose vertex is in a line per- 
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pendicnlar to the base and passing through the center, 
the base being a regular polygon, that is, one of equal 
sides and equal angles. 

The slant height of a right pyramid is the perpen- 
dicular distance from its vertex to one of the sides of 
the base. 

The slant height of a cone is the distance from the 
vertex to any point of the circumference of its base. 

A sphere is a body bounded by a curved sui'face, all 
the points of which are equally distant from a point 
within, .called a center. 

The diameter of a sphere is a straight line* passing 
through the center of a sphere, each end terminating 
in the surface 

The radius of a sphere is a straight line drawn f j-om 
the center to the surface of the sphere. 

Problein. — Required to find the lateral surface of a 
triangular prism whose altitude is 10 feet and whose 
base is an equilateral triangle, each side of which is 
1 foot. 

The prism would have three lateral faces, each face 
being a rectangle, of the same altitude, and the sum of 
the areas of these faces would equal the sum of the 
bases multiplied by the common altitude. That is, 
3 X 10 = 30. Ans. 30 feet 

It is obvious, in any case, the lateral surface of any 
prism is equal to the sum of the sides of the base ; that 
is, the perimeter of the base multiplied by the altitude. 

Probhrn. — Required to find the convex surface of a 
right cylinder of which the altitude is 10 feet and the 
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circumference of the base 3 feet. It is clear that any 
thin fabric, as paper, cut into the form of a rectangle 3 
feet wide and 10 feet long,conldbe wrapped or folded 
around the given cylinder in such manner as to exactly 
cover the convex surface. Hence the convex surface 
of this cylinder would be found by multiplying the 
altitude by the circumference of the base, 3 x 10 = 30, 
It is evident that the same method is applicable to any 
cylinder. 

Problem. — Required to find the convex surface of a 
cylinder of jyvhich the altitude is 4 feet, and the radius 
of the base of which is 4 feet. Ans. 100.5312 sq. feet 

Suppose it were required to find the area of the 
Iatei*al surface of a right pyramid. The area of any 
face is equal to half the base multiplied by the slant 
height. The area of all the faces will evidently be 
equal to half the sum of all the bases of the faces 
multiplied by the slant height; that is, equal to half 
the perimeter of the base of the pyramid multiplied by 
the slant height. 

Problem. — ^Required to find the lateral surface of a 
right pyramid of which the slant height is 10 feet, and 
each side of the triangular base of which is 6 feet. 

Ans. 90 feet. 

Again, if the number of the sides of the base of a 
pyramid were increased in number indefinitely, the 
perimeter of the base would more and more approach 
the form of the circumference of a cii'cle, and the 
pyramid would approach the form of a cone, and the 
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lateral surface would tend to become the convex sur- 
face, until finally there would be no sensible difference, 
and the convex surface of the cone would be found by 
multiplying half tlie circumference of the base by the 
slant height 

Problem. — Required to find the convex surface of a 
cone, the radius of the base of which is 10 feet, and the 
slant height of which is 8 feet, Aiu. 251.328 sq. feet. 

, To find the lateral surface of one face of the frustum 
of a pyramid which is a trapezoid, we multiply half 
the sum of the two bases by the slant height. The 
surface of all the faces would evidently be equal to 
half the sum of the perimetera of the two bases multi- 
plied by the slant height. 

The same reasoning would apply here as in seeking 
the surface of the cone, and the surface of the frustum 
of a cone would be equal to half the sum of the cir- 
cumferences of the two bases multiplied by tlic slant 
height. 

Problem, — Required to find the lateral surface of 
the frustum of a pyramid of four faces, each side of 
the. lower base of the frustum measuring 4 feet 6 inches, 
and each side of the upper base 3 feet 6 inches, the 
slant height 9 feet. Ana, 144 square feet. 

Problem, — Required to find the convex surface of 
the frustum of a cone, the radius of the lower base 
of which is 25 inches, the i-adius of the upper base 15 
inches, and the slant height 2^ feet. 

Ans, 26 sq. ft. 26 sq. in. nearly. 
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It is proved in Geometry that tlie surface of a sphei*e 
is equal to the diameter multiplied by the cii-cumfer- 
ence of a great circle of the sphei'e. 

A great circle of the sphere is a section made by a 
plane passing through the center. It is a circle of 
which the radius is the same as the radius of the sphei'e. 

Problem. — Required to find the surface of a sphere 
of which the radius is 5 feet Diameter = 10 feet, 
circumference = 31.416, and surface = 10 x 31.4:16 = 
314.16. Ans, 314.16 squai-e feet. . 

It. is also proved in Geometry that to find the volume 
of a sphere it is necessary to multiply the surface by \ 
the diameter. 

Probletn, — To find the volume of the sphere of which 
the radius is 5 feet. The surface was found to be 314.16 
feet. 314.16 x 10 x | = 523.6 cubic feet. Am. 

It is evident in the case of a parallelopipedon of which 
the width is uniform, length and depth also uniform, that 
the units of cubic contents are found by multiplying 
together tlie number of units in length, breadth, and 
depth. 

Also, in a similar way, in the case of a prism or cylin- 
der, the volume would be found by multiplying the 
area of the base by the number of units in length or 
altitude. 

And it is proved in Geometry that the volume of a - 
pyramid or cone is J of the volume of a prism or cylin- 
der having the same base and equal altitude or length. 

And it is proven that the volume of any frustum of 
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a pyramid or cone is eqnal to the sum of the volumes 
of three pyramids or cones, each having the same alti- 
tude, the base of one being equal to the lower base of 
the frustum, the base of another being equal to the 
npper base of the frustum, and the base of tlie thiixl 
being a mean proportional between these two: 

A mean proportional between two numbers is ex- 
pressed by the square root of the product of the two 
numbers. 

Thus, suppose the frustum of a pyramid to have a 
lower base of 9 square feet and an upper base of 6 
square feet, then the mean proportional between these 

would be 1^9x4 = VSii = 6. Let the altitude of the 
frustum be 6 feet, then the sum of the volumes of the 
three pyramids would be ix(9+4 + 6)x6 = 38 cubic 
feet. 

Problem. — The frustum of a cone is 18 feet in 
height. The lower base contains* 25 square feet, the 
upper base contains 16 square feet. Required to find 
the volume. Ans. 366 cubic feet. 

It was found in the case of surfaces, whatever the 
form of the figure, the area was expressed as some pro- 
duet of two factors, one of length and the other of 
breadth, whence it followed that in the area of similar * 
surfaces the ratio of the corresp<inding sides would be 
squared, because it must enter twice as a factor. Thus 
in doubling or tripling the sides of any given field the 
area would be increased to four times, or to nine times 
the given area, and so on. In the case of volumes 



SOLIDS. 115 

the cnbic contents are expressed as the product of three 
factors, viz. : length, breadth, and depth or thickness. 

Hence, in doubling or multiplying by any ratio the 
dimensions of a given solid to form a similar solid, the 
ratio, whether two or moi*e than two, must appear thi*ee 
times ; that is, must be cubed. Hence, the volumes of 
similar solids are to each other as the cuhes of their 
like dimensions. 

All spheres are similar to each other ; all cubes are 
similar to each other ; and whatever the form of any 
prism or cylinder, pyramid or cone, another similar one 
may be formed. 

mOBLEMS. 

(1). Required to find the lateral surface of a right 
pyramid, each side of the triangular base of which 
measures 4 feet, and the slant height of which is 6 
feet. Required also to find the entire surface of the 
pyramid and tlie altitude of the pyramid. 

Ans. Lateral surface is 86 square feet ; entire sur- 
face, 42.934 square feet ; altitude, 5.89 nearly. 

(2). Required the convex surface, the entire surface, 
and the volume of a cone of which the slant height is 
13 feet and the radius of the base of which is 5 feet. 

Ans, Convex surface is 204.204 square feet ; entire 
surface is 282.744 square feet ; volume is 314. 16 cubic 
feet. 

(3). Required to find the convex surface and the en- 
tire, surface ; also volume of a cylinder of which the 
length or altitude is 10 feet and the radius of the base 
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of which is 5 inches. Then to find the surface and 
volume of a similar cylinder, the radias of the base of 
which is 10 inches. 

(4). Required the cubic contents of a box of which 
the interior dimensions are respectively 2, 3, and 4 feet; 
Also a similar box of which the least dimension is JO 
feet. 

(5). Required to find the dimensions of a box of 
which the volume is 24000 cubic feet and of which the 
edges are in the ratio of 2, 3, 4. Also a similar box 
of which the volume is 192000 cubic feet. 



In the selection of the following list of problems the 
author has sought to avoid ambiguity or indefiniteness 
in the enunciations, at the same time to discard ques- 
tions of the nature of puzzles and riddles, as nnwoithy 
of the serious attention of the arithmetical student. It 
happens in some instances that statements are included 
in the enunciations which have no bearing on the solu- 
tion of the pi-oblems, and if the student is thereby mis- 
led, he shows a lack of skill in failing to discern what 
is, and what is not, essential to the solution. 

In any case, the student should carefully consider the 
statement of a problem, to be sure that he understands 
the given data and the nature of the result required. 

Should one meet in the following pages with any 
term not previously explained, he may consult the 
vocabulary in the Appendix at the close of the volume. 
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(1). A boy has gathered 3 pk. 5 qt. 1 pt. of chest- 
nuts. What should he obtain for them at the rate of 
$2.56 per bushel ? Ans. $2.36. 

(2). One boy has 20 cents more than another ; both 
tosrether have 90 cents. How much has each ? 

A718, 35 cents, 55 cents. 

(3). Two boys sell together some hjizel-nuts at the 
ittte of $3.20 per bushel, and receive $7.25. One had 
a bushel and a pint of hazel-nuts more than tiie other. 
How should the money be shared between them ? 

Ans. $2.00 and $5.25 respectively. 

(4). A pile of wood measures 4 feet in width, 8 feet 
6 inches in length, 6 feet 5 inches in height. How 
many cubic feet does it contain ? How many cords ? 
How much is it worth at $5.50 per cord ? 

Ans. 218^ cu. ft., or l^J cd,, and is worth $9.37+. 

(5). Another pile of wood is 13^ feet in length, 4 
feet wide, 5^ feet high. What is it worth at $6.40 per 
cord? . Ans. $14.17+. 

(6). A load of wood 16 feet 8 inches long, 4 feet 
wide, 5 feet 3 inches high, is sold for $21. What is 
the price per cord ? Ans. %7.68. 

(7). A pile of wood is 1.2 meters wide, 3.5 meters 
long, 2 meters high. How many steres does it con- 
tain ? How much is it worth at $5 per cord ? 

Ans. $11.59 nearly. 

(8). A pile of wood is 1 meter wide, 10 metera long, 
2 nfietera higli. How much is it woith at $8.25 per 
cord. 

(9). A cistern measures 4^ feet in width, 3( feet in 
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height, and 10 feet in length. How many gallons does 
it contain ? How many litei-s ? 

Ana. 1122.1 gallons nearly ; 4247.5 liters nearly. 

(10). A cistern measures 25 feet in length, 6 feet in 
width, 5i feet in depth. How many bushels does it 
hold ? How many hectoliters ? 

(11). At 5 cents a pound how many kilograms may 
be bought for $25 ? 

(12). At $5 a gallon how many liters of wine may be 
bought for $12.75 ? 

(13). An apothecary bought 10 pounds of quinine at 
$40 per pound, which he used in making 2-grain pills. 
These he sold at 30 cents per dozen. What was the 
entire profit ? A718. $475. 

(14). What is the cost of 118 rods 8^ feet of fencing 
at $160 per mile ? 

(15). What should li hectares of land cost if 10 A. 
100 sq. rd. cost $850 ? 

(16). The longitude of Philadelphia being 75° 10' 
west from Greenwich, what is the difference of time ? 

(17). If Greenwich time is 5 h. 8 m. 12 s, later than 
Washington time, and if Lawrence, Kansas, is 95° 15' 
west from Greenwich, what is the difference between 
Washington and Lawrence time ? 

Ana, Lawrence time is 1 h. 12 m. 48 s. earlier than 
Washington. 

(18). If Kome is 12° 29' 2" east from Greenwich, 
and Fort Leavenworth is 94° 55' west, what is the dif- 
ference of time between Fort Leavenworth and Home? 

(19). If St. Petersburg* is 30° 18' 22" east from 
Greenwich, and Rome is 89° 32' 2" east from Wash- 
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ington, and Washington 77° 3' west from Greenwich, 
when it is midnight at St. Petersburg what is the 
time at Rome ? 

(20). What does it cost to carpet a room 21 feet long, 
18 feet wide, with carpeting f of a yard wide at $1,625 
per yard? Am. $91. 

(21). 12 aci*es 2 roods is 10^ of what quantity ? 

(22). 24,6 liters is how many per cent of 8.2 hecto- 
liter ? 

(23). 10 liters is how many per cent of 10 gallons ? 

(24). $60 is how many per cent of $24 ? How many 
per cent of 24 cents ? 

(25). A house costs $21,500, which is 7^^ more than 
was estimated. What was the estimated cost } 

(26). I paid $300 for a horse, and lost 37i^ in selling 
him. What was the selling price ? 

(27). A grcKser asks 20^ more than the cost, but de- 
ducts 5^ of his asking price. How much profit does 
he make on goods that cost $480 ? Arts. $67.20. 

(28). A jeweler sold a bill of goods which cost $125 
at a profit of 50^, but finally collected only 75^ of the 
amount of the sale. How nmch was the profit finally 
realized ? 

(29). Find the simple interest of $14.50 for 5 months 
and 16 days at 6^ per annum ? Ans, $0,401^. 

(30). Find the amount of $175, at interest for 6 
montlis and 8 days, at 8^ per annum. Arts. $184.64^. 

(3J). What is the difference between discounting a 
bill of $2000, at lOj^, and then discounting the remain- 
der at 10^ for cash payment, and discounting the whole 
bill at 20^ 2 
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(32). 20fi less than $80 is how many per cent greater 
tlian $60 ? 

(33). 50^ of $1 is how many per cent of 50^ of $2 ? 

(34). A gains 20j^ on his investment, and then loses 
20^ of the whole amount. How many per cent does 
he gain or lose in the whole affair ? 

(35). A merchant buys goods at a discount of 60j^ and 
then sells at full price. How many per cent does he 
gain ? 

(36). One-third and a half a third of 10 is how many 
per cent of one-third and a half a third of 20 ? 

(37). A dealer bought 200 books for $400. For how 
much must ho offer to sell them in order that he may 
discount 5^ and still make a profit of 20^ } 

(38). A dealer sells two hoi-ses for $150 each. On 
one he gains 33^^ and on the other loses 33^. Does 
he gain or lose in the whole transaction, and how much ? 
How many per cent ? 

(39). A merchant marks cloth that cost $2 per yard, 
so that he may deduct 6^ for cash payment, and yet 
make a pmfit of 25^. What is the marked price? 

(40). A merchant sells goods for $2 per yard, but 
wishes to ^* mark up " the price, so that h6 may deduct 
20 fi and yet receive the same as before. What must 
be the advanced price ? 

(41). I discount 20^ on goods marked $2.50 per yard, 
and yet make a profit of 25^. What was the first cost i 

(42). An agent sells a lot of cotton on a commission 
of 5^ and invests the proceeds in cloth, after deduct- 
ing the commission for buying, which is also 6^. His 
commissions for selling and buying amount to $150. 
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What were the net proceeds of the sale of cotton ? 
How much was invested in cloth ? What was the 
amount of each commission ? 

Ans. Net proceeds of sale of cotton, $1496.25 ; 
$1425 invested in cloth ; commission for selling cotton, 
$78.75 ; commission for buying cloth, $71.25. 

(43). 1 sent a broker $10,000, with which he bought 
railroad stoak at 90^. He afterwards sold it at an ad- 
vance of 10^ on what he paid for it. Allowing the 
broker i^ for buying and for selling, what was the 
amount of his commissions and what was the amount 
of my profit. 

Ans. Amount of commissions, $55.40 + ; profit, 
$941.83 nearly. 

(44). Bought 450 shares San Miguel Gold Mine stock 
at 110^ ; 80 shares La Plata Gold Mine stock at 80^ ; 
and exchange^i at the same rates for Big Casino stock 
at 110^, which I sold at 115^. What was the whole 
gain and the rate per cent of gain ? 

(45). What will it cost to insure my house to the 
amount of $2500 for two years, at a premium of 1^^, 
the policy and survey costing $2 ? 

(46). What will it cost to obtain an insurance of 
$50,000, and enough more to include the cost of insu- 
rance, on a store and the goods, the goods being insured 
for two-thirds as much as the store, the rate for the 
store being 2^ and the goods i^, each policy and sur- 
vey costing $1.50 ? In the case of fire and the total 
destruction of the property how much would the insu- 
rance company lose, after deducting what was previously 
received ? 
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Ans, Cost of insurance, $715.77+ ; lost by the in- 
surance company, $50,000. 

(47). A merchant insures his goods at the rate of J^, 
to cover three-fourths of their vakie, that is to include the 
cost of insurance. The whole expense was $502, includ- 
ing the policy, which cost $2. What was the vahie of tlie 
goods ? In the case of fire how much would the mer- 
chant lose, including the cost of insurance, and how 
much would the company lose ? 

(48). If the City of Lawrence requires $10,000 for the 
purpose of boring for coal, this sum to be obtained by 
tax, and if the property is valued at $2,000,000, to be 
assessed at J its value, and a commission of 5^ be 
allowed for the expense of collecting, what will be the 
tax of a man whose property is valued at $2380 ? 

(49). What is the present worth of a note of $2000 
which matures in 93 days, without interest, money 
being reckoned worth 10^ per annum ? What is the 
difference between the present wxu-th and the net pro- 
ceeds, if discounted at the bank? Suppose the same 
note drawing interest and apply the same questions. 

(50). I make a profit of 15^ in selling goods at 20^ 
less than the marked price. What would be the profit 
in selling at the marked price ? 

(51). What is the face of a note drawn for 93 days, 
discounted at the bank at 10^, of which the proceeds 
are $5000. Wliat is the rate of interest paid on net 
proceeds ? 

(52). A note for $1000, dated April 12, 1877, due, 
with 12^ interest, in. 1 year, 6 months, and 15 days 
(without grace), was discounted at tlie bank Sept. 18, 
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1877. On thiB note, payments were indorsed as fol- 
lows : $150, July 4 ; $300, Aug. 12. What was received 
on this note, discounting at 12^, and reckoning 30 days 
to the month in all cases ? 

(53). What is the cost of a draft for $2000, payable 
30 days after sight, legal interest being 7^, and the 
price of exchange at 4^ premium? What would it 
cost if payable at sight ? 

(54). Wliich is better, to invest $50,000 in 6^ gold 
interest bearing bonds, gold being at a premium of 20j^, 
or to loan at 10^ on good security ? At what price must 
the bonds be bought to realize 8^ on the investment? 

(55). Gold being worth 110^, which is more profit- 
able, to sell wheat at $2 in currency or $1.8D in gold ? 
How much? 

(56). A tree 5 rods from the east bank of a lake is 
exactly east of a tree 10 rods from the west bank of 
the lake. It is 300 rods from the first tree to a third 
tree exactly north of it, and 500 rods from that to the 
second tree. What is the width of the lake? 

Ans. 385 rods. 

(57). The door of a mill^is 6 feet high. How wide 
must this door be in order that a circular sawj8 feet in 
diameter, may be taken through it ? 

(58). The stock of a railroad company being valued 
at $2,575,000, the expenses of a quarter amount to 
$31,800, the gross receipts $85,267.50, and the com- 
pany declare a dividend of 2^. Required to find what 
surplus funds will remain on hand. Ans. $1967.50. 

(59). A man was receiving $500 annual rent from 
his farm, but finally sold it for $8500, and invested in 
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bonds bearing 6^ interest, paj'ing at the rate of 104^, 
and a brokerage of i^. What was the annual loss re- 
snlthig from the transaction ? Ana, $11.96. 

(60). A man sells $5000 of U. S. bonds bearing 6^ 
interest at 106f^, allowing J^ brokerage, and invests 
the proceeds in a farm on which he pays taxes at the 
rate of ^^ on f its actual value. He receives an an- 
nual rent of $380. How much has he gained or lost by 
the transactions ) 

(61). The assets of a bank were $15,760, and a set- 
tlement was made by paying 12^ cents on a dollar. 
What was the amount of liabilities ? 

(62). A merchant bought 50 gallons of alcohol at 
90 cents a gallon. By adding a certain amount of 
water and selling the mixture at $1 per gallon, he 
gained 25^. How much water was added? 

(63). A grocer bought a hogshead of molasses on 
credit, agreeing to pay 10^ annual interest on the cash 
price until settled. At the end of 8 months he sold 
the molasses for $60 and settled his indebtedness, 
when he found he had gained 25^. What was the 
cash price? Arts, $45. 

(64). A school district having to build a school-house, 
issued bonds for $1000, bearing 10^ annual interest, 
due in 10 years. The bonds were sold at a discount of 
10^, and a school-house built with the proceeds. The 
sum of $25 was expended each year for repairs, and 
at the end of 10 years the school-house was totally 
destroyed by fire without insurance. Required to find 
the average annual expense incurred by the district on 
account of the school-house. Ans, $225. 
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(65). The hour and minute hands of a watch being 
exactly together at 12 o'clock, how many times will 
they be together in the next 12 houi-s, and what is the 
interval between two successive conjunctions of the 
hands ? 

(66). At a certain instant of time, the hour hand of 
a watch pointed between the figures 2 and 3 on the 
face of the dial, at the same time the minute hand 
pointed between the figures 3 and 4. Within an hour 
the hands had exactly cIiJEinged places. Bequired, the 
time of the first observation. 

(67). A man owes a debt to be paid in 4 equal in- 
stallments, at 4, 8, 12, and 16 months respectively 
without interest. Allowing discount at 6^ per annum, 
he finds that $1000 will cancel the indebtedness at 
once. How much does he owe ? 

(68). A and B can do a certain work in 2i days ; A 
and C in 3^ days ; and B and C in 4^ days. Required 
the time in which A, B, and. C, working together, can 
do the same work, and the time required for each to 
do it alone. 

Ans. All together in 2^^ days ; A in 4:^ days ; B 
in 5 j|-^ days ; and C in 14J^f days. 

(69). f of A's age equals /^ of B's. If each were 
10 years older, i of A's age would then equal i of B's. 
Required their ages. 

[If I of A's age equals ^ of B's age, then ^ of A's 
age equals ^ of B's age, or A's age equals f of B's 
age. In 10 years A's age would be half of B's ; that 
is, (10 years+l of B's age) would equal i of (B's age + 
10 years), or (f of B's age + 20 years) = (B's age +10 
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years). Hence ^ of B'b age = 10 years, and B's age is 
SO years, arid A's age is f of 50 years, that is 20 years. 
AnsJi 

(70). The sum of three nnmbers is 207; i of the 
first, -J of the second, and J of the third are equal to 
each other. What are the three numbers ? 

Ans. 46, 69, 92. 

(71). A room is 15 feet wide, 20 feet long, 18f feet 
high. What is the length of a line extending from 
tlie upper N. W. comer to the lower S. E. comer of 
the room i 

(72). A father is 40 years of age and his son 10 
years. When will the father's age be only twice that 
of the son ? 

(73). A boy bought 90 apples at the rate of 2 for a 
cent, and 90 more at the rate of 3 for a cent. He sold 
them all at the rate of 5 for 2 cents. How much did 
he gain or lose? What rate per cent ? Ans. to last, 4^. 

(74). A planter sold a bale of cotton for $50, then 
bought it back for $40, and finally sold it again for 
$65. How much did he gain ? Ans. $25. 

[Note. — This problem has zeceived many different solutions 
from skillful acconntants, bnt a little consideration should saffice 
to remove all disagreement. What is profit? Profit is '^the ex- 
cess of the selling price above the bnying price/' or it is the excess 
of the net proceeds of sale above the cost. If this be granted, 
there can scarcely be a difference of opinion in regard to the solu- 
tion of the given question. We must know first t/ie oast, then the 
proceeds of sale. In the present case the original cost of the bale 
is not stAted, and in selling for $50, it is impossible to tell whether 
there was or was not any profit in that part of the transaction. 
Buying back for $40 is the beginning of another transaction which 
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may end in profit or loss. If the bale should be bnmed np before 
a sale were effected, there would of coarse be a loss, as indeed 
might happen in many ways. But in this case the bale is again 
sold for |65, and the profit is $65 — $40 = $25.] 

(75). A grocer has sugars worth respectively 8, 9, 
12, and 13 cents per pound. He wishes to make a 
mixture of 1000 pounds, worth 10 cents per pound. 
Required to know what amounts of each may be used. 

Arts, «375, 250, 125, and 250 pounds respectively ; or 
250, 375, 250, and 125 respectively ; or in many other 
proportions. 

(76). A trader sold 50 horees at $100 each. He 
gained 10^ on 20 of these, lost 20^ on 20 otliers, and 
gained 20j^ on the balance. How much did he lose ? 

Ans, $151.51+. 

(77). A merchant sells corn at a profit of 20 cents on 
a bushel, and gains at the rate of 25^. How much 
must he advance on this price in order to gain 40^ on 
firet cost ? Arts, 12 cents on a bushel. 

(78). Find the square roots of the numbers in the 
following list, correct to the third decimal place, 
325.325, 1.5625, 40.96, 2000, 6.25. 

Ana. to firet 18.036 + ; to the last 2.5. 

(79). A laborer received $1 for each day that he 
worked, and paid 25 cents for each day that he was 
idle. At the end of 24 days he received $11.50. 
How many days was lie idle? Arts. 10 days. 

(SO). Required to find the least number which being 
divided by 6, or by 7, or by 8, or by 9, leaves in each 
case a remainder of 4. An^, 508. 

(81). Hiero, King of Syracuse, gave his goldsmith 
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14 ponnds of gold and ^ pounds of silver, ont of which 
to make a crown. A cubic inch of gold weighs 19^ 
times, and silver 10^ times as mnch as a cubic inch 
of water, and the crown was foaud to weigh 14| 
times as much as water. Suspecting that some of the 
gold had been replaced by silver, Hiero requested 
Archimedes to find how much. What was«the fact as 
indicated by the above statement ? 

Ans. 3\^ pounds of gold had been replaced by silver. 

[Note. — First find how mnch the 8i>ecific graTity of the cn>wn 
should hftTe been, that is, how many times heavier than water, then 
find what would be the effect of changing 1 ponnd of gold for 1 
pound of silver, and find how many pounda would be required in 
exchange to make the actual difference. ] 

(82). Find the sum of | of 4 yards 2 feet, j'y of 3 
feet 9 inches, ^ of 2 yards 2 feet 2 inches. 

A91S. 4 yards 7:^^ inches. 
(S3). Reduce to lowest terms |||| and Ifff . 

(84). Simplifv ^ + ^+A-ixAxA: 

Ans. 1^. 
(85). What decimal part of £1 is | of 7s. 9id. 

Ana. £0.2597|. 

(86). Reduce -|J|^ - l^, Ans. AV 

(87). Supposing gold worth $19.20 per ounce, and 

silver worth $1.20 per ounce, what is the value of 3 lb. 

2 oz. 15 pwt. 15 gr. of metal of which ff are pure gold 

and the balance silver ? Ans. $660.83J. 

(88). If £1 = 24.55 francs, and 8.24 francs = $1.65, 

what is the value in dollars of £350 17s. 6d. i 

.Atw. $1724.887 + . 
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(89). How many acres in a rectangular field of 
which the length is If times the width, and aronnd 
which a person can walk in 51f minutes, walking at 
the i-ate of 3^^ miles per hour. 

Ans. 289 A, SO^jy^ sq. rd. 

(90). A and B'rnn a race. B starts 10 rods in 
advance of A, who is 100 yai*ds from the end of the 
course, and both reach the end together. If B were 
100 rods from the end of the course, how far must A 
be behind so that both shall reach the end together ? 

(91). A bought a house for $4000, but soldJit to B 
at a certain per cent of loss. B sold it again to C at 
the same per cent of loss, receiving $3240. Required 
to find A's and B's per cent of loss. 

(92). A square field is inclosed by a fence 5 rails 
high, the rails 16J feet in length. The number of 
acres is ^ the number of rails. Required to find the 
number of acres. 

(93). Required to find the diameter of the base of a 
cylindrical measure which is five inches deep, to con- 
tain exactly a liquid quart. A7i^. 3.82 inches nearly. 

(94). A man paid $100 for a square piece of lan<l, 
each side of which measured 100 feet. At the same 
rate, what should be the length of one side of a square 
piece of land that could be bought for $625 ? 

Ans. 250 feet. 

(95). If it costs $15.75 to gild a globe 25 inches in 
diameter, how much at the same rate should it cost to 
gild a globe 10 inches in diameter? A?i8. $2.52. 

(96). A can do a piece of work in 12 days, B can 
do the same in 16 days. They work together 4 days, 
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when A leaves, and engages C to take his place, who 
can do only J the work of A. Keqnired to know when 
the work will be completed. 

(97). Required to find the capacity in gallons of a 
cylindrical tank, of which the interior diameter is 3^ 
feet and the length 10 feet. 

(98). A cylindrical tank, whose interior diameter is 
2 feet and length 3 feet, weighs 650 pounds. Re- 
quired to find the total weight of tank and water, when 
the tank is full of distilled water. 

(9^^ What is the weight of a marble monument in 
the form of a squai*e pyramid, 10 feet in height, each 
side of the base measuring' 4 feet, and each cubic 
inch of marble weighing 2^ times as much as the same 
volume of distilled water ? 

(100). A and B send packages by express a distance 
of 80 miles, B's package weighs only f as much as 
A's. The charge per mile for the last 30 miles is only 
} as much as for the firet 50 miles. The total expense 
is $4.48. Required to find the amount paid by each. 
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APPENDIX. 



II. 

J>IBCOTTNT TABZH, thowing the present value of an Annuity 
of $1 per annum for a eeriee of yeare. 



YBARS. 


4 p«r o«nt. 


6 per oant. 


6 p«r cent 


7 per cent. 


8 per cent 


1 


.961688 


.962881 


.943396 


.034579 


.926926 


it 


1.886(i96 


1.869410 


1.8aS893 


1.808018 


1.788266 


8 


2.776091 


2.723248 


2.673012 


2.624816 


2.677097 


4 


8.629896 


8.646961 


8.466106 


8.887211 


8.812127 


6 


4.451822 


4.32J)477 


4.212364 


4.100197 


8.998710 


6 


6.242187 


6.076692 


4.917324 


4.766540 


4.628880 


7 


6.002066 


6.786373 


6.682881 


6.889289 


6.20(i370 


8 


6.782746 


6.463213 


6.209794 


6.971299 


6.746630 


9 


7.4:^6382 


r. 107822 


6.801692 


6.516232 


6.246888 


10 


8.110896 


7.721785 


7.860087 


7.028682 


6.710081 




b 8.760477 


8.306414 


7.8P6876 


7.49^676 


7.188964 


^ 9.885074 


8.WW2o2 


8.883844 


7.942«6 


7.686078 


18 


9.966648 


9.3iW573 


8 8626K3 


8.a67651 


7.908776 


14 


1(1.668123 


9.898641 


9.294984 


8.745468 


8.244237 


16 


11.118387 


10.879658 


9.712249 


9.107914 


8.559470 


16 


11.662296 


10.837770 


10.105895 


9.446649 


8.851369 


17 


12.1»6669 


11.274066 


10.477860 


9.763223 


9.121638 


18 


12.669297 


11.689587 


10.827608 


10.069087 


9.371887 


10 


13.188939 


12.085321 


11.158116 


10.886596 


9.60S699 


SO 


18.690326 


12.46221U 


11.469921 


10.594014 


9.818147 


21 


14.029160 


12.821153 


11 .764077 


10.836627 


10.016808 


ss 


14.461116 


13.168003 


12.041682 


11.061241 


10.200744 


S8 


14.8E6S42 


13.488674 


12.8(8379 


11 .272187 


10.371069 


24 


16.24(i9f)3 


13.798642 


12.660368 


11.460384 


10.528768 


25 


16.622080 


14.09:3946 


12.783356 


11.653588 


10.674776 


26 


16.982769 


14.875185 


13.003166 


11.825779 


10.809978 


27 


16.32U686 


14.643034 


13.210534 


11.986709 


10.936166 


88 


16.663U6S 


14.898127 


13.406164 


12.137111 


11 .051078 


29 


16.983716 


16.141074 


13.590721 


12.2'n674 


11.158406 


80 


17.292Ui:3 


15.372451 


13.764881 


12.409041 


11.267788 


81 


17.688494 


15.692811 


13.929086 


12.631814 


11.849799 


82 


17.873652 


16.802B77 


14.084048 


12.646566 


11.434999 


88 


18.147646 


16.002649 


14 280280 


12.758790 


11.518888 


84 


18.411198 


16.192904 


14.S68141 


12.864009 


11.686084 


86 


18.664613 


16.874194 


14.498246 


12.947672 


11.664568 


86 


18.908282 


16.646862 


14.620987 


13.036208 


11.717198 


87 


19.142579 


16.711287 


14.736'?80 


13.117017 


11 .776170 


88 


19.867864 


16.867893 


14.846019 


18.198478 


11.888860 


89 


19.684486 


17.017041 


14.949075 


13.264928 


11.878582 


40 


19.792774 


17.169086 


16.046297 


13.881709 


11.024618 


41 


19.998052 


17.294368 


15.188016 


13.894120 


11.087286 


42 


20.185627 


17.423208 


16.224543 


13.452449 


12.006600 


48 


20.870795 


17.646912 


15.3(ifil78 


13.506962 


12.043240 


44 


20 648841 


17.662773 


15.8a3182 


13.657908 


12.0770'M 


46 


20.720040 


17.774070 


15.455832 


13.605522 


12.108403 


46 


20.884664 


17.880067 


. 16.524370 


13.650020 


12.137409 


47 


21.042986 


17.981016 


15.689028 


13.691608 


12.164267 


48 


21.195131 


18 077168 


16.650027 


13.780474 


12.189U6 


49 


21.841472 


18.168722 


16.707572 


13.766799 


12.212168 


60 


1 21.482186 

1 


18.266925 


16.761861 


18.800746 


18.883486 
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(<5.) 



From Tables like the foregoing are derived a great variety of tables in nae in the 
bosinesB of Life Insnrance. The following are selected from a large nnmber, as used 
by the Washington Life Instirance ComiMiny. 

Oni>INAHT LIFB TABLE. Annual, Semi- Annual, and 
Quarterly PretniuuM for an Insurance of One ThauaanA 
l>ollar9, on a Single Life, Vayahle at Death* 



Age 


Annual 


1 
Semi-Anniial 


Quarterly 


Age. 


I^miam. 


Premium. 


Premium. 


86 


19 89 


10 ?5 


528 


25 


26 


20 40 


10 61 


5 41 


26 


87 


20 93 


10 89 


5S6 


27 


38 


21 48 


11 17 


570 


28 


89 


22 07 


11 48 


5 85 


^ 


30 


22 70 


11 80 


6 01 


W 


81 


23 86 


12 14 


6 19 


31 


33 


24 06 


12 50 


6 87 


32 


88 


24 78 


12 89 


6 67 


33 


84 


25 66 


18 29 


677 


84 


86 


26 88 


13 72 


6 99 


86 


36 


27 25 


14 17 


722 


86 


87 


28 17 


14 65 


7 47 


37 


88 


29 16 


15 16 


7 73 


38 


89 


30 19 


16 70 


800 


89 


40 


81 SO 


16 28 


829 


40 


41 


82 47 


16 89 


8 60 


41 


42 


88 72 


17 64 


894 


42 


48 


86 05 


18 23 


939 


48 


44 


86 46 


18 96 


9 66 


44 


46 


87 97 


19 75 


10 06 


45 


46 


89 68 


20 58 


10 49 


. 46 


47 


41 80 


21 48 


10 95 


47 


48 


43 13 


22 43 


11 48 


48 


49 


45 09 


28 45 


11 95 


40 


60 


47 18 


24 64 


12 50 


60 


61 


49 40 


25 69 


13 10 


51 


62 


51 78 


26 98 


13 72 


63 


63 


54 31 


28 24 


14 39 


63 


64 


67 02 


29 65 


15 11 


54 


65 


59 91 


81 16 


16 88 


55 


66 


63 00 


82 76 


16 70 


66 


67 


66 29 


84 47 


17 57 


sr 


68 


69 82 


86 80 


18 50 


58 


69 


73 60 


88 27 


19 50 


59 


00 


77 63 


40 3T 


30 57 


60 


61 


81 96 


42 62 


21 72 


61 


63 


86 58 


45 02 


22 94 


63 


63 


91 54 


^60 


24 26 


68 


64 


96 86 


• 50 37 


26 67 


64 


66 


102 55 


53 88 


27 18 


65 
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III. {d.) 

CniIjI>BEN'B MNJ>OWMENT TABZE. Annual JPremiuntB 
charged io weeure Mndowtnenta of $1^000, 



1 


Payable at tbe age of 18. 


Payable at the age of 21. 

1 


Payable at the age of 96. 


1 

No Prsmlnms 
relumed io 
ease of pre* 

tIoos death. 


All Premiam* 
retomed in 
cane of pre* 
viout deaih. 


1 

1 

1 No Premium* 
returned io 
ca«o of pre- 
vious death. 

1 


All Premlvna 
returned in 
cane of pre- 
vious death. 


No Pi eiiiliims 
returned in 
ease of pre- 
vious death. 


All Pre- 
mium* re> 
turn'd In eaa« 
of previous 
death. 


1 


140.38 


$46.78 


$31.80 


$37.16 


$23.85 


$28.21 


2 


44.77 


50.30 1 


1 34.90 


39.64 


25.93 


29.89 


3 


49.52 


54.44 


38.18 


42.52 


28.09 


31.81 


4 


54.75 


59.32 


i 41.71 


45.86 


30.36 


33.99 


5 


60.68 


65.06 


45.60 


49.67 


32.82 


36.44 


C 


67.50 


71.85 


49.97 


54.07 


35.50 

1 


39.18 


7 


75.52 


79.94 


54.93 


59.13 


38.47 


42.27 


8 


85.13 


89.69 


60.65 


05 01 


41.79 


45.74 


9 


96.87 


101.66 


67.33 


71.90 


45.54 


49.66 


10 


111.58 


116.66 


75.24 


80.07 


49.80 


54.13 


11 


130.53 


135.96 


84.78 


89,88 


64.70 


59.24 


12 


155.88 


161.71 


96.49 


101.89 


60.89 


65.15 


13 


191.45 


197.78 


! 111.18 


116.91 


67.06 


72.06 


14 


244.93 


251.89 


130.13 


136.22 


74.99 


80.22 


15 






, 155.49 


161.97 


84.55 


90.03 


16 






191.10 

1 


198.02 


96.30 


102.01 


17 






, 244.64 


252.09 


111.03 


117.00 


18 






1 
1 

1 




130.03 


136.29 
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III. ie.y-ailfOlLE JPBBMIVMS to seeure $1^000, payable a« 

indicated, or at death if prior ^ . 



WITH PROFITS. 


Age 


At Death 


In 


In 


In 


In 


In 


In 


Aire 


only. 


35 years. 


80 years. 


26 years. 


20 years. 


15 years. 


10 years. 


25 


326 58 


407 60 


458 58 


514 70 


5:)4 16 


696 27 


826 64 


25 


2& 


g8« 58 


409 54 


454 92 


515 58 


594 72 


696 61 


826 83 


26 


27 


a38 83 


411 69 


456 39 


516 55 


595 34 


696 99 


827 03 


27 


28 


345 81 


414 05 


458 01 


517 61 


596 01 


697 38 


827 26 


28 


29 


352 05 


416 65 


459 79 


518 77 


596 74 


697 81 


827 48 


29 


SO 


859 06 


419 51 


461 76 


520 06 


597 54 


698 28 


827 74 


SO 


81 


866 33 


422 66 


463 94 


621 48 


598 4-J 


698 79 


828 01 


81 


S2 


373 89 


426 11 


466 34 


523 05 


fm ;i7 


699 34 


828 £0 1 32 


88 


381 73 


429 90 


468 99 


524 78 


(K)0 43 


699 94 


828 60 ! 33 


34 


389 88 


434 06 


471 92 


P26 70 


601 60 


700 61 


828 95 34 


85 


398 34 


438 63 


475 16 


528 83 


602 90 


701 33 


829 32 


86 


36 


407 11 


443 60 


478 71 


531 19 


604 :-3 


702 12 


829 71 


36 


87 


416 21 


449 03 


482 64 


533 80 


605 92 


703 (K) 


830 15 


87 


88 


425 64 


454 94 


486 95 


536 69 


607 69 


703 97 


830 62 


38 


8» 


435 42 


461 86 


491 69 


539 90* 


609 67 


705 06 


831 15 


39 


40 


415 55 


468 31 


496 89 


643 46 


611 86 


706 26 


831 72 


40 


41 


456 04 


475 81 


502 58 


547 37 


614 31 


7U7 61 


832 36 


41 


42 


466 89 


48:^ 89 


5(»8 79 


551 70 


617 02 


709 11 


833 06 


42 


4S 


478 11 


492 55 


515 55 


556 47 


620 04 


710 79 


8:i3 85 


43 


44 


489 71 


501 81 


522 89 


561 71 


623 39 


712 67 


834 72 


44 


45 


501 69 


611 59 


530 84 


567 46 


627 11 


714 76 


sre 70 


45 


46 


514 04 


522 16 


5:^9 42 


573 75 


631 22 


717 09 


8R6 80 


46 


47 


528 78 


5.3 24 


548 63 


580 62 


635 76 


719 70 


8:«03 


47 


48 


539 88 


544 91 


558 47 


588 07 


640 74 


722 58 


&39 39 


48 


A^ 


653 88 


557 15 


568 94 


596 13 


646 20 


725 76 


840 91 


49 


60 


567 13 


669 94 


580 05 


604 82 


652 16 


723 28 


842 59 


50 


61 


5bl 24 




591 75 


614 13 


658 64 


733 13 


844 44 1 51 


62 


595 66 




604 05 


624 06 


665 66 


737 J:5 


846 48 52 


63 


610 36 




616 91 


634 61 


673 "Zii 


741 94 


848 71 


53 


64 


635 33 




630 82 


645 77 


681 39 


746 95 


851 16 


54 


66 


640 54 




644 24 


657 64 


690 18 


752 39 


. 853 84 55 


66 


655 99 






669 88 


699 46 


7.58 29 


856 76 56 


67 


671 64 






682 88 


709 40 


764 67 


859 95 


57 


68 


687 48 






696 26 


719 92 


771 55 


863 43 


58 


69 


7a3 49 ' 


\ 




710 22 


731 03 


778 96 


f 67 22 59 


60 


719 65 






721 66 


742 70 


786 90 


871 35 


no 


61 


785 92 








754 91 


796 87 


875 83 


61 


62 


752 26 








791 65 


804 ."6 


880 66 


62 


63 


768 67 








780 89 


813 89 


885 89 63 


64 


785 10 








794 58 


823 91 


891 63 64 


65 


801 52 








808 67 


834 43 


8fi7 56 ' 65 


66 


817 92 








823 14 


845 43 


904 01 TiH 


67 


8S4 25 








&37 90 


856 88 


910 87 ' 67 


68 


850 47 








862 88 


868 76 


918 11 68 


69 


866 66 








868 07 


881 02 


925 73 I 69 


70 


882 48 








883 35 


893 62 


933 71 


70 
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T. 

The following is selected from the XTnited States Treasnzy legn- 
lations, regarding moneys receiyable for dnties : 

Art. 1003. — Payments in gold coin should be weighed by single 
pieces ; but if in bulk, the coins must be separately examined and 
tested as far as necessary ; one dollar pieces must be separated 
from larger coins and weighed apart, and the weighing in bulk 
must be done by amounts of ten dollars, one hundred dollars, one 
thousand dollars or multiples thereof. 

In weighing coins, the ounce troy and the decimals thereof are 
to be used. 

The standard weight and the least current weight of certain 
specified sums in gold coins above the dollar are as follows : 

Vmonnt. Standard weight. Least carrent weight. 

$100 5.375 oz. 5.348 OS. 

500 36.875 oz. 26.741 os. 

1000 53.750 oz. 63.481 oz. 

6000 268.750 oz. 267.407 oz. 

The gold dollar continuing current until the allowed deviation 
from standard weight in manufacture is exceeded by wear and 
abrasion, 5,000 pieces will be current when weighing not less than 
266^% ounces troy. 

The standard weight and the least current weight of single gold 
coins of the United States above the dollar, are as follows : 

Coin. standard weight. Least cnrrent weight. 

Quarter eagle. 64. 5 grs. 64. 18 grs. 

Three dollar. 77.4 grs. 77.02 grs. 

Half eagle. 129.0 grs.* 128.36 grs. 

Eagle. 258.0 grs. 256.71 grs. 

Double eagle. 616.0 grs. 513.42 grs. 

As the coinage law tolerates a deviation from the standard 
weight of one-quarter of a grain, or less, in the manufacture of the 
dollar piece, that coin will be current and receivable so long as it is 
not reduced below 25-|^^ grains in actual weight. 

[From He^rs U. 8. Lniwrt Duties, 1877.] 
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TI. 

The spedfio grariiy of a body is its weight as compared with 
that of an equal bnlk of some other body adopted as a standard. 

For bodies in the liqnid or solid form, water at the temperature 
of 60*' Fahrenheit with the barometer at 30 inches at sea level, is 
the standard. Gases are compared with air. 

Atmospheric air, at QO'* Fahrenheit and under Ihe pressure of 
one atmosphere, weighs ^\j part of the same volume of water. 



Table of Speeific ChravitieM and Weights of a few itnportant 

Mubetaneee, 



NAMSB or SVBSTAHOSS. 



Alcohol, pure 

** of commerce 

" proof spirit. 

Brick, common 

^ ' best pressed 

Elm, dry, average ,. . . . 

Granite, " 

Gravel and sand 

Gold, pure, cast 

" ** native 

Iron, cast, average 

^^ wrought, average 

Masonry, granite ^ 

* * brickwork 

Mercury 

Mortar, hard, avera^ 

Oak, dry white, ** 

Pine, dry white, ** 

Silver 

Slate, average 



Sp. gC»T 



Wt of en. ft 
pounds. 



in 



.793 


49.43 


.834 


52.1 


.916 


57.2 


* • • • 


125. 


• • • • 


150. 


• • • • 


35. 


2.73 


170. 


• • • • 


100 to 119 


19.258 


1204. 


19.32 


1206. 


7.15 


450. 


7.77 


485. 


■ « • • 


165. 


• • • • 


140. 


13.58 


846. 


1.65 


103. 


.83 


51.8 


.40 


25. 


10.6 


655. 


2.8 


175. 
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Til. 

Table of jLvoirdupois pound* in a huBhel, as established by law 

or custom, 

Pboduos. Weight. 

Barley. '. 48. 

Beans. 60. * 

Buckwheat ; 45. 

Clover seeds ' 60. 

Dried apples 28. 

Dried peaches 28. 

Flax seed. 56. 

Hemp seed 44. 

Indian com 50. 

Indian com in ear 70. 

Indian com meal 50. 

Oats 32. 

Onions 53. 

Potatoes 60. 

Rye ; 56. 

Salt 50. 

Wheat 60. 

Wheat bran 20. 

In a few of the States, slight variations from the above may be 
found. 

' Grain, seeds, and small fruits are often sold by the standard 
bushel measure of 2150.42 cubic inches, in which case the measure 
must be even full, or stricken measure; that is, made even by 
moving a round stick, which reaches across the measure, from side 
to side, until any material above the edges of the measure shall be 
removed. 

Coarse vegetables, large fruits, com in the ear, and other bulky- 
articles, are often sold by heaped measure. 

A bushel heaped measure contains 2747.72 cubic inches, and is 
supposed to be obtained by heaping the standard bushel measure 
until a cone is formed 6 inches high, with a base 19^ inches in . 
diameter. This is' on the supposition that the sides of the vessel 
used as a measure are i inch in thickness. 



\ 
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A bushel heaped measare is veiy little more than 5 pecks of 
stricken measure, but is usually reckoned as equivalent to it. 
A quart of heaped measure contains 85.866 cubic inches. 

There is no uniformity in the size of bricks made in this country, 
and no law regulating it. In England the size is fixed by law, 
8f X 4| X 2f , containing about 105^ cubic inches. A common size 
in this country is 8i x 4 x 2, containing 66 cubic inches, though often 
they are much smaller. 

Measurement of Say, 

Hay is usually measured by the ton, and weighed on the scales. 
It is, however, sometimes estimated without weighing, at the rate 
of 4o0 cubic feet of fine hay or 550 feet of coarse hay to the ton, 
well settled in the mow or stack. 

An average quality of hay may be reckoned at 500 cubic feet to 
the ton. 



Weight of Nailm. 

Different makers vary in the sizes and weights of nails of the 
same name. 

The following table shows the ordinary sizes and weights of cut 
nails. 



KlHD. 


Inches in length. 


No. per pound. 


8 penny 


1 

n 
u 

2 

2J 

84 
2f 
3 

34 


557 


4*^** ^ 


353 


6 *« 


232 


6 *» 


175 


7 " 


141 


8 " 


101 


10 " 


68 


12 ** 


54 


20 ** 


34 


• 





I 



APPENDIX. 



145 



Till. 

Xtatitude and JLongitude of various plaeoB, chiefly derived from 
the American Nautical Almanac, Longitude reckoned fron^ 
^Waahington, west. 



Plaos. 



Albany 

Allegheny 

Ann Arbor 

Athens 

Berlin. 

Cambridge, Eng 

Cambridge, Mass 

Charleston, S. C 

Chicago 

Cincinnati 

Denver. 

Dubuque 

Edinburgh 

Ft. Laramie, Wy. T. . . 
Ft. Leavenworth, Kas, 

Frankfort, Ky 

Greenwich 

Galveston 

Harrisburg 

Jefferson City, Mo. . . . 

Lawrence, Kas 

Milwaukie, Wis. 

Moscow 

New York 

Paris 

Philadelphia 

Rome 

St. Louis 

St. Paul, Minn 

St. Petersburg 

St. Joseph's, Mo 

Washington , 



Latitude. 


LONQITVDB. 


42° 


39' 


49" 


356° 


41' 


47" 


40° 


27' 


36' 


2" 


57' 


40'^ 


42° 


16' 


48' 


6° 


40' 


46' 


37° 


58' 


20' 


259° 


13 


11" 


52° 


30' 


.17' 


209° 


33 


8' 


52° 


12' 


52' 


282° 


51' 


18' 


42° 


22' 


48' 


354° 


4' 


43' 


32° 


46' 


44' 


2° 


52 


38' 


41° 


50' 


1' 


10" 


33 


40' 


39° 


6' 


26' 


7° 


26' 


44' 


39° 


45' 


2' 


27" 


56' 


41' 


42° 


29' 


55' 


13" 


36' 


56' 


55° 


57' 


23' 


286" 


r 


44' 


42° 


12' 


10' 


27" 


44' 


42' 


39° 


21' 


14' 


17" 


51' 


49' 


38° 


14' 


0' 


7" 


37' 


0' 


51° 


28' 


38' 


282" 


56' 


59' 


29° 


18' 


17' 


17** 


43' 


58* 


40° 


16' 


0' 


359" 


47' 


0' 


38° 


36' 


0' 


15" 


5' 


0' 


38* 


57' 


15' 


18" 


12' 


0' 


43° 


2' 


24' 


10" 


51' 


3' 


55° 


45' 


20' 


245" 


22' 


45* 


40° 


43' 


48' 


356" 


56' 


1* 


48° 


50' 


11' 


280" 


36 


47* 


39° 


57' 


7' 


358" 


6' 


35" 


41° 


53' 


54' 


270" 


27' 


57' 


38°. 


37' 


28' 


13" 


14' 


15' 


44° 


52' 


46' 


18" 


1' 


53' 


59° 


56' 


30' 


252" 


38' 


36' 


23° 


3' 


13' 


22" 


37' 


43' 


38° 


53' 


39' 


00" 


00' 


00" 



The student will find useful exercise in computing the differ- 
ences in time between any two places named, or between any one 
place, as New York, and all the others. 
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OF 



Various Arithmetical Terms and Phrases in frequent use. 



I 



Abstract number. — Properly speaking' any number is abstract. 

This phrase is often improperly ased to designate a number / 

used without specifying the kind of thing numbered. > 

Addition. — Process of counting numbers of things together-— ^/ 
Aliquot part. — A number which will exactly divide a given number 

without a remainder. Thus, 10, 12^, 16|, 20, 25, are aliquot 
^ parts of 100. 
Amount. — The sum of two or more numbers. In Interest, the 

sum of principal and interest. 
Analysis. — The separation of a proposition or question into its 

elements for separate consideration. 
Annuity. — A payment due annually; also applied to payments 

due at regfular intervals, as quarterly or semi-annually. ) / 

Antecedent. — The first of two numbers named in a ratio. ^.^^ "^ ^ , 
Arithmetic. — The science which treats of numbers and the methods )/ 

of using them. / • 

Assets. — All the property of value belonging to an estate, or to a 

company, or to an individual, engaged in business transact 

tions. 
Average. — The mean of several unequal numbers, such that being 

substituted for each, the aggregate result would be the same. 
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Bank. — An establishment for the : custody, loaning, exchange or 
issue of money. 

Bank discount. — ^An allowance reoeived by a bank for the loan of 
money in exchange for a note due at some subsequent date. 

Bonds. — A term used to designate the written contracts to pay 
V^*^*^^ specified sums of money at specified times, issued by Govem- 
\^>^ ^-^ ment, State, City, or other corporations. 
V ^Cancellation. — The omitting of a common factor from dividend 

^ * .vj, and divisor. 

Oommission. — An allowance as compensation for the transaction 
of business, usually reckoned as some per cent of the money 
handled in the transaction. 

Oommon denominator. — A ^denominator common to several frac- 
tional numbers. 

Common factor. — A factor common to two or more numbers. 
r ^ Oommon multiple.— A multiple common to two or more numbers. 

Composite number. — A number which may be formed as the 
product of several integral factors, besides the number itself 
and one. 

Compound denominations. — Several denominations used to ex- 
press parts of one quantity. 

Compound interest. — Interest which accrues from principal §|id 
interest combined. 

Concrete number. — An improper phrase. Things numbece^ 
'^'^ ' often concrete, but the number is abstract. 

Consequent. — The second of two terms forming a ratiol'^ 

Consignee. — The person or party to whom goods are senK 

Consignor. — The person who sends or consigns goods to another. 

Corporation. — ^An association of individuals authorized to transact 
business conjointly — as a city, a railroad company, a manufac- 
turing company. 

Couplet. — Two terms forming the ratio of a proportion. 

Coupon. — A certificate of interest attached to a bond, to be cut off 
when due, and presented for payment. 

Course of exchange. — The rate of exchange between two places. 

Creditor. — A person or party to whom money is due. 
' Cube root. — The cube root of a number is a number that, raised to 
the third power, will produce the given number. 
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Oastoms. — Tlie daties or taxes assessed by authoritj of govern- 
ment, on commodities imported, and sometimes on those ex- 
ported. 

I>ebtor. — A person who owes money to another. 

I>ecimal. — A decimal is a fractional number whose denominator ia 
10, or some power of 10, and usually is not expressed. 

I>ecimal fraction.^— A fraction of which the denominator is 10, 
or some power of 10. 

I>ecimal point. — A mark or dot placed at the left of a figure or 
figures to indicate the denominator of a decimal fraction. 

Decimal system. — The ordinary system of numbers based on oiders 
of tens. 

Denominator. — The number which shows into how many equal 
parts a thing is separated, when some portion is to be ex- 
pressed. 

Difference. — That which being added to one number gives a snm 
equal to another number. 

JDiscount. — Allowance made for the payment of money before it 
becomes due. 

Dividend. — In division, the given number which is equal to the 
product of another given number, into a number sought, called 
the quotient. Also, the share of the profits of business transac- 
tions distributed among owners of stock. 

Division. — The process of finding a number such that multiplied 
by one given number, the product will equal another given 
number. 

Divisor. — That one of two given numbers, which, multiplied by a 
number sought, called the quotient, shall equal the other num- 
ber. 

Draft. — An order from one man or party to another directing the 
payment of money. A bill of exohange. 

Drawee of a draft. — One to whom or to whose order money named 
in a draft is to be paid. 

Drawer of a draft.— One who signs an order or directs money to 
be paid. 

Duty. — A tax or customs. A sum of money required by govern- 
ment on the importation, exportation, or consumption of 
goods. 



/- 



f- 






YOOABULABT. 



Zbuot division. — DiviBion in which the qnotiexit is an exact inte* 
gral number. 

Exchange. — ^A method of obtaining money in one place, in con- 
sideration of money deposited in another place, by means of 
drafts or bills of exchange. 

Exponent. — A number which denotes the order of the power of 
any number. Usually written in small figures at the right and 
above the figures of the number whose power is indicated. 

Extremes. — The first and last terms of a proportion, or of a series. 

Evolution. — The process of finding the root of a number. 

Factor. — Any one of two or more numbers, which multiplied to- 
gether, will produce a given number. 

Figure. — A mark or character used as a symbol to represent a 
number according to the Arabic notation. Also a diagram used 
to represent a geometrical form. 
' Fraction. — The expression which represents a fractional number. 

Fractional number. — A number which denotes some portion of a 
thing. 

Fractional imit. — A misnomer. What is usually so designated is, 
; ' in fact, a part of a unit. 

y^Oeometrioal series. — A series in which each number is derived 
from the preceding one, by multiplying by a constant factor 
either more or less than one. 

Qrace. — An allowance of three days after the date mentioned in a 
note, within which to pay the note. 
\ . Gram. — The unit of weight in the metric system, equal to 15.432 
. * I troy grains. 

" Greatest common factor. — The greatest number which is a com- 
mon factor to several given numbers. 
y Improper fraction. — Designates a fraction of which the denomina^ 
tor does not exceed the i^merator. 

Index. — The number which denotes the order of a root indicated. 
It is written at the left and above the radical sign. 

Inland exchange. — Exchange between places in the same country. 

Installment. — A payment in part. 

Insurance. — A guarantee for partial indemnity for loss of property 
incurred by fire, storm at sea, or other disaster, or for loss of 
life. 
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S Integer. — A nnmber which denotes whole things, 
[involution. — Process of finding a power of a nnmber. 
Latitude. — Distance from the equator of the earth, reckoned in 

degrees. 
Least comdioii mnltiple. — The least nnmber which is a common 

multiple of several numbers, 
liability. — A debt. 

Line. — Space in length without breadth or thickness. 
Liter. — The unit of capacity in the metric system, equal in volume 

to a cube, of which each edge is a decimeter in length ; equivar 

lent to 1 .05673 liquid quarts. -^ ^ 

Long division. — The method of dividing, in which the neoessaiy 

processes of multiplication and subtraction are expressed. 
Longitude. — Distance between two plaoes on the surface of the 

earth, reckoned east or west in degrees or in time. 
Loss. — In a business transaction is the excess of the cost price 

above the selling price, or the proceeds of sale. 
Maturity of a note. — T^e date at which a note legally becomes 

due. At the expiration of three days grace, when those are 

allowed ; otherwise at the date named in the note. . ^ v 

Mean proportional. — A number which appears both as second and • ■ . ^^ 

third term of a proportion. It follows that the square of a x^ 

mean proportional is equal to the product of the extremes. ] 

Means. — The terms of a proportioil or of a series intervening be- ,^ 

tween the extremes. 



Meter. — The unit of length in the metric system; equal to 39.37 

inches. 
Minuend. — That given number in subtraction which is equal to 

the sum of another given number called the subtrahend, and 

a number sought, called the difference or remainder. 
Mixed number. — A number expressing both whole things and 

parts of things counted together. ^"^ ( 

Multiple. — Is any product of which the given number is one of the 

integral factors. 
Multiplicaad. — The number which is to be counted a number of 

times together. 
Multiplication. — The process of counting a number of things a 

number of times together. 
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Multiplier. — The number showing how many times tiie mnltipH- 

cand is to be couDted. 
Net proceeds. — What remains of the monej received for property 

after deducting all expenses incurred in disposing of it. 
Notation. — A system of expressing numbers, by any characters or 

symbols. 
Note. — A written agreement to pay a specified sum of money at a 

specified time. 
Number. — That which expresses lu>w many. 
Numeration. — A system of naming numbers. 
Order of number. — A name used to designate the number of 
J things in a group or collection of things as t&M^ hundreds^ 

thouitands, and so on. 
Partial payment. — Part payment on a note, which is over-due. 
Partnership. — Association of two or more persons, to carry on a 
I business together. 

Par value. — Market value equal to cost. 
/ iPercentage. — A portion of any given principal reckoned at some 
. rate per cent. Also, the collection of arithmetical processes in 
. , / i-*''"^ which rate per cent is reckoned in the computation. 
■ ^ ' » vJPerlod. — A group of three fig^ires. 
, ' M > ' ^,, Policy. — The written contract of insurance. 

' Premium. — The sum paid for insurance, reckoned as some rate 
per cent of the sum insured. Also, the excess of market value 
above par value, and in general any advance in a rate above 
100^. 
Present worth. — The present value of a debt which becomes due 
at some future day. Usually reckoned as that sum which 
placed at interest would amount to the principal of the debt at 
the time it becomes due. 
, ', - Prime number.— Any number which has no integral factors be- 
sides itself and one. 
*. Principal. — The sum of money drawing interest. 
* ' Problem. — A question, the answer to which becomes apparent by a 
process of reasoning called a solution. 
Product. — The number obtained by multiplication. 
profit, — The excess of selling price, or net proceeds above ooat. 
Progression. — A series. 
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Proofi — ^The evidence which establishes the accuracy of any 

result. 
Proper fraction. — A fraction of which the denominator is g^reater 

than the numerator. 
Proportion. — An expression of two equal r atios. 0^. y ( 

Quantity. — That which expresses how mu^. 
Rate per cent. — Bate by the hundred. 
Rate per unit. — Bate or allowailce for one. 
Ratio. — The relation expressed by the quotient of one number 

divided by another. ^ /,'. ^. ^ j j , /, •' 

Reduction. — A changing of form without changing of value. ' 

Remainder. — The difference which added to the subtrahend gives 

a sum equal to the minuend. l\\ m \. ^^ ^ ii ^t \. ^y i/ .\ ' * ^ 
Roman notation. — The systemoFexpressing numbers adopted by the 

Bomans, consisting in the use of seven letters of the alphabet. 
Root. — A. number which raised to a given power will produce the 

given number. 
Rule. — A prescribed method of procedure.^*-' c, /^ - 
Security. — Property used to guarantee tte payment of any 

obligation. 
Series. — A set of numbers in which any one can be derived from 

one or more of those that precede according to some rule. 
Share. — One of a certain number of portions into which the stocky 

of a company is divided. — — ^ ^ < . % ' ; ' \ ' / / 

Short division. — The method of dividing in which the necessary 

operations of multiplying and subtracting are performed men- 
tally and not expressed. 
Similar fractions. — Fractions having a common denominator, f ; • 
Solid. — The body which occupies some given volume. 
Solution. — The process by means of which the answer to a dii£ccdt 

question is obtained. ^ -, . ' 

Space. — That which contains all bodies^ ' 

Square root. — That number which raised to the second power, will ^ \ . 

produce the given number. - j 

Stock. — The capital invested in business. 
Subtraction. — The process of finding the difference between two 

numbers ; or finding the number which added to one of two 

numbers will produce the other. 
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Various Arithmetical Terms and Phrases In frequent use. 
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Abstract number. — Properly speaking- any nnmber is abstract. j 

This phrase is often improperly ased to designate a number 

used without specifying the kind of thing- numbered. / 

Addition. — Process of counting numbers of things together-—. ^ 
Aliquot part. — A number which will exactly divide a given nulnBer 

without a remainder. Thus, 10, 12i, 16|, 20, 25, are aliquot 
v^ parts of 100. 
Amount. — The sum of two or more numbers. In Interest, the 

sum of principal and interest. 
Analysis. — The separation of a proposition or question into its 

elements for separate consideration. 
Annuity. — A payment due annually ; also applied to payments 

due at regular intervals, as quarterly or semi-annually. f / 

Antecedent. — The first of two numbers named in a ratio. ^..^^ ^^^ . 
Arithmetic. — The science which treats of numbers and the methods )f , v 

of using them. / • 

Assets. — All the property of value belonging to an estate, or to a 

company, or to an individual, engaged in business transact 

tions. 
Average. — The mean of several unequal numbers, such that being 

substituted for each, the aggregate result would be the same. 
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Bank. — ^An establishment for the , cnstodj, loaning, exchange or 

issue of money. 
Bank discount. — ^An allowance reoeived by a bank for the loan of 
money In exchange for a noie due at some subsequent date. 
. Bonds. — A term used to designate the written contracts to pay 
V, ^'^^ specified sums of money at specified times, issued by Govem- 
\^<*'^ ^r:— ment, State, City, or other corporations. 

*^t?ancellation. — The omitting of a common factor from dividend 
N^ and divisor. 
] Oommission. — An allowance as ooMpensation for the transaction 
\\. of business, usually reckoned as some per cent of the money 
handled in the transaction. 
( ' ^ Common denominator. — A denominator conmion to several frac- 

tional numbers. 
Common factor. — A factor common to two or more numbers. 
K' * Common multiple.— A multiple common to two or more numbers. 
^ . Composite number. — A number which may be formed as the 

product of several integfral factors, besides the number itself 
and one. 
Compound denominations. — Several denominations used to ex- 
press parts of one quantity. 
Compound interest. — Interest which accrues from principal yd 

interest combined. 
Concrete number. — An improper phrase. Things numbece^ 
^ often concrete, but the number is abstract. 
Consequent. — The second of two terms forming a ratiol^ 
Consignee. — The person or party to whom goods are sent. 
Consignor. — The person who sends or consigns goods to another. 
Corporation. — An association of individuals authorized to transact 
business conjointly — as a city, a railroad company, a manufac- 
turing company. 
Couplet. — Two terms forming the ratio of a proportion. 
Coupon. — ^A certificate of interest attached to a bond, to be cut off 

when due, and presented for payment. 
Course of exchange. — The rate of exchange between two places. 
Creditor. — A person or party to whom money is due. 
Cube root. — The cube root of a number is a number that, raised to 
the third power, will produce the given number. 
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Costoms. — ^The duties or taxes assessed by authoritj of govern- 
ment, on commodities imported, and sometimes on those ex- 
ported. 

Debtor. — ^A person who owes money to another. 

DecimaL — A decimal is a fractional number whose denominator is 
10, or some power of 10, and usually is not expressed. 

Decimal fraction.^— A fraction of which the denominator is 10, 
or some power of 10. 

Decimal point. — A mark or dot placed at the left of a figure or 
figures to indicate the denominator of a decimal fraction. 

Decimal system. — The ordinary system of numbers based on orders 
of tens. 

Denominator. — The number which shows into how many equal 
parts a thing is separated, when some portion is to be ex- 
pressed. 

Difference. — That which being added to one number gives a sum 
equal to another number. 

iDiscount. — Allowance made for the payment of money before it 
becomes due. 

Dividend. — In division, the given number which is equal to the 
product of another given number, into a number sought, called 
the quotient. Also, the share of the profits of business transac- 
tions distributed among owners of stock. 

Division. — The process of finding a number such that multiplied 
by one given number, the product will equal another given 
number. 

Divisor. — That one of two given numbers, which, multiplied by a 
number sought, called the quotient, shall equal the other num- 
ber. 

Draft. — An order from one man or party to another directing the 
payment of money. A bill of exchange. 

Drawee of a draft. — One to whom or to whose order money named 
in a draft is to be paid. 

Drawer of a draft.— One who signs an order or directs money to 
be paid. 

Duty. — A tax or customs. A sum of money required by govern- 
ment on the importation, exportation, or consumption of 
goods. 
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